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Abstract 


For  thirteen  years,  the  Air  Force  Institute  of  Technology  (AFIT)  has  been  engaged  ir 
studying  the  applicability  of  the  Kalman  filter  to  locate  and  track  airborne  targets  precisely.  A 
majority  of  the  research  explored  linear,  extended  (nonlinear)  filters  and  multiple  model  ad£^)tivc 
filter  structures  in  conjunction  with  an  enhanced  correlator  tracker  to  estimate  the  position  and 
velocity  of  the  target  exhaust  plume.  The  tracking  concept  centers  upon  the  use  of  a  forward- 
looking  infrared  sensor  (FUR)  to  detect  the  intensity  centroid  of  the  target  plume.  Raw  FUR  data 
is  provided  to  an  enhanced  correlator  algorithm  that  generates  linear  elevation  and  azimuth  FLIR 
image  plane  offsets  as  "measurements"  for  the  Kalman  filter.  In  comparison  to  conventional 
correlation  trackers,  the  AFIT  Kalman  filter  tracker  yields  superior  performance  in  both  short  and 
long  range  tracking  scenarios  with  target  trajectories  that  range  from  benign  to  highly  dynamic 
maneuvers  up  to  20  g’s.  With  the  tracking  problem  of  the  exhaust  plume  resolved,  recent  AFIT 
theses  have  shifted  attention  to  tracking  the  missile  hardbody  and  locating  its  center-of-mass. 

Beginning  in  1989,  research  efforts  to  locate  the  hardbody  center-of-mass  used  a  low- 
energy  laser  to  actively  illuminate  the  hardbody.  A  low-energy  scan  would  originate  at  the 
estimated  position  of  the  target  plume’s  intensity  centroid,  and  continue  along  the  target’s 
estimated  velocity  vector  to  intercept  the  hardbody.  The  hardbody 's  dimensions  would  be 
apparent  from  the  low-energy  laser  speckle  return  of  the  hardbody,  upon  which  the  location  of  the 
center-of-mass  can  be  derived.  However,  plume  phenomenology  experiments  in  1990  uncovered 
the  existence  of  plume  speckle  reflectance  emanating  from  the  exhaust  of  a  solid-propeUant  rocket 
motor  (due  to  the  presence  of  metallic  particulates)  that  made  the  plume/hardbody  interface 
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difficult  to  discern.  In  view  of  this  shortcoming  of  the  low-energy  speckle  return,  the  Phillips 
Laboratory  requested  AFIT  to  explore  the  feasibility  of  using  the  Doppler  phenomenon  to  locate 
the  hardbody. 

The  potential  of  the  Doppler  phenomenon’s  utilization  in  the  AFIT  tracking  scenario  lies 
in  the  fact  that  the  Doppler  return  frequency  spectra  of  the  plume  and  the  hardbody  respectively 
possess  distinct  properties  and  are  differentiable  from  each  other.  The  plume  and  missile 
hardbody  have  opposite  velocity  vectors  which  result  in  opposite  Doppler  shifts.  In  addition,  the 
frequency  spectrum  bandwidth  of  the  plume-induced  Doppler  return  has  been  observed  to  be 
significantly  broader  than  that  of  the  haidbody-induced  Doppler  return  spectrum,  due  to  the 
diverse  velocity  orientations  of  the  numerous  particulates  in  the  plume.  Hence,  these  differences 
can  be  exploited  in  the  attempt  to  discern  the  plume/liardbody  interface. 

This  thesis  investigates  the  feasibility  of  employing  the  Doppler  return  phenomenon  in 
discerning  the  plume/hardbody  interface  and  locating  the  hardbody  center-of-mass.  To  accomplish 
this  objective,  a  Doppler  return  model  is  developed  that  also  incorporates  a  probability-of-miss 
parameter  that  represents  instances  when  the  target  aspect  angle  approaches  an  orientation  that 
results  in  no  Doppler  shift  of  either  plume  or  hardbody,  as  well  as  representing  bending  of  the 
low-energy  laser  by  atmospheric  effects  so  that  the  hardbody  is  not  actually  intercepted.  Doppler 
return  measurement  noise  variances  are  determined  as  a  function  of  laser  transmitted  wavelength 
and  signal-to-noise  ratio.  The  speckle  return  model  is  also  modified  to  include  the  effects  of  the 
plume  speckle  reflectance.  For  this  study,  two  center-of-mass  Kalman  filters  are  developed  to 
receive  the  Doppler  return  measurements:  a  one-state  filter  and  two-state  Modified  Maximum  a 
Posteriori  Multiple  Model  Adaptive  filter  (MAP  MMAF).  The  two-state  Modified  MAP  MMAF 
receives  both  speckle  and  Doppler  return  measurements  and  uses  the  speckle  return  measurement 
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to  compensate  for  occurrences  of  no  Doppler  shift  measurement.  A  sensitivity  analysis  is 
conducted  wherein  the  performances  of  the  one-state  filter  and  two-state  filter  are  evaluated  with 
variations  in  transmitted  wavelength,  signal-to-noise  (SNR),  and  probability-of-miss.  Results  show 
the  center-of-mass  filters  are  sensitive  to  increases  in  probability-of-miss,  whereas  decreases  in 
SNR  produced  insignificant  degradation  in  performance.  The  two-state  Modified  MAP  MMAF 
achieves  the  best  performance,  and  clearly  has  the  potential  to  accomplish  the  task  of  locating  and 
tracking  the  hardbody  center-of-mass. 
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KALMAN  FILTERING  OF  A  REFLECTIVE  TARGET  USING  FORWARD- 
LOOKING  INFRARED  AND  DOPPLER  RETURN  MEASUREMENTS 

/.  Introduction 


The  concept  of  a  defensive  posture  capable  of  nullifying  a  ballistic  missile  attack  has  had 
worldwide  ramifications.  One  can  point  to  the  recent  dynamic  changes  in  the  Soviet-US  Arms 
Control  Treaty  and  progress  in  the  Strategic  Arms  Reduction  Talks  as  attributable  to  the  US 
government’s  committment  to  Strategic  IDefense  Initiative  (SDI)  research  [1].  During  the  Desert 
Storm  operation,  the  world  watched  the  success  of  the  ground-based  Patriot  ballistic  missile 
defense  system  under  actual  war  conditions.  Still,  technology  issues  continue  to  challenge  the 
scientific  and  engineering  community  regarding,  in  particular,  the  space-based  contingent  of  SDI. 

Of  paramount  concern  is  locating  and  tracking  the  ballistic  target  in  the  presence  of  its 
plume  and  atmospheric  background,  whether  the  mode  of  intercept  is  achieved  by  kinetic  or  direct 
energy  means.  Only  the  autonomous  and  precise  tracking  of  the  target  over  long  ranges,  can 
ensure  that  these  space-based  anti-ballistic  weapon  systems  achieve  the  goals  of  SDI. 

This  research,  in  conjunction  with  prior  studies,  addresses  the  intricacies  of  locating  and 
discerning  the  missile  hardbody  in  the  presence  of  its  plume.  It  probes  the  feasibility  of 
employing  Doppler  frequency  spectrum  returns  as  a  means  of  discerning  the  missile 
hardbody/plume  interface.  Conventional  tracking  techniques,  using  a  laser  illuminator  and 
measuring  the  speckle  return,  have  shown  that  the  plume  reflectance  of  a  solid-propellant  rocket 
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motor  is  of  the  same  magnitude  as  that  of  the  hardbody  [2].  This  condition  causes  an  ambiguity 
in  the  position  of  the  hardbody  with  respea  to  the  plume.  At  the  plume/hardbody  interface,  a 
unique  Doppler  function  is  expected  and  may,  therefore,  be  used  to  define  that  interface  precisely. 

LI  Background 

For  the  past  thirteen  years,  the  Air  Force  Institute  of  Technology  (AFIT)  has  been  engaged 
in  the  research  and  development  of  long  and  short  range  ballistic  target  trackers  under  the 
sponsorship  of  the  Phillips  Laboratory  (formerly  the  Air  Force  Weapons  Laboratory/AWFL)  at 
Kirtland  Air  Force  Base,  New  Mexico  [3-7,10-12,14,21-25,?.7,29,32,33, 33-37,40-43].  Central  to 
these  trackers  is  a  300  x  500  pixel  array  Forward-Looking  Infrared  (FLIR)  sensor  which  passively 
detects  the  infrared  radiation  emitted  by  the  ntissile  plume.  Each  pixel  in  the  array  detects 
infrared  energy  through  an  angle  of  13  microradians  in  two  orthogonal  directions  (azimuth  and 
elevations)[33].  The  aTay  utilizes  an  8  x  8  pixel  sub-array  field-of-view  (FOV)  as  a  window  for 
tracking  purposes  [33,331. 

Infonnation  from  the  excited  8x8  FOV  is  provided  to  an  enhanced  image  correlator 
algorithm  that  produces  position  offsets  as  pseudo-measurements  to  a  linear  Kalman  frlter.  In  the 
Fourier  domain,  the  enhanced  correlator  algorithm  correlates  the  current  raw  FLIR  data  frame  with 
a  template  that  represents  an  estimate  of  the  target  plume’s  intensity  function.  Two  linear  position 
offsets,  X,  and  y^,  are  created  that  yield  maximum  correlation  of  the  current  data  and  tine  template. 
The  Kalman  filter  treats  these  offsets  as  measurements  and  computes  optimum  estimates  of  the 
position  offsets  and  furnishes  these  estimates  to  a  pointing  controller  rfrat  centers  the  plume 
centroid  in  the  FOV.  Since  the  high-energy  laser  is  optically  boresighted  with  the  FLIR  FOV,  the 
laser  continously  points  to  the  target’s  estimated  position. 
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Previous  research  concentrated  upon  tracking  the  plume  centroid  while  the  target  exhibits 
benign  trajectories  to  harsh  dynamic  target  manuevers  up  to  20  g’s.  However,  the  intended  target 
for  the  laser  is  the  missile  hardbody.  which  cannot  be  distinguished  solely  from  information 
provided  by  the  FLIR  measurements,  Thus,  the  two  most  recent  theses  f5,6]  have  focused  upon 
locating  and  discerning  the  missile  hardbody  utilizing  the  speckle  return  of  a  low-energy  laser. 
These  returns  are  fed  as  additional  inputs  to  the  Kalman  filter  algorithm  in  order  to  estimate  the 
hardbody  center-of-mass  as  well  as  the  infrared  target  image  centroid, 

Prior  to  AFIT  research  into  the  Kalman  filter  algorithm,  AWFL  utilized  a  standard 
correlation  algorithm  to  perform  the  tracking  function.  This  algorithm  cross-correlates  the  FLIR 
image  with  a  previously  sampled  image  to  generate  position  offsets,  assuming  that  a  translation 
in  the  image  corresponds  to  a  spatial  translation  of  the  target.  The  advantage  of  the  correlation 
algorithm  is  that  it  does  not  require  a  priori  knowledge  of  the  type  of  target  and  is  therefore  a 
robust  tracker.  However,  it  does  have  several  shortcomings. 

First,  the  correlation  algorithm  inherently  neglects  any  knowledge  of  the  target  type,  shape, 
and  motion  characteristics.  This  a  priori  information  may  be  exploited  to  estimate  the  target 
position  adaptively  and  enhance  tracker  performance.  Second,  computation  of  the  correlation 
function  and  subsequent  pointing  of  the  oacker  produces  a  finite  time  lag.  Lastly,  the  correlation 
tracker  is  unable  to  distinguish  between  true  target  motion  and  "apparent"  target  motion  caused 
by  identifiable  disturbances  such  as  atmospheric  jitter  [27],  distorted  wavefronts  of  the  inbound 
IR  energy,  vibration/bending  of  the  platform  and  optical  system  [12],  and  missile  plume  "pogo" 
effects  [35]. 
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These  deficiencies  of  the  correlation  tracker  have  been  resolved  by  incorporating  Kalman 
filtering  methodology  [5,6,8,10,1 1,12, 14, 27 ,29,32,33,35, J6, 37, 40, 41].  By  developing  accurate 
models  of  the  disturbances  mentioned  above,  the  Kalman  filter  assigns  the  £^3propiate  weight  to 
the  FLIP,  data  to  yield  the  optimum  estimate  of  the  target’s  position.  Futhermore,  a  priori 
knowledge  of  the  target  type,  shape,  and  dynamic  characteristics  are  modelled  and  incorporated 
in  the  Kalman  filter  algorithm.  This  target  m->dd  is  propagated  forward  in  time  to  establish  an 
estimate  of  the  target’s  future  position  for  use  in  laser  pointing  and  target  tracking. 

1.2  Summary  of  Previous  AFIT  Research 

Begining  in  1978,  AFIT  has  been  engaged  in  research  investigating  the  use  of  Kalman 
filtering  techniques  for  ballistic  missile  and  other  airborne  target  tracking.  As  a  result,  there  exist 
numerous  papers  and  theses  devoted  to  this  area  of  study.  By  far,  the  majority  of  this  research 
lies  in  sixteen  previous  theses  accomplished  by  AFIT  graduate  students.  As  a  stand-alone 
document,  each  thesis  contains  an  overview  of  previous  theses.  The  overview  presented  by  Roger 
Evans  [6]  is  noted  for  its  completeness  and  is  reproduced  for  this  section. 

Research  in  this  area  was  initiated  by  Mercier  [27]  in  1978,  who  compared  the  extended 
Kalman  filter  (EKF)  performance  to  that  of  the  AWFL  correlation  tracker  under  identical 
conditions.  An  eight-state  truth  model  was  developed  for  simulation  puiposes,  consisting  of  two 
target  position  states  and  six  atmospheric  jitter  states.  The  position  states  defined  the  target 
location  in  each  of  two  FLIR  plane  coordinate  directions  (azimuth  and  elevation),  by  accurately 
portraying  target  trajectories  in  three-dimensional  space  and  projecting  onto  the  FLIR  plane.  The 
atmospheric  jitter  was  modeled  by  a  third  order  shaping  filter  driven  by  white  noise  for  each  FLIR 
plane  axis,  as  provided  by  The  Analytic  Sciences  Corporation  (TASC)  [17];  three  states  defined 
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the  atmospheric  distortion  in  each  of  the  two  FLIR  plane  coordinate  directions.  The  Kalman  filter 
dynamics  model  consisted  of  four  states:  two  states  representing  target  position,  and  two 
representing  the  atmospheric  jitter  (based  on  reduced  order  models,  versus  the  six  states  of  the 
truth  model).  In  both  the  truth  model  and  filter  dynamics  model,  the  position  states  and 
atmospheric  jitter  states  were  defined  in  each  of  the  two  FLIR  plane  coordinate  directions.  In  the 
filter,  the  position  and  jitter  states  were  each  modeled  as  a  first-order,  zero-mean,  Gauss-Markov 
process.  The  FLIR  provided  sampled  data  measurements  to  the  filter  at  a  30  Hertz  (Hz)  rate.  The 
FLIR  measurement  noise  due  to  background  clutter  effects  and  internal  FLIR  noises  were  modeled 
in  the  filter  as  both  temporally  and  spatially  uncorrelated.  The  target  was  considered  as  a  point 
source  of  light  (i.e.,  a  long  range  target)  having  benign  dynamics.  The  corresponding  Airy  disc 
on  the  FLIR  image  plane  was  modeled  as  a  bivariate  Gaussian  distribution  with  circular  equal 
intensity  contoius.  The  conventional  correlation  tracker  and  the  extended  Kalman  filter  were 
compa:  ed  across  three  different  signal-to-noise  ratios  (SNR),  using  a  ten-run  Monte  Carlo  analysis 
to  obtain  the  tracker  error  statistics.  The  results  of  the  comparison  are  shown  in  Table  1.1  for  a 
Gaussian  intensity  function  dispersion,  a,,  equal  to  one  pixel.  (For  a  Gaussian  intensity  function 
dispersion  equal  to  one  pixel,  most  of  the  useful  information  is  contained  in  an  area  of  about  five 
pixels  square.) 

While  the  correlation  tracker  showed  dramatic  performance  degradation  as  the  SNR  was 
decreased,  the  Kalman  filter  showed  only  a  minor  change  in  its  performance  at  the  lowest  SNR 
tested.  The  extended  Kalman  filter  was  shown  to  be  superior  to  the  correlation  tracker  by  an 
order  of  magnitude  in  the  root  mean  square  (rms)  tracking  error,  provided  the  models  incorporated 
into  the  filter  were  a  valid  depiction  of  the  tracking  scenario.  This  success  motivated  a  follow-on 
thesis  to  improve  filter  modeling  and  thereby  to  enhance  the  performance. 
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Table  1.1  Kalman  Filter  and  Correlation  IVacker  Statistics  Comparison 


Signal-to 
Noise  Ratio 

Correlation  Tracker 

Extended  Kalman  Filter 

Mean  Error 

la 

Mean  Error 

la 

20 

7.0 

8.0 

0.0 

0.2 

10 

8.0 

10.0 

0.0 

0.2 

1 

13.0 

30.0 

0.0 

0.8 

The  research  accomplished  by  Hamly  and  Jenson  [10,21]  investigated  modeling 
improvements  in  the  filter  and  tested  more  dynamic  target  simulations.  A  comparison  was  made 
between  a  new  six-state  filter  and  a  new  eight-state  filter.  The  six-state  filter  dynamics  target 
model  included  the  four  previous  states  as  well  as  two  velocity  states  in  the  FLIR  plane 
coordinates  (azimuth  and  elevation);  the  dynamics  model  of  the  eight-state  filter  included  two 
acceleration  states  in  the  FLIR  coordinates  as  well.  The  acceleration  was  modeled  as  Brownian 
motion  (BM)  (d  =  w,  where  w  is  a  zero-mean  white  Gaussian  noise).  The  filter  was  also  designed 
to  perform  residual  monitoring,  which  allowed  the  filter  to  react  adaptively,  and  maintain  track, 
by  quickly  increasing  the  covariance  values  in  the  filter-computed  P  matrix,  which  in  turn 
increased  the  filter  gain  K.  A  recommendation  was  also  made  to  examine  increasing  the  FOV 
during  target  jinking  maneuvers  to  avoid  losing  lock.  The  constant-intensity  contours  of  the  target 
were  modeled  as  elliptical  patterns  as  opposed  to  the  earlier  circular  equal  -intensity  contours  in 
order  to  simulate  closer  range  targets.  The  major  axis  of  the  target  FLIR  image  was  aligned  with 
the  estimated  velocity  vector.  A  number  of  different  target  trajectories  were  tested  against  the  six- 
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state  and  eight-state  filters,  and  while  the  six-state  filter  performed  well  during  moderate  jinking 
maneuvers,  the  eight-state  filter  performed  better  while  tracking  high-g  target  maneuvers. 

Other  E^proaches  to  modeling  the  dynamics  of  the  target  in  the  filter  were  considered  by 
Flynn  [8].  He  used  a  Brownian  motion  (BM)  acceleration  target  dynamics  model  [10]  and  a 
constant  turn-rate  (CTR)  dynamics  model.  The  CTR  model  portrayed  the  target  behavior  by 
modeling  the  acceleration  as  that  associated  with  CTR  dynamics.  Concatenating  such  constant 
mm-rate  segments  together  provides  an  accurate  portrayal  of  manned  target  evasive  maneuver 
trajectories.  Additionally,  a  Bayesian  multiple  model  adaptive  filter  (MMAF)  was  developed 
using  the  BM  dynamics  model.  A  MMAF  (Figure  1.1)  consists  of  a  bank  of  K  independent 
Kalman  filters,  each  of  which  is  tuned  to  a  specified  target  dynamics  characteristic  or  parameter 
{a„  Figure  1.1).  The  time  histories  of  the  residuals  (r*  (t^  in  Figure  1.1)  of  these  K 

Kalman  filters  are  processed  to  compute  the  conditional  probability  (p^  (0  figure  1.1)  that  each 
discrete  parameter  value  is  "correct."  The  residuals  of  the  Kalman  filter,  based  upon  the  "correct" 
model,  are  expected  to  be  consistently  smaller  (relative  to  the  filter’s  internally  computed  residual 
rms  values)  than  the  residuals  of  the  other  mismatched  filters  (i.e.,  based  upon  "incorrect"  models) 
[8].  If  that  is  true,  then  the  MMAF  algorithm  appropiately  weights  that  particular  Kalman  filter 
more  heavily  than  the  other  Kalman  filters.  These  values  are  used  as  weighting  coefficients  to 
produce  a  probability-weighted  average  of  the  elemental  filter  outputs  [8].  Therefore,  the  state 
estimate  (t)  in  Figure  1.1)  is  actually  the  probablistically  weighted  average  of  the  state 
estimates  generated  by  each  of  the  K  separate  Kalman  filters  (i*  (t,)  in  Figure  1.1).  Testing  of  the 
three  filter  models  was  conducted  for  three  different  flight  trajectories  which  included  2-g,  10-g, 
and  20-g  pull-up  maneuvers.  Unfortunately,  the  residuals  of  the  K  Kalman  filter  did  not  differ 
from  each  other  enough  to  perform  the  weighting  function  properly,  and  MMAF  did  not  track 
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Figure  1.1  Multiple  Model  Ad^tive  Filter 


well.  The  BM  and  CTR  filters  both  performed  equally  well  at  2-g’s.  The  CTR  filter  was  found 
to  be  substantially  better  than  the  BM  filter  for  10-g  and  20-g  pull-up  manuevers. 


Mei  cier  had  assumed  that  the  filter  had  a  priori  knowledge  of  the  target  shape  and 
intensity  profile.  Singletery  [37]  improved  tlie  realism  in  the  target  model  by  developing  a  model 
in  the  FUR  plane  which  included  multiple  hot  spots.  However,  he  returned  to  the  case  of  very 
benign  targets.  The  filter  did  not  assume  a  priori  knowledge  of  the  target  size,  shape,  or  location. 
A  new  data  processing  scheme  (Figure  1.2)  was  developed  which  included  the  use  of  the  Fast 
Fourier  Transform  (FFT)  and  the  Inverse  Fast  Fourier  Transform  (EFFT),  each  of  which  can  be 
produced  with  a  lens  if  optical  processing  is  used.  The  plan  included  two  data  paths  for 


1-8 


i.,.. 


i_ . . 


processing  the  intensity  measurements  nft).  On  the  first  path,  the  8  x  8  anay  of  intensity 
measurements  from  the  FUR  are  arranged  into  a  64-dimensional  measurement  vector.  This 
measurement  vector  is  applied  to  the  extended  Kalman  filter  (as  in  prior  work).  The  purpose  of 
the  second  path  is  to  provide  centered  target  shape  functions  to  be  time-averaged  with  previous 
centered  shape  functions  in  order  to  generate  the  estimated  target  template  (A  in  Figure  1 .2)  and 
partial  derivatives  of  it  with  respect  to  the  states  (H  in  Figure  1.2),  as  needed  by  the  extended 
Kalman  filter.  This  invokes  the  shifting  theorem  of  Fourier  transforms.  The  shift  theorem  states 
that  a  translation  of  an  image  in  the  spatial  domain  results  in  a  linear  phase  shift  in  the  spatial 
frequency  domain.  To  negate  the  translational  effects  of  an  uncentered  target  image  in  the  spatial 
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Figure  1 .2  Data  Processing  Scheme  using  FFT  and  IFFT 
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domain,  the  Fourier  transform  of  the  translated  image  is  multiplied  by  the  complex  conjugate  of 
the  desired  linear  phase  shift  [37].  The  extended  Kalman  filter  model,  in  path  one,  which  was 
developed  by  Mercier  [27],  was  used  to  provide  the  optimal  estimate  of  the  linear  translation.  The 
filter  state  estimates  are  used  to  develop  the  complex  conjugate  of  the  linear  phase  shift  and 
provide  the  centered  measurement  functions.  Before  the  IFFT  is  taken,  the  resulting  pattern  is 
exponentially  smoothed  to  yield  an  approximation  to  averaging  the  result  with  previously  centered 
frames  of  data,  to  minimize  the  effect  of  measurement  noise.  The  result  is  a  centered  pattern  with 
noise  effects  substantially  reduced.  Following  the  application  of  the  IFFT  to  form  the  nonlinear 
function  of  intensity  measurements  (h  of  Figure  1.2),  the  spatial  derivative  is  used  to  determine 
the  linearized  function  of  intensity  measurements  {H  of  Figure  1.2).  These  are  both  used  by  the 
Kalman  filter  in  processing  the  next  sampled  measurement  [37].  The  results  of  this  data 
processing  scheme  were  inconclusive  due  to  filter  divergence  problems.  Despite  the  problems 
encountered  with  the  filter,  the  concept  was  considered  to  have  filter  perfc.mance  potential. 

Rogers  [36]  continued  the  work  of  developing  a  Kalman  filter  tracker  which  could  handle 
multiple-hotspots  with  no  a  priori  infomtation  as  to  the  size,  shape,  intensity,  or  location  of  the 
target.  However,  he  continued  the  application  to  benign  target  motion,  as  Singletary  [37]  had 
done  before,  in  order  to  concentrate  on  the  feasibility  of  adaptively  identifying  the  target  shape. 
Using  digital  signal  processing  on  the  FLIR  data  (as  described  above)  to  identify  the  target  shape, 
the  filter  uses  the  information  to  estimate  target  offset  from  the  center  of  the  FOV,  which  in  turn 
drives  a  controller  to  center  the  image  in  the  FLIR  plane.  .Algorithm  improvements  included 
replacing  the  Forward-Backward  Difference  block  of  Figure  1.2  with  a  partial  differentiation 
operation  accomplished  as  a  simple  multiplication  before  the  IFFT  block. 
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Rogers  also  considered  an  alternative  design  that  used  the  target  image  h  (as  generated 
in  Figure  1.2)  as  a  template  for  an  enhanced  cotrelator,  as  shown  in  Figure  1.3.  The  position 
offsets  produced  as  outputs  from  the  correlator  were  then  used  as  "pseudo-measurement"  inputs 
to  a  linear  Kalman  filter.  The  improved  conelation  algorithm  of  Figure  1.3  compares  the  FLIR 
image  to  an  estimated  template  instead  of  the  previous  image,  as  is  done  in  the  standard  coirelator. 
This  uacking  concept  is  thus  a  hybrid  of  correlation  tracking  and  Kalman  filtering  [36].  Its 
performance  was  compared  to  the  results  of  earlier  extended  Kalman  filters  that  used  the  raw 
FLIR  data  as  measurements  [10].  Although  the  extended  Kalman  filter  performed  well  without 
a  priori  knowledge  of  the  shape  and  location  of  the  intensity  centroid,  the  improved  correlator 
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used  with  the  linear  Kalman  filur  outperformed  the  cxtemloi  Kalman  filter  while  providing 
reduced  computational  loading. 

Millner  [29]  and  Kozemchak  [1 1]  tested  an  extended  Kalman  filter  and  the  linear  Kalman 
filter/enhaneed  correlation  algorithm  against  close  range,  highly  maneuverable  targets,  The  linear 
four-state  filter  used  in  the  previous  research  was  replaced  by  an  eight-state  filter  consistir.g  of 
position,  velocity,  acceleration,  and  atmospheric  jitter  states  in  the  two  coordinates  of  the  FLIR 
plane  (azimuth  and  elevation).  Two  target  dynamics  models  were  also  developed.  The  target  was 
first  modeled  as  a  first-order  Gauss-Markov  acceleration  process,  and  secondly  with  a  constant 
turn-rate  model.  Both  filters  performed  well  without  a  priori  knowledge  of  die  target  size,  shape, 
and  location,  using  the  FFT  data  processing  melhol  for  identifying  the  target  shape  function 
[36,37].  However,  at  maneuvers  approaching  5-g’s,  the  filter  performance  degraded  considerably. 
It  was  noted  that  the  tracking  was  substantially  better  when  the  Kalman  filter  dynamics  model 
closely  matched  the  target  trajectory. 

The  Bayesian  MMAF  technique  [8]  was  reinvestigated  by  Suizu  [40]  based  on  the 
recommendations  of  the  previous  work.  The  MMAF  (Figure  1.1)  consisted  of  two  elemental 
Kalman  filters.  One  elemental  filter  was  tuned  for  benign  target  maneuvers  and  obtained  sampled 
measurement  information  from  an  8  x  8  pixel  FOV  in  the  FUR  plane.  A  second  filter  was  tuned 
for  dynamic  maneuvers  and  obtained  sampled  measurement  information  from  a  24  x  24  pixel  FOV 
in  the  FLIR  plane.  The  technique  allowed  the  MMAF  to  maintain  track  on  benign  target 
trajectories  up  to  20-g’s  at  a  distance  of  20  kilometers.  The  MMAF  was  configured  for  both  the 
linear  Kalman  filter/enhanced  coirelation  algorithm  [36]  and  the  extended  Kalman  filter.  Both 
filtering  schemes  exhibited  comparable  rms  tracking  performance  results,  with  the  correlator/linear 
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Kalman  filter  having  smaller  mean  errors  and  larger  standaid  deviations  than  the  extended  Kalman 
filter,  as  seen  in  earlier  work  of  Rogers  [36].  The  state  rms  tracking  error  was  on  the  order  of  0.2 
to  0.4  pixels  (  one  pixel  being  equivalent  to  20  prad  on  a  side). 

The  potential  of  the  MMAF  technique  with  the  FFT  processing  method  was  continued  by 
Loving  [14].  A  third  filter  was  added  to  the  bank  of  filters,  tuned  for  intermediate  target 
maneuvers  and  obtaining  sampled  measurement  information  from  the  8  x  8  FOV  in  the  FLIR 
plane.  This  MMAF  showed  significant  performance  advantages  over  all  the  previous  filters. 
Additionally,  a  Maximum  A  Posterori  (MAP)  algorithm  was  developed  and  compared  with  the 
Bayesian  MMAF’.  The  MAP  algorithm  differs  from  the  Bayesian  MMAF  in  that  the  MAT 
algorithm  uses  the  residuals  of  the  separate  filters  to  select  the  one  filter  with  the  highest 
probabilistic  validity,  while  the  Bayesian  MMAF  uses  a  probability-weighted  average  of  all  filters 
in  the  bank.  The  Bayesian  and  the  MAP  techniques  produced  similiar  results  and  delivered 
performance  that  surpassed  previous  filters. 

Netzer  [32]  expanded  the  study  of  the  MMAF  algoritlim.  He  investigated  a  steady-state 
bias  error  that  resulted  when  tracking  a  target  exhibiting  a  high-g  constant  turn-rate  maneuver. 
A  major  cause  of  this  bias  is  the  MMAF  mistuning  the  x-diiection  (azimuth)  while  maintaining 
lock  on  the  highly  dynamic  y-direction  (elevation)  transient.  This  moti\’ates  the  concept  of 
individual  x-  and  y-channel  target-motion  filters  in  the  MMAF,  which  would  allow  adtqjtive 
filtering  for  maneuvers  in  the  x-  and  y-channels  independently  [32],  The  size  of  the  FOV  was  also 
investigated.  When  a  target  came  to  within  five  kilometers  of  the  FLIR  platform,  the  8  x  8  FOV 
was  saturated  with  the  intensity  centroid  image,  resulting  in  a  loss  of  track.  This  analysis 
motivates  a  changing  FOV  to  maintain  lock  for  targets  and  also  warrants  the  possibility  of  adding 
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another  Kalman  filter  which  is  tuned  for  extremely  harsh  manuevers  at  close  ranges.  A  study  of 
the  aspect  ratio  (AR)  associated  with  target’s  intensity  centroid  was  also  accomplished  to  identify 
filter  tracking  characteristics  for  various  target  image  functions  [32].  This  study  used  "greyscale 
plots"  to  support  the  analysis.  A  greyscale  plot  is  a  pictorial  display  of  an  image  in  which  shading 
of  the  image  is  used  to  indicate  similar  parameters.  In  this  case,  the  plot  indicates  regions  of 
varying  levels  of  the  intensity  of  the  filter-reconstructed  target  image  in  a  24  x  24  pixel  FOV. 
Four  different  AR  values  of  0.2,  0.5,  5,  and  10  were  compared  to  the  nominal  AR  of  1.  The 
results  showed  that  tracking  was  slightly  impaired  for  images  with  AR  as  high  as  5.  The  reduced 
performance  is  primarily  along  the  semi-major  axis  of  an  elliptically  modeled  intensity  centroid. 
Additionally,  a  target-decoy  experiment  was  conducted  in  which  a  high  density  decoy  was  also 
located  in  the  FOV  with  the  target.  Since  the  decoy  was  modeled  with  different  dynamics  not 
given  to  the  filter,  it  was  hoped  that  the  filter  would  reject  the  decoy.  This  was  not  the  case;  the 
filter  locked  onto  the  hotter  decoy  image.  This  indicates  that  the  inability  of  the  current  filter 
algorithm  to  reject  this  type  of  bright  hotspot  requires  isolating  the  target  image  in  a  small  FOV 
or  some  other  concept  to  ensure  tracking  of  the  desired  target. 

The  previous  research  efforts  [14,32,40]  used  Gauss-Markov  acceleration  models  in  the 
development  of  the  MMAF.  Tobin  [41]  implemented  the  CTR  dynamics  model  in  another 
MMAF.  His  results  showed  that  the  Gauss-Markov  MMAF  exhibited  smaller  bias  enors  while 
the  CTR  MMAF  gave  smaller  steady  state  standard  deviation  errors;  both  filters  had  comparable 
rms  errors.  Motivated  by  earlier  research  [32],  he  also  developed  an  8  x  24  pixel  FOV  for  both 
the  X"  and  y-directions  of  the  FLIR  image  plane  to  be  used  with  filters  designed  to  anticipate  harsh 
target  accelerations  in  a  specific  direction  (along  which  the  longer  side  of  the  FOV  would  be 
oriented).  The  results  showed  that  the  filter  maintained  lock  on  a  target  during  a  highly  dynamic 
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maneuver  in  the  ^-direction  while  maintaining  substantially  better  steady  state  bias  performance 
in  the  benign  jc-direction. 

Leeney  [12]  expanded  the  previous  used  Gauss-Markov  truth  model  by  incorporating 
bending  vibrational  states.  The  elemental  filters  in  the  MMAF  were  not  modeled  with  this 
information  through  exphcit  state  variables,  but  performed  well  up  to  a  10-g  maneuver.  A 
performance  investigation  was  also  conducted  as  to  the  effects  of  increasing  the  measurement 
update  rate  flrom  the  previously  used  30  Hz  to  50  Hz.  The  sampling  rate  of  50  Hz  showed  a 
minor  performance  improvement,  but  also  increased  the  computational  loading  because  of  the 
higher  rate.  A  preliminary  study  was  also  done  on  replacing  the  8  x  24  pixel  FOV  in  the  x-  and 
y-directions  [41]  on  the  FUR  plane  with  a  single  8  x  24  pixel  FOV,  which  is  also  known  as  the 
rotating  rectangular-field-of-view  (RRFOV).  The  idea  was  to  align  the  long  side  of  the  rectangular 
FOV  with  an  estimate  of  the  acceleration  vector.  The  higher  precision  velocity  estimate  was 
actually  used  instead  of  the  noiser  acceleration  estimate,  and  it  was  assumed  that  the  acceleration 
direction  would  be  essentially  orthogonal  to  the  velocity  vc,  tor  direction.  Additionally,  the  five 
elemental  Kalman  filters  in  the  MM  AF  bank  would  be  reduced  to  four  by  using  this  FOV  rotation 
scheme.  The  results  were  not  conclusive,  but  the  insight  provided  motivation  to  continue  the 
study. 

The  RRFOV  research  was  continued  by  Norton  [33].  He  discovered  that  the  appropiate 
choice  of  the  filter  dynamics  driving  noise  strength  Q  dictated  the  filter’s  response  to  a  high-g 
jinking  maneuver,  and  that  the  size  of  the  FOV  could  be  reduced  to  an  8  x  8  pixel  rotating  FOV, 
also  known  as  the  rotating  square  field  of  view  (RSFOV).  His  investigation  showed  that  a  non¬ 
rotating  square  FOV  could  provide  good  pe,formancs,  but  that  the  dynamics  noise  strength  Q 
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matlix  value  must  be  large  in  the  elements  corresponding  to  the  direction  of  the  acceleration 
vector.  A  mathematical  matrix  transformation  was  developed  which  rotated  the  Q  matrix  to  keep 
the  larger  values  aligned  with  the  acceleration  vector.  A  study  of  both  the  rotating  FOV  and 
rotating  the  Q  matrix  provided  advantages  and  disadvantages  for  each  method.  Both  methods  are 
affected  by  the  tuning  parameters  used  to  represent  the  rms  level  of  acceleration  of  the  target, 
which  also  contributes  to  error  biases.  The  rotating  FOV  improves  the  j:-direction  (azimuth) 
estimation  for  dominant  y-direction  (elevation)  dynamics  from  previous  MMAF  algorithms,  but 
does  not  improve  y-direction  estimation  for  dominant  y-direction  dynamics.  Rotating  the  Q  matrix 
adaptively  improves  estimation  of  both  x-  and  y-directions  and  improves  the  jink  maneuver  error 
transients,  but  is  dependent  on  the  orthogonality  of  the  velocity  and  acceleration  vectors  and 
proper  initial  tuning  parameters.  The  conclusion  was  that  bo*  methods  employed  together 
provide  the  ability  to  adjust  filter  characteristics  to  differentiate  between  harsh  and  benign 
dynamics  in  any  orientation  of  target  acceleration  (rotating  Q)  while  at  the  same  lime  maintaining 
appropiate  view  resolution  in  the  directions  of  both  benign  and  harsh  dynamics  (rotating  FOV). 
Therefore,  the  combination  allows  for  tracking  highly  maneuvering  targets  without  sacrificing  the 
resolution  rovided  by  the  smaller  RSFOV  [33]. 

The  research  up  to  this  point  was  primarily  directed  towards  tracking  aircraft  and  missiles 
from  a  ground-based  FUR  plane.  Rizzo  [35]  initiated  research  on  a  space-based  platform  which 
could  track  targets  using  the  same  filtering  techniques.  Since  the  linear  Kalman  filter/enhanced 
correlator  algorithm  had  proven  to  be  computationally  more  efficient  than  the  extended  Kalman 
filter,  it  was  chosen  as  the  system  filter.  The  plume  "pogo"  (oscillation)  phenomenon  of  a  missile 
in  the  boost  phase  of  flight  was  modeled  in  the  truth  model  and  in  one  of  two  filters  used  for  the 
analysis.  The  pogo  was  modeled  as  a  second-order  Gauss-Markov  process,  and  applied  in  the 
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direction  of  the  missile  velocity  vector.  The  plan  was  to  go  adaptive  on  the  pogo  states  using  the 
MMAF  algorithm,  treating  the  pogo  amplitude  and  oscillation  frequency  as  uncertain  parameters. 
Although  the  elemental  filters  were  developed,  no  MMAF  performance  was  accomplished,  due 
to  elemental  filter  performance  difficulties. 

Three  rotation  schemes  were  also  developed  and  tested.  The  first  scheme,  referred  to  as 
the  rotating  field-of-view  (RFOV),  involved  using  the  8  x  8  FOV  filter  and  aligning  a  single  axis 
of  the  FLIR  plane  with  the  estimated  velocity  vector  of  the  target;  therefore  one  of  the  coordinate 
axes  of  the  FOV  would  stay  aligned  with  the  oscillation  of  the  plume.  The  second  scheme, 
refeiTed  to  as  the  diagonal  rotating  field-of-view  (DRFOV),  used  the  8  x  8  FOV  with  the  diagonal 
aligned  with  the  oscillation  of  the  plume.  The  motivation  behind  this  scheme  is  that  the  8  x  8 
FOV  is  oriented  in  such  a  fashion  will  be  able  to  "see”  more  of  the  target’s  intensity  image,  thus 
enabling  the  sensor  to  obtain  more  measurement  information  [35].  The  third  tracking  scheme  was 
the  rotating  rectangular  field-of-view  (RRFOV)  algorithm  developed  from  previous  research 
[12,41].  The  RFOV,  DRFOV,  and  the  RRFOV  algorithms  [32]  were  tested  along  with  the  non¬ 
rotating  field-of-view  (NRFOV)  filter.  The  NRFOV  is  the  standard  tracker  used  in  previous 
studies  [12,32,41].  The  DRFOV  scheme  was  shown  to  be  superior  to  the  other  three  tested  for 
providing  enhanced  tracking  of  a  missile  hardbody  whose  plume  is  undergoing  a  pogo 
phenomenon. 

The  eight-state  filter  (without  pogo  states;  two  target  position  states,  two  target  velocity 
states,  two  target  acceleration  states,  and  two  atmospheric  jitter  states)  and  the  ten-state  filter  (with 
pogo  states)  surfaced  a  problem  that  may  have  gone  unnoticed  in  previous  work.  Following 
tuning  of  the  filters  with  the  twelve-state  truth  model,  't  was  discovered  that  the  eight-state  filter 
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oulperformed  the  ten-state  filter.  An  investigation  into  the  cause  of  the  irregularity  revealed  that 
there  was  a  serious  observability  problem  in  the  both  filters.  The  affected  states  were  velocity  and 
acceleration.  A  recommendation  was  made  to  remove  the  acceleration  states  in  the  ten-state  filter, 
and  to  model  the  velocity  states  in  diis  new  eight-state  filter  as  a  first-order  Gauss-Maikov 
process. 

Eden  [5]  resumed  the  research  of  the  space-based  FLIR  platform.  The  scope  of  the 
tracking  problem  was  expanded  by  requiring  the  filter  to  track  the  hardbody  of  the  missile  rather 
tlian  just  the  intensity  centroid  of  the  FLIR.  Since  the  FLIR  could  not  supply  the  needed 
information  about  the  hardbody  location  relative  to  the  image  center  of  intensity  to  the  Kalman 
filter,  another  measurement  source  was  developed.  Under  the  advisement  of  the  Phillips 
Laboratory,  the  new  measurement  source  was  identified  as  a  low-energy  laser.  The  laser  actively 
acquires  measurement  data  while  the  FLIR  obtains  its  measurement  information  passively.  This 
scheme  calls  for  a  six-state  Kalman  filter  (consisting  of  two  position  states,  two  velocity  states, 
and  two  atmospheric  jitter  states)  to  provide  a  velocity  vector  estimate  for  the  target  plume.  The 
low-energy  laser  is  scanned  along  this  vector  from  the  target  plume  image  intensity  center  to 
intercept  the  hardbody.  The  hardbody  is  modeled  as  a  rectangle  with  binary  reflectivity.  When 
the  low-energy  laser  (modeled  with  a  beam  width  of  2.75  meters  at  the  target)  illuminates  the 
hardbody,  the  reflection  is  received  by  a  low-energy  laser  sensor  on  the  platform.  This  speckle 
information  is  provided  to  a  single-state  Kalman  filter  which  estimates  the  distance  between  the 
center  of  mass  and  the  center  of  intensity  along  the  velocity  vector  direction.  The  center  of  mass 
is  defiued  as  the  midpoint  of  the  scan  across  the  hardbody  if  the  centerline  of  the  laser  beam 
crosses  the  aft  end  of  the  missile  and  the  top  (nose)  of  the  hardbody,  or  if  the  laser  beam  crosses 
the  aft  end  and  one  of  the  sides  of  the  hardbody.  The  results  of  the  laser  scan  show  that  the 


interception  of  the  laser  with  tlie  hardbody  occurrs  only  10-20%  of  the  time.  This  low  ratio  of 
hitting  the  target  is  attributed  to  the  six-state  filter  being  tuned  for  estimating  only  the  intensity 
centroid  location  on  the  FLIR  plane  and  not  for  precise  velocity  estimation.  Since  the  velocity 
vector  must  be  accurately  estimated  for  active  illumination  of  the  target  to  be  a  viable  concept, 
it  was  recommended  that  the  filter  also  be  tuned  for  accurate  velocity  estimates. 

Tracking  the  center-of-mass  of  a  missile  hardbody  using  FLIR  measurements  and  low- 
energy  laser  illumination  was  further  investigated  by  Evans  [6].  He  surmised  that  the  tracking 
error,  represented  by  a  straight  line  between  the  estimated  target  center-of-mass  and  the  true 
center-of-mass  [5],  could  provide  more  insight  if  it  were  separated  into  the  x-  and  y-  (azimuth  and 
elevation)  components,  or  into  along-track  and  across-track  (2-d  perpendicular  axes  of  the 
hardbody)  components.  Evans  proposed  the  latter  method  would  provide  better  informaton 
relative  to  the  principle  axes  directions  of  the  error  phenomenon.  An  eight-state  filter  was 
developed  by  augmenting  Eden’s  six-state  filter  [5]  with  two  additional  bias  states  used  to  estimate 
the  hardbody  center-of-mass  [6].  A  comparison  between  the  eight-state  filter  and  Eden’s  one-state 
filter  used  in  conjunction  with  the  six-state  FLIR  filter,  resulted  in  negligible  difference  in 
performance.  Evans’  analysis  of  the  eight-state  filter’s  error  statistics  showed  that  the  tracking 
error  is  much  greater  in  the  along-track  direction  than  in  the  across-track  direction,  and  thus  the 
separate  one-state  filter  and  six-state  FL'R  filter  performed  as  well  as  the  eight-state  filter. 

Aside  from  investigating  the  tracking  error  statistics,  Evans  enhanced  Eden’s  2-d  hardbody 
model  (which  treated  reflectivity  as  a  binary  on/off  function)  with  a  3-d  hardbody  reflectivity 
model  to  provide  increased  realism  in  the  simulation.  Two  reflectivity  functions,  cross-sectional 
and  longitundinal,  were  defined  based  upon  empirical  data  obtained  from  a  radar  return  off  a  20 
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X  249  inch  cylinder  with  hemispherical  endct^s,  rotated  longitundinally  in  the  plane  of  the  radar 
source  [7].  As  shown  in  Figure  1.4,  the  cross-sectional  and  longitundinal  reflectivity  functions 
were  incorporated  into  Eden’s  rectangular  hardbody  model  as  29  discrete  weighted  line  segments 
along  the  longitudinal  axis  of  the  hardbody. 

Evans  also  found  that  the  sensitivity  level  of  the  low-energy  sensor  is  a  factor  in 
determining  the  reflectivity  received  at  the  sensor  [6],  The  sensitivity  level  represents  a  threshold 
below  which  the  reflected  return  is  indistinguishable  from  sensor  noise.  A  sensitivity  factor,  p, 
is  incorporated  in  the  simulation  to  define  the  ^propriate  sensitivity  level  required  to  detect  a 
hardbody’s  return  as  well  as  represent  the  physical  limitations  of  the  sensor. 


1-20 


Performance  data  collection  from  the  eight-state  filter  and  one-state/six-state  filter 
combination  hinged  upon  the  successful  illumination  of  the  hardbody  by  the  low-energy  laser. 
Evans  was  faced  with  a  low  target  intercept  rate  (10%  -  20%),  which  inhibited  any  useful  error 
analysis  of  the  center-of-mass  filters.  Realizing  this,  Evans  generated  an  ad  hoc  technique  of 
offsetting  the  low-energy  laser  scan  relative  to  the  FLIR  estimated  velocity  vector  and  "sweeping" 
the  scan  across  the  hardbody,  thus  providing  constant  hardbody  illumination  information. 
However,  the  "sweep"  is  not  an  optimal  tool  and  should  only  be  used  to  test  the  center-of-mass 
filters  in  the  simulation  [6].  Both  the  3-d  reflectivity  hardbody  model  and  laser  sweep  were 
employed  to  evaluate  the  perfonnance  of  the  eight-state  filter  and  one-state/six-state  filter 
combination  center-of-mass  estimators. 

13  Thesis  Objectives 

The  vast  amount  of  previous  research  is  evidence  of  the  complexity  of  the  tracking 
problem  which  grows  more  sophisticated  with  each  thesis.  As  the  progression  of  research  shows, 
the  development  of  a  tracking  algorithm,  employing  Kalman  filtering  techniques,  has  evolved  from 
passively  cacking  the  missile  plume  using  infrared  measurements  to  actively  locating  and  tracking 
the  missile  hardbody  with  the  aid  of  information  available  from  laser  speckle  returns.  The  prior 
works  of  Eden  and  Evans  [5,6]  have  confirmed  the  usefulness  of  laser  speckle  returns  in 
discerning  the  hardbody  from  the  missile  plume.  Unfortunately,  the  plume  physical  characteristics 
affect  the  degree  to  which  the  missile  hardbody/plume  speckle  returns  may  be  precisely  defined 
[2],  Experiments  have  shown  that  the  laser  speckle  return  of  a  solid-propellant  rocket  motor  is 
of  the  same  magnitude  as  that  of  the  hardbody,  as  a  result  of  the  metallic  particles  present  in  this 
type  of  propellant  [2],  Movcover,  this  causes  a  non-negligible  bias  (25  -  30  meters,  occurring  at 
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least  90%  of  the  time)  in  the  estimate  of  the  location  of  the  missile  hardbody  center-of-mass  that 
was  not  reflected  in  the  previous  analysis  [6],  and  this  should  be  properly  incorporated  into  the 
current  performance  analysis.  However,  it  has  been  observed  that  the  Doppler  return  of  the 
plume,  utilizing  a  pulsed  coherent  laser,  exhibited  both  unique  frequency  shift  and  broadening 
attributes  which  may  be  strongly  distinguishable  from  that  of  a  hardbody  [2].  Thus,  the  primary 
focus  of  this  thesis  is  to  investigate  the  feasibility  of  employing  the  Doppler  phenomenon  to 
discern  the  missile  hardbody  from  its  plume.  The  specific  objectives  of  this  endeavor  are  outlined 
below. 


1.5.1  Doppler  Phenomenon  Modeling.  Eden  and  Evans  have  established  the  methodology 
of  incorporating  hardbody  center-of-mass  estimates  into  the  linear  Kalman  filter/correlator 
algorithm.  The  six-state  filter  (with  two  position  states,  two  velocity  states,  and  two  atmospheric 
states)  augmented  with  the  one-state  filter  that  estimates  the  distance  between  the  plume  centroid 
and  the  hardbody  center-of-mass,  performed  well  as  long  as  hardbody  measurements  (i.e.,  Doppler 
return  for  the  current  research)  to  the  one-state  filter  are  consistently  provided.  This  filter 
structure  shall  be  used  for  this  thesis. 

For  this  preliminary  investigation  into  the  Doppler  phenomenon,  a  modeling  of  the 
physical  processes  of  transmitting  the  pulsed  coherent  laser,  or  sensing  the  Doppler  return  shall 
not  be  attempted.  Instead,  this  effort  concentrates  upon  specifying  the  form  of  measurement  data 
presented  to  the  Kalman  filter  from  these  processes. 

The  Doppler  return  can  be  described  by  two  characteristics;  the  magnitude  of  the 
frequency  shift,  and  the  spread  of  the  return  spectrum.  The  direction  of  the  hardbody 's  velocity 
is  presumed  to  be  in  the  opposite  direction  of  the  plume’s  velocity  [26].  Hence,  the  plume  and 
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hardbody-induced  Doppler  return  are  expectai  to  exhibit  contrasting  frequency  shifts.  The 
respective  spectrum  spread  of  the  hardbody’s  and  plume’s  Doppler  returns  shall  be  seen  to  be 
distinguishable  from  each  other  due  to  differences  in  mass  density  and  particle  velocities.  In 
essence,  the  plume  will  exhibit  a  broader  spectrum  spread  as  compared  to  the  hardbody.  On  the 
basis  of  these  two  factors,  the  Doppler  return  of  the  hardbody  can  be  easily  discriminated  from 
the  Doppler  return  of  the  plume. 

The  angular  resolution,  expressed  in  tracking  angle  rms  errors  (a  function  of  wavelength 
and  signal-to-noise  ratio  -  to  be  developed  in  Chapter  IV),  is  used  to  define  the  noise  inherent  in 
the  measurements  [16,26],  Furthermore,  a  probability-ofrmiss  is  incorporated  to  account  for  the 
probability  of  no  detected  plume/hardbody  interface  due  to;  bending  of  the  laser  path  (so  that 
actual  scan  doesn’t  intersect  the  hardbody  even  though  the  intended  scan  does);  and  cases  where 
the  Doppler  receiver  cannot  discern  tlie  presence  of  two  separate  returns  from  the  hardbody  and 
the  plume  (i.e.,  both  plume  and  hardbody  velocities  are  normal  to  the  sensor  plane,  resulting  in 
no  Doppler  shift). 

Eden’s  binary  rectangular  hardbody  model  is  utilized  from  the  onset.  Eventually,  the 
hardbody  relectivity  model  developed  by  Evans  will  also  be  modified  to  exhibit  the  appropiate 
Dopper  return  properties.  For  both  hardbody  models,  the  laser  sweep  routine  developed  by  Evans 
is  employed.  Chapter  IV  presents  the  basic  pertinent  aspects  of  the  Doppler  phenomenon  and 
discusses  the  Doppler  measurement  model. 

1,3,2  Alternative  Scan  Techniques,  Alternative  scan  techniques  to  detect  the  hardbody 
are  pursued  as  a  secondary  objective.  The  present  sweep  method  is  primarily  an  evaluation  tool 
for  the  one-state,  hardbody  center-of-mass  filter.  Although  effective,  the  sweep  action  is 
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admittedly  not  efficient,  since  it  requires  extra  computer  frame  time.  (The  sweep  is  performed 
at  each  update).  In  addition,  future  research  involving  active  illumination  may  address  more 
dynamic  target  trajectories,  jinking  maneuvers,  multiple  hotspots,  and  decoy  identification.  For 
these  reasons,  the  scan  time  must  be  minimal. 

Detection  techniques  considered  include  sinusoidal  and  conical  scan  patterns.  Once  the 
target  is  detected,  it  can  be  actively  followed  by  the  laser  radar  in  a  special  tracking  mode  where 
the  hardbody  is  continuously  illuminated.  The  method  of  scanning  and  tracking  must  be  governed 
by  practical  concerns,  such  as  the  power  availabilty  to  the  scanAracking  device  and  choice  of 
appropiate  wavelength  considerations. 

J.3.3  Performance  Evaluation.  Witli  the  Doppler  phenomenon  modeled  as  a  form  of 
measurement  data,  the  augmented  six-state  filter’s  [.‘S.b]  performance  is  evaluated  against  the  truth 
model  (composed  of  two  target  states  -  the  actual  result  of  accurate  3-d  trajectory  simulation  and 
projection  onto  the  FUR  plane,  six  atmospheric  jitter  states,  four  vibration  states,  and  two  pogo 
states).  Truth  model  speckle  rerum  measurements  to  the  one-state  offset  filter  is  modified  to 
exhibit  the  hardbody  bias  that  appears  with  solid  propeUant  rocket  motors  [2,3].  The  results  are 
compared  to  the  previous  findings  of  Evan’s  [6]  research.  Initial  testing,  with  the  laser  sweep 
technique  and  the  binary  rectangular  hardbody  model,  is  conducted  without  the  pogo  and  vibration 
states.  Further  evaluation  includes  permutations  of  these  disturbances  "switched  on  and  off  in 
the  truth  model.  In  addition,  sensitivity  analyses  of  specific  Doppler  parameters,  such  as  laser 
wavelength,  angular  resolution,  signal-to-noise  ratio,  and  probability-of-miss,  are  conducted. 

The  combination  of  Doppler  and  speckle  measurements  may  enhance  center-of-mass 
estimates.  This  configuration  is  explored  and  evaluated  in  the  same  fashion  outlined  above. 
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lA  Thesis  Overview 


This  ch£^)ter  described  the  AFIT-developed  tracking  system  that  employs  a  Kalman  filter, 
a  passive  FUR  sensor,  and  active  illumination  of  the  hardbody.  A  review  of  the  prior  research 
was  provided.  Chapter  II  gives  a  mathematical  summary  of  the  linear  Kalman  filter  and  relates 
it  to  the  Kalman  filter/correlator  algorithm  and  the  Multiple  Model  Adaptive  Algorithm  (MMAF). 
Cht^ter  III  describes  the  Doppler  phenomenon  aspects  that  are  relevant  to  the  conbol  viewpoint 
of  this  thesis  and  also  provides  a  brief  technical  description  of  the  alternative  detection  techniques 
considered  for  this  study.  The  AFIT  tracking  scenario  is  presented  in  Chapter  IV.  Chapters  V 
and  VI  discuss  the  truth  model  and  filter  models,  respectively.  Chapter  Vli  provides  the 
performance  analysis,  and  Chapter  VIII  presents  the  final  conclusions  and  recommendations  for 
further  study. 
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//.  The  Kalman  Filter  Algorithm 


2.1  Introduction 

The  process  of  estimating  the  target  position,  velocity,  plutne/hardbody  interface,  and  other 
variables  of  interest  is  accomplished  by  the  Kalman  filter.  The  Kalman  fiber  accounts  for  the 
uncertainties  associated  with  the  tracking  system  parameters  and  external  environment,  and 
provides  an  optimal  !;olution  under  the  basic  assumptions  that  the  system  is  linear  (or  linearhed) 
and  is  driven  by  white  Gaussian  noise.  By  optimally  combining  measurements,  dynamic 
characteristics,  and  a  priori  knowledge  of  the  statistical  properties  of  tlie  system  and  measuring 
devices,  the  Kalman  filter  produces  optimal  state  estimates  conditioned  on  the  history  of 
measurements  received.  The  a  priori  statistics  of  the  mean  and  covariance  provided  to  the  filter 
as  initial  state  conditions  are  defined  by; 

EixitJ)  =  (2-1) 

FJlxitJ  -  £J[xiO  -  ij)  =  F,  (2-2) 

where  the  notation  (")  indicates  an  estimated  value,  and  E[  }  is  the  expectation,  or  ensemble 
average,  of  the  possible  outcomes.  The  Kalman  filter  receives  measurements  at  a  prescribed 
sample  rate  and  propagates  the  state  conditioned  upon  the  measurement  time  history  Z(t,},  given 
as; 
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Z(g  = 


(2-3) 
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I 
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where  z(tj)  is  the  measurement  data  available  at  sample  time  if).  Then  the  conditional  mean  and 
covariance  of  the  state  variables  are  given  by: 

.€(0  =  rixit,)  I  Z{i,)  =  Z,1  (2-4) 

P(t;)  =  £{[jr(g  -  iiOmt,)  ~  I  Z{t,)  =  Z,)  (2-5) 

where  Z,  is  a  specific  realization  (observed  set  of  values)  of  the  measurenrsent  history  Z(t,). 

For  this  thesis,  the  linear  Kalman  filter  is  employed  to  sert'e  tv/o  independeat  functions; 
the  estimation  of  the  target  plume  intensity  centroid’s  position  and  velocity  (performed  by  the  six- 
state  FUR  filter),  and  the  estimation  of  the  hardbody  center-of-mass.  Offset  azimuth  and 
elevation  "pseudO' measurements"  for  the  linear  FLIR  filter  are  produced  from  an  enhanced 
correlator  algorithm  that  compares  the  FLIR  image  to  an  optically  processed  template  [36].  Two 
different  configurations  of  the  center-of-mass  estimators  (a  one-state  and  a  two-state  Modified 
Maximum  A  Posteriori,  or  MAP,  Multiple  Model  Adaptive  Filter)  operate  autonomously  from  the 
FLIR  filter. 

A  benign  target  trajectory  is  used  to  obtain  an  initial  "look"  into  the  ability  of  the  Doppler 
phenomenon  to  define  the  plume/hardbody  interface.  Explicit  knowledge  of  where  the 
plume/hardbody  interface  occurs  wifi  allow  for  locating  and  backing  the  hardbody  center-of-mass. 
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As  will  be  seen  in  Chapter  V,  the  dynamics  associated  with  the  Doppler  returns  permit  the  use 
of  a  linear  Kalman  filter. 

The  following  sections  present  the  basic  mathematical  forms  of  the  linear  Kalman 
filter  and  the  Multiple  Model  Adaptive  Filter  (MMAF)  algorithms.  Due  to  the  benign  target 
dynamics  and  the  preliminary  nature  of  this  research,  the  filter  development  is  constrained  to  the 
linear  Kalman  filter.  However,  this  linear  FLIR  Kalman  filter,  which  receives  the  offset  "pseudo¬ 
measurements"  from  the  enhanced  correlator,  is  shown  to  be  an  element  in  the  MMAF  structure 
developed  in  previous  AFIT  research  [12,14,33,40,41].  Thus,  the  MMAF  is  presented  to  offer  an 
encompassing  perspective  of  the  AFIT  adaptive  tracking  system,  although  this  thesis  does  not 
explicitly  develop  such  an  IrlMAF  algorithm.  The  interested  reader  is  referred  to  Mayleck’s 
Stochastic  Models,  Estimation,  and  Control,  Vol,  1  and  Vol.  2,  for  a  rigorous  development  of  the 
Kalman  Filter  theory  and  MMAF  algorithm. 

2.2  Linear  Kalman  Filter 

Prior  to  implementing  the  Kalman  filter  a  mathematical  model  of  the  system  dynamics 
must  be  developed  atid  measurements  must  be  available.  A  system  is  generally  modeled  with  a 
set  of  linear  state  differential  equations  of  the  form: 

i{t)  =  Fit)x(t)  +  J5(0«(0  +  G{t)w{t)  (2-6) 

where 

F(t)  =  homogeneous  state  dynamics  matrix 

x(t)  s  vector  of  states  of  interest 

8(0  =  control  input  matrix 

u(t)  =  determiniftic  conmol  input  vector 
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G(t)  B  driving  noise  input  matrix 

w(t)  ^  white  Gaussian  driving  noise  vector 

The  mean  of  the  white  Gaussian  driving  nois#*  vector  is; 


and  the  noise  strength  is  Q(t): 


E(w(/)}  =  0 


E{w(t)w{t  +  t)^}  =  0(05(1) 


(2-7) 


(2-8) 


The  equivalent  discrete-time  system  model  of  Equation  (2-6)  is  needed  to  implement  the 
algorithm  on  a  digital  computer.  The  general  form  of  the  discrete-time  .state  space  form  (denoted 
by  the  d  subscript)  of  that  model  is  given  by: 


where 
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-  the  n  X  n  system  state  transition,  matrix  that  satisfies  the 
differential  equation  and  initial  condition; 


and  where 


Jt 


(2-10) 
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x(t,)  -  discrete-time  vector  of  states  of  interest 
(t,)  =  discrete-time  control  input  matrix 
u(ti)  =  discrete-time  deterministic  control  input  vector 
Oi)  -  discrete-time  independent,  white  Gaussian  noise  process 
with  mean  and  covariance  statistics  defined  as: 
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=  0 


(2-12) 


with 


QiOi)  ^  ~  f/ 
0 


(2-13) 
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i: 
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(2-14) 


The  Kalman  filter  incorporates  measurement  information  from  external  measuring  devices 
to  improve  its  estimate  of  a  desired  state.  The  discrete-time  (sampled  data)  measurement  model 
is  of  the  form: 


z(t,)  =  +  v(t,)  (2-15) 

where 

z(t,)  =  m-dimensional  measurement  vector  at  sample  time  /, 

H(t,)  -  state  observation  matrix 

x(ti)  =  vector  of  states  of  interest 

v(t,)  =  white  Gaussian  measurement  noise 

The  discrete  white  Gaussian  measurement  noise  v  is  independent  of  both  xiQ  and  w  for  all  time, 
and  has  a  mean  and  covariance,  R,  given  by: 

Eivit,))  =  0  (2- ■6) 


RH)  t,  -  tj 

0  i,*tj 


(2-17) 
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The  Kalman  filter  propagates  the  state  conditional  mean  and  its  covariance  from  the 
instant  in  time  immediately  following  the  most  recent  measurement  update,  r/,  to  the  instant  in 
time  immediately  preceding  the  next  measurement  update,  by  numerical  integration  of  the 
following  equations: 

Mtft,)  =  mm,) 

Pitjt,)  =  Fimtjt,)  +  Pm,)F\t)  +  G(0Q(t)G^(t)  (2-19) 

where  the  notation  x  {tit)  denotes  optimal  estimates  of  x  at  time  t,  conditioned  on  measurements 
through  time  t,,  and  with  initial  conditions; 

je(/,/r,)  =  je{/;)  (2-20) 

P{tjt,)  =  Pit',)  (2-21) 

where  x  (t/)  and  P(t,*)  are  the  results  of  the  previous  measurement  update  cycle.  At  time 
and  Po  from  Equations  (2-1)  and  (2-2)  are  used  to  initialize  the  first  propagation. 

That  update  cycle  when  a  measurement  becomes  available  at  time  t,  is  based  on  the 
following  update  equations: 

K(t,)  =  P(t,-)H\t,)mt,)P(t;)H^(t,)  +  /i:(r,)]-‘ 

“  Ah’)  +  m)Mt,)  -  mt,)£(t,')] 

p{t;)  -  p{t;)  -  K{t,)H{t,)P{t;) 
where  K(t)  is  the  time-varying  Kalman  filter  gain  matrix  that  assigns  "weights"  to  the  new 


(2-22) 

(2-23) 

(2-24) 
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information  (consisting  of  the  difference  between  the  actual  measurement  and  the  filter’s  estimate 
of  the  measurement,  H(t)x(t;),  as  seen  in  Equation  (2-23))  based  on  known  measurement  noise 
statistics  and  filter-computed  covariances. 

2.3  Multiple  Model  Adaptive  algorithm 

The  optimality  of  the  state  estimator  is  dependent  upon  complete  knowledge  of  the 
parameters  that  define  the  best  model  for  system  dynamics,  output  relations,  and  statistical 
description  of  uncertainties  [18].  For  Kalman  filter  tracking  tq>plications,  maximum  performance 
is  achieved  when  the  parameters  of  the  filter  dynamics  model  match  the  parameters  of  the  target 
being  tracked.  Often,  the  parameters  are  known  only  with  some  uncertainty  and  may  exhibit  time- 
varying  characteristics  (such  as  in  the  case  of  maneuvering  targets  with  changing  acceleration 
levels).  Thus,  there  is  a  need  to  devise  a  method  that  produces  optimum  state  estimates  despite 
the  incomplete  a  priori  knowledge  of  parameter  statistics,  and  provides  the  estimates  in  an 
adaptive,  on-line  fashion.  The  multiple  model  adaptive  filter  (MMAF)  satisfies  these  requirements 
[181. 


To  implement  the  MMAF  algorithm,  it  becomes  necessary  to  discretize  the  parameter 
space  by  the  judicious  choice  of  discrete  values  that  are  representatively  dispersed  throughout  the 
continuous  range  of  possible  values.  For  the  tracking  problem  at  hand,  a  target  can  display  K 
different  discrete  sets  of  dynamic  maneuvers  corresponding  to  one  of  K  discrete  values  of 
acceleration  vectors.  As  previously  shown  in  Figure  1 . 1 ,  a  Kalman  filter  is  then  designed  for  each 
choice  of  parameter  value,  resulting  in  a  bank  of  K  separate  elemental  filters. 

Let  a  denote  the  vector  of  uncertain  paiameters  in  a  given  linear  state  model  for  a 
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dynamic  system.  A  system  model  would  be  represented  by  the  following  time-invariant,  first- 
order,  stochastic  differential  equation: 

i(0  =  F(a)x(0  +  Bia)uit)  +  G{a)w(,t)  (2-25) 


with  noise  corrupted,  discrete-time  measurements  given  by; 

z(/,)  =  H{a)xit,)  *  v(t,)  (2-26) 

where 

x(t)  =  n-dimensional  system  state  vector 
u(t)  -  r-dimensional  detmninistic  control  vector 
w(t)  =  j-dimensional  white,  Gaussian,  zero-mean  noise  vector 
process  of  strength  Q(a) 
z(t,)  =  /n-dimensional  measurement  vector 
v(ti)  =  ///-dimensional  discrete-time  white,  Gaussian,  zero-mean 
noise  vector  process  of  covariance  R(a) 

F(a)  =  nxn  system  plant  matrix 

B(a)  =*  nxr  input  distribution  matrix 

G(a)  =*  nxs  noise  distribution  matrix 

H(a)  =  mxn  matrix  relating  measurement  to  states 


The  parameter  vector,  a,  is  discretized  into  a  set  of  K  finite  vector  values,  a„  ajr”<*K>  and 
associated  with  each  a^  is  a  different  system  model  of  the  form  given  by  Equations  (2-25)  and 
(2-26).  Each  elemental  Kalman  filter,  tuned  for  a  specific  a^,  produces  a  state  estimate  which  is 
weighed  appropriately  using  the  hypothesis  conditional  probability  to  produce  the  state 
estimate  as  a  probabilistically  weighted  sum,  where: 


PSfi) 


f 1 1  ®  4  ’  - 1  )/’*(  V 


(2-27) 
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(2-28) 


with 


{•} 


expf  •} 

.-^r((,Vi;‘((,)r.(r,)| 


Ai/t,)  =  iWi  filta’s  computed  residual  covariance 
-  H,(t,)P,(t;)H,^(t,)  +  R,(t,) 

ri^(i,)  -  fcth  filter’s  residual 

a,,  =  parameter  value  assumed  in  the  hxh  filter 
P^(t;)  =  kth  filter’s  computed  state  error  covariance  before 
incorporating  the  measurement  at  time  t, 

Z(ti.i)  =  measurement  history  up  to  time  t,., 


The  residual  of  the  /:th  elemental  Kalman  filter,  that  best  matches  the  current  target 
dynamics  associated  with  the  parameter  value  at,  is  expected  to  be  smaller  than  the  residuals  of 
the  other  mismatched  filteis.  The  hypothesis  conditional  probability  given  by  Equation  (2-27) 
with  index  corresponding  to  the  "correct"  filter  will  then  be  the  largest  among  the  other 
conditional  probabilities,  thus  assigning  the  most  weight  to  the  "correct"  state  estimate.  This 
algorithm  performs  well  if  each  elemental  filter  is  optimally  tuned  for  best  performance  for  a 
specific  target  scenario,  causing  its  residual  to  be  distinguishable  from  those  of  the  mismatched 
filters.  It  is  also  important  not  to  add  excessive  amounts  of  pseudonoise  to  compensate  for  model 
inadequacies,  since  this  tends  to  mask  the  distinction  between  good  and  bad  models  [17].  If  the 
quadratic  forms  within  the  exponentials  of  Equation  (2-28)  are  consistently  of  the  same  magnitude, 
then  Equation  (2-27)  will  result  in  the  growth  of  the/?*  associated  with  the  filter  with  the  smallest 
value  of  I  At  1.  The  values  of  I  A  J  are  independent  not  only  of  the  residuals,  but  also  of  the 
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''correctness"  of  the  K  models,  and  so  the  result  would  be  totally  erroneous  [18].  Therefore,  the 
scalar  denominator  of  the  exponential  in  Equation  (2-28)  might  be  removed  in  the  final 
implementation  of  the  algorithm. 


The  output  of  the  MM  AF  algorithm  is  the  probabilistic  weighted  average  of  the  elemental 
filter’s  estimates  given  by: 


W'- )  ■  tp^wo 

k-i 


(2-29) 


The  conditional  covariance  matrix  for  the  MMAF  is  computed  as: 

W'.') '  )['■.('/)  • 

t-i 


(2-30) 


where 

Pt  =  itth  filter’s  conditional  hypothesis  probability 
P/r/)  =  M  filter’s  state  error  covariance  matrix  after  incorporating 
the  measurement  at  time  t, 


Since  the  values  of  p^(t,)  and  (t^)  depend  upon  the  discrete  measurements  taken  through  time 

f/.  Pmmaf  )  caonot  be  precomputed  as  in  the  case  for  the  elemental  filters.  However,  Equation 
(2-30)  need  not  be  computed  for  the  on-line  filter  algorithm. 

The  calculated  probabilities  of  Equation  (2-23)  should  involve  an  artificial  lower  bound 
[12,18,32],  This  lower  bound  will  prevent  a  mismatched  filter’s  hypothesis  conditional  probability 
from  converging  to  (essentially)  zero.  If  a  filter’s  p*  should  reach  zero,  it  wiU  remain  zero  for  all 
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time,  as  can  be  seen  from  the  iterative  nature  of  Equation  (2-27).  This  effectively  removes  that 
filter  from  the  bank  and  degrades  the  responsiveness  of  the  MMAF  to  future  changes  of  the 
parameter  values.  If  some  future  target  dynamic  scenario  matched  the  model  for  which  the  was 
locked  onto  zero,  that  elemental  filter’s  estimate  would  not  be  appropriately  weighted  and  the 
MMAF  estimate  would  be  in  error.  In  previous  work,  Tobin  [41]  established  a  lower  bound  of 
.001  iot 

24  Summary 

This  chapter  presented  the  mathematical  models  of  the  linear  Kalman  filter  and  the  MMAF 
algorithm.  The  linear  Kalman  filter  is  an  optimal  estimator  and  constitutes  an  elemental  filter  in 
the  MMAF  structure  used  for  the  AFIT  adaptive  tracking  system.  The  MMAF  is  an  adaptive 
algorithm  that  optimally  combines  the  estimates  of  individual  Kalman  filters  that  are  tuned  for  a 
specific  parameter  value.  This  preliminary  research  of  locating  the  hardbody  via  Doppler 
measurements  utilizes  linear  hardbody  center-of-mass  Kalman  filters  that  function  autonomously 
from  the  six-state  FUR  Kalman  filter.  The  enhanced  correlator  that  produces  the  offset  "pseudo¬ 
measurements"  as  a  result  of  comparing  the  FLIR  image  to  an  optical  processed  template  is 
presented  in  Chapter  V’s  discussion  of  the  filter  measurement  models. 
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III.  Simulation  Space 


3.1  Introduction 

Simulation  of  the  tracking  scenario,  which  encompasses  the  target  trajectory,  the  FLIR 
sensor  operation,  and  the  low-energy  laser  illumination  of  the  missile  hardbody  and  the  generation 
of  the  speckle  return  and  Doppler  measurements,  is  performed  on  a  digital  computer.  A  3- 
dimensional  "simulation  space"  is  generated  wherein  a  target  plume  is  propagated  along  a  realistic 
trajectory.  Several  coordinate  frames  in  the  simulation  space  provide  the  means  of  mathematically 
projecting  the  target  plume’s  infrared  image  and  velocity  vector  onto  tlie  two-dimensional  FLIR 
image  plane  [10,11,32].  In  addition,  these  frames  are  utilized  to  project  a  representation  of  the 
hardbody  center-of-mass,  as  well  as  to  define  the  start  and  orientation  of  the  low-energy  laser  scan 
for  generating  speckle  and  Doppler  measurements  [5,6].  This  chj^ter  describes  the  different 
coordinate  frames  of  tlie  simulation  space  and  cover  the  process  of  pointing  the  FLIR  sensor  at 
the  target  during  tracking. 

3.2  Coordinate  Frames 

As  shown  in  Figure  3.1,  three  primary  coordinate  flames  are  defined  in  the  simulation 
space:  a  system  inertial  reference  frame,  a  target  reference  frame,  and  an  a-P-r  reference  frame. 
Each  of  these  reference  frames  is  described  in  the  following  paragraphs. 

3.2.1  Inertial  Reference  Frame.  The  inertial  reference  frame  is  a  North-Up-East  (NUE) 
frame  wherein  the  target  flight  trajectory  occurs. 

Origin:  location  of  the  FLIR  sensor 
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Figure  3.1  Three  Primary  Coordinate  Frames  in  Simulation  Space 

Axes:  e,  ■  due  north,  tangent  to  the  earth’s  surface,  defines  zero  azimuth 
Cy  -  inertial  "up"  with  respect  to  flat  earth  approximation 
e,  -  vector  completing  right-hand  coordinate  set,  defines  90'’  azimuth 
Note:  The  azimuth  angle  (a)  is  measured  eastward  from  e^.  The  elevation  atigle 
(P)  is  measured  "up"  from  the  horizontal  plane  defined  by  e,  and  e,. 


3.2.2  Target  Plume  Reference  Frame.  This  frame  is  located  at  the  target  plume  with  one 
of  its  unit  vectors  co-linear  with  the  target’s  velocity  vector. 


Origin:  plume  intensity  centroid 
Axes:  -  along  the  true  velocity  vector 
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Cp,  •  out  the  right  side  of  the  target,  orthogonal  to  both  Cy  and  the 
LC3  vector 

Cpyy  -  vector  completing  tlie  right-hand  coordinate  set 
Note:  V  ■  along  the  velocity  vector 

py  -  perpendicular'  to  the  velocity  vector 
pyy  -  perpendicular  to  both  „  and  p. 


3.2.3  a  -  P  -  /•  Reference  Frame.  The  a-P-r  reference  frame  is  defined  by  the  azimuth 
angle  a'  and  the  elevation  angle  P'  measured  with  respect  to  the  FLIR  line-of-sight  (LOS)  vector 
c,.  The  true  azimuth  a  and  the  true  elevation  p  are  referenced  from  true  north  and  the  horizon. 
This  frame  is  used  to  project  the  target’s  position  and  velocity  onto  the  FLIR  plane. 

Origin:  plume  intensity  centroid 
Axes:  e,.  coincident  with  the  true  sensor-to-target  LOS  vector 

e„,  and  define  a  plane  perpendicular  to  e„  rotated  fiom  inertial  e,  and  Cj, 
by  the  azimuth  angle  (a)  and  elevation  angle  (P) 

There  are  three  special  coordinate  frames  associated  with  the  a-p-r  referenc.'.  frame:  the  a-p 
(FLIR)  plane,  the  absolute  a-p-r  reference  frame,  and  the  trans-FLIR  plane. 

3.2.3.1  a  -  p  (FLIR  Image)  Plane.  The  FLIR  plane  is  used  to  obtain  the  measurements 
of  the  target  plume  position  and  is  the  refereixo  frame  for  the  geometrically  derived  velocity 
vector  components  of  the  target’s  intensity  centroid.  The  FLIR  plane  is  defined  by  the  e„  and  ep 
unit  vectors,  with  the  l.OS  vector  (orthogonal  to  the  FLIR  plane)  representing  the  pointing 
orientation  of  the  FLIR  .sense*',  and  the  high  and  low-energy  laser.  Note  the  orientation  of  the 
+yFUR  axis  in  Figure  3.1,  which  allows  the  LOS  vector  to  be  positive  towards  the  target  when  it 
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is  considered  the  third  member  of  a  right-handed  set  of  coordinates  as  defined  by  the  unit  vectors 
Cp  ■  e„  "  e,. 

Due  to  the  large  distance  to  the  target  (approximately  2, (XX)  kilometers),  small  angle 
approximations  are  invoked,  allowing  the  "pseudo"  azimuth  and  elevation  angles,  a'  and  p',  to  be 
linearly  proportional  to  the  x  and  y  cartesian  coordinates  in  the  FUR  plane.  The  x  and  y 
coordinates  are  measured  in  pixels  (a  pixel  of  linear  length  corresponds  to  15  pradians  of  arc)  and 
will  provide  a  means  of  evaluating  the  performance  of  the  Kalman  filter  associated  with  Packing 
the  intensity  centroid  of  the  target. 

3.2.3. 2  Absolute  a-p-r  Reference  Frame.  The  absolute  a-p-r  reference  frame  is  fixed  in 
inertial  space  at  the  initial  a-P-r  coordinates  of  the  target.  This  coordinate  system  defines  the 
initial  pointing  direction  of  the  FLIR  LOS  vector  e,,  and  is  also  used  to  define  the  true  end  filter 
estimated  target  positions  and  velocity  components  on  the  FLIR  plane. 

3.2.3.3  Trans-FUR  Plane.  This  plane  is  defined  as  the  result  of  translating  the  center 
of  the  FLIR  FOV  to  the  true  center-of-mass  of  the  missile  hardbody.  The  frame  is  used  to 
determine  the  jTpLm  ypLm  coordinate  errors  of  the  hardbody  center-of-mass  filter’s  estimates, 
for  performance  analysis  purposes. 

3. 2.3. 4  ALT! ACT  Plane.  This  plane,  shown  in  Figure  3.2,  is  a  rotation  of  the  trans-FLIR 
plane  by  the  true  orientation  angle  0„  formed  by  the  target  tr  ajectory  with  respect  to  the  FLIR 
coordinate  plane.  It  is  used  to  determine  the  along-back  and  across-track  components  of  the 
tracking  error  mean  and  covariance  of  the  hardbody  center-of-rnass  estimates  [6]. 
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3.3  FUR  Image  Plane 

All  dynamic  events  associated  with  the  target  plume  intensity  "pattern"  or  "function,"  and 
the  active  illumination  of  the  missile  hardbody  in  3-dimensional  inertial  space  are  projected  onto 
the  2-dimensional  FLIR  image  plane.  The  measurements  generated  as  a  result  of  IR  detection  by 
the  FLIR  sensor  are  provided  to  the  enhanced  correlator  algorithm,  which  produces  "pseudo- 
measurements"  to  the  FLIR  Kalman  filter  to  update  its  state  estimates.  For  the  missile  hardbody, 
low-energy  laser-generated  measurements  of  the  offset  distance  relative  to  the  plume  intensity 
centroid  aie  geometrically  projected  onto  the  FLIR  image  plane.  Thus,  the  FLIR  image  plane  is 
the  realm  in  which  the  performance  of  the  Kalman  filter  is  evaluated.  Also  note  that  it  is  a  natural 
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plane  for  .^ucb  evaluation  of  a  laser  we^on,  since  pointing  angle  errors  are  critical  and  range  is 
not.  This  section  introduces  tiie  FUR  Field-Of-View  (FOV)  "tracking  window,"  and  discusses 
the  construction  and  projection  of  the  target  models. 

3.3.1  FUR  Field-Of-View.  The  FLIR  FOV,  shown  in  Figure  3.3.  consists  of  an  8  x  8 
pixel  sub-array  (in  the  FUR  sensor  300  x  500  pixel  array)  which  provides  sensed  information  as 
a  function  of  the  varying  intensity  of  the  plume  IR  image  and  the  background  and  internal  FLIR 
noise,  Based  upon  this  information,  the  position  estimates  from  the  six-state  FLIR  Kalman  filter 
serve  to  center  the  centroid  of  the  plume  IR  image  in  the  FOV.  Since  the  low-energy  laser  is 
boresighted  widi  the  FOV,  the  FLIR  filter  position  and  velocity  estimates  of  the  intensity  centroid 
define  the  origin  and  orientation  of  the  laser  scan  to  "paint"  the  hardbody.  The  errors  of  the  FLIR 
filter’s  estimate  of  the  cencroid  position  and  velocity,  and  the  hardbody  centtr-of-mass  filter’s 
estimate  of  offset,  are  expressed  in  units  of  "pixels."  These  errors  become  meaningful  through 
a  pixel  proportionality  constant,  equal  to  15pradians/pixel  [35].  With  this  constant,  1  pixel 
corresponds  to  approximately  30  meters  for  a  range  of  2,000  kilometers. 

3.3.2  Target  Models  on  the  FUR  Plane.  The  difference  of  two  Gaussian  intensity 
functions  creates  a  planform  that  models  the  hotspot  of  the  plume  target  on  the  FLIR  plane  [35], 
as  shown  in  Figure  3.3.  The  "trailing"  function  is  subtracted  from  the  "leading"  function  to 
construct  a  suitable  approximation  of  empirically  observed  plume  intensity  profiles.  The  missile 
hardbody  is  not  sensed  by  the  FLIR  sensor.  However,  it  is  geometrically  projected  onto  the  F1.IR 
plane  as  a  rectangle,  located  an  offset  distance  from  the  plume  centroid  along  the  target’s  velocity 
vector.  Since  the  FLIR  sensor  can  only  detect  the  IR  intensity  shape  function  of  the  plume,  the 
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Figure  3.3  Target  Plume  Image  in  8  x  8  FUR  Field-of-Viev/  (FOV) 


remainder  of  this  discussion  emphasizes  the  intensity  centroid  model.  More  about  the  hardbody 
model  will  be  presented  in  Chapter  IV. 

3.32.1  Target  Plume  Model  on  the  FUR  Plane.  The  radiated  energy  from  each  intensity 
function  is  represented  as  a  bivariate  Gaussian  distribution  with  elliptical  constant  intensity 
contours.  Each  of  the  two  bivariate  Gaussian  intensity  functions  is  given  by  [.>5]: 

^  "  4^expr-0.5(AxAy)P-‘(AxAy)’'  ]  (3-1) 

where 


3-7 


Ax  =  (X  -  Xp^JcosQ,  +  ( )>  -  )'p.„i)sin0„  measured  along  the  ALT  axis  of 
Figure  3.2 

Ay  -  (y-  yp^i^cosQ,  -  (x  -  a;^a*)sin0,,  measured  along  the  ACT  axis  of 
Figure  3.2 

0,  =  true  target  orientation  angle  between  the  projection  of  the  velocity 
vector  and  the  x-axis  in  the  FI  JR  plane;  see  Figuic  3.2 
X,  y  s  coordinate  axes  on  the  a  -  P  plane 
Xptaio  yptat  -  P®^  intensity  coordinates  of  the  single  Gaussian  intensity  function 
^max  -  maximum  intensity  function 
P  -  2x2  target  dispersion  matrix  whose  eigenvalues  and  Op/) 
define  the  dispersion  of  the  elliptical  constant  intensity  contours 

Figure  3,4  illustrates  the  spatial  relationship  between  the  two  intensity  functions  along  the  target 
e,  axis.  The  displacement  values  are  based  on  the  assumption  that  the  dispersion  of  the  exhaust 
plume  in  the  e,,  direction  (normal  to  both  e,  and  the  LOS  vector)  is  approximately  20  limes  the 
diameter  of  the  missile  [35],  With  the  dimensions  of  the  hardbody  chosen  as  40  meters  long  and 
3  meters  in  diameter,  the  centroid  of  the  first  intensity  function  is  located  65  meters  behind  the 
hardbody  center-of-mass.  The  placement  of  the  first  centroid  simulates  the  composite  centroid 
of  the  exhaust  plume  being  close  to  the  missile  exhaust  nozzle,  whereas  the  position  of  the  second 
centroid  enables  one  to  simulate  different  plume  shapes.  The  second,  "trailing"  centroid  is 
arbitrarily  located  1 10  meters  from  the  center-of-raass  and  the  defined  spatial  relationship  remain 
fixed  in  the  target  frame  during  the  simulation  (should  the  difference  between  the  two  Gaussian 
intensity  functions  become  negative,  the  simulation  clips  the  difference  to  zero),  y'my  external 
forces  acting  on  the  missile  other  than  thrust  and  gravity  are  assumed  negligible,  which  thus  yields 
an  assumed  zero  sideslip  angle  as  well  as  zero  angle  of  attack.  These  assumptions  allow  the  semi- 
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Figure  3.4  Spatial  Relationship  of  Target  Plume  Gaussian  Intensity  Functions 


major  axes  of  the  elliptical  constant-intensity  contours  to  be  aligned  with  the  projection  of  the 
target’s  velocity  vector  onto  the  FLIR  image  plane,  and  provides  a  simplified  simulation  geometry 
while  retaining  the  essential  features  of  the  trajectory  simulation. 


3. 3. 2.2  Target  Plume  Projection  onto  the  FUR  Plane.  As  the  target  plume  is  propagated 
through  inertial  space,  the  output  of  the  FLIR  pixels  is  simulated  by  projecting  tl)e  two  intensity 
functions  onto  the  FLIR  plane.  Tire  geometry  of  the  projection  is  shown  in  Figure  3.5.  The 
"reference  target  image"  is  oriented  on  the  FLIR  plane  to  correspond  to  the  largest  apparent 
planform  (i.e.,  with  its  velocity  vector  orthogonal  to  the  LOS  vector)  at  a  given  initial  reference 
range,  r^.  As  seen  in  Figure  3.6,  the  target  intensity  image  is  defined  by  the  dispersion  along  the 
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Figure  3.5  Target  Plume  Intensity  Centroid  Projection  Geometry 
principle  axes  of  the  two  Gaussian  intensity  functions,  given  by: 


^pv  ^pvo 


r  ^ 

r 


(3-2) 


o..  = 


r  ^ 

r 


vO 


a  +  (o  ~  o  )  cosy) 

pvo  '  VO  pvo' 


(3-3) 


a, 


pv\ 


1  +  -  1) 


where 


3-10 


Figure  3.6  Intensity  Centroid  Dispersion  Axes  in  FLIR  Plane 


Opvo  -  the  initial  dispersions  of  the  target  intensity  functions  along  c,  and  in  the 
target  frame  of  the  reference  image 
a„  Op,  =  the  current  dispersions  of  the  target  image 

r„  =  initial  sensor-to-target  range  of  the  reference  image 
r  -  current  sensor-to-target  range 

V  =  initial  velocity  vector  of  the  target 

V  =  magnitude  of  v 

VxLOi  =  projection  of  v  on  the  a  -  P  plane  (FUR);  i.e.,  the  component  of  v 
perpendicular  to  the  LOS  vector 
v^os  =  magnitude  of 
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y  -  target  aspect  angle  between  v  and  the  oc  -  p  plane  (FLIR) 
0  =  angle  between  and  +%ir 
AR  =  Ovo/Opvo :  aspect  ratio  of  the  reference  image 


Referring  back  to  Figure  3.4,  the  location  of  each  intensity  function,  or  "hotspot,"  is 
initialized  as  a  displacement  from  the  haidbody  center-of-mass,  The  intensity  functions  are 
oriented  in  the  FLIR  plane  via  the  true  target  orientation  angle  0,.  The  relative  positions  of  the 
two  intensity  functions  in  the  FLIR  plane  vary  in  response  to  the  change  in  target  aspect  angle  y 
(of  Figure  3.5),  while  the  spatial  relationship  of  the  hotspots  remains  the  same  in  the  three- 
dimensional  target  frame.  If  the  plume  pogo  forcing  input  is  applied,  the  hotspots  do  not  remain 
fixed  in  the  target  frame,  causing  the  composite  image  centroid  to  oscillate  along  the  velocity 
vector  and  produce  additional  perturbations  to  the  hotspot  image  in  the  FLIR  plane  [35]. 

3.32,3  Target  Plume  Velocity  Projection  onto  the  FUR  Plane.  The  general  discrete-time 
equation  that  models  the  target  dynamics  is  given  by; 


Xit,j  =  t,)xii,)  +  Bj(t,)u{t,)  +  Gj{t,)Wjit,) 

where 


x(ti) 

u(t,) 


the  system  state  transition  matrix 
discrete-time  vector  of  states  of  interest 
discrete-time  control  input  matrix 
discrete-time  deterministic  control  input  vector 
discrete-time  driving  noise  input  matrix 


(3-5) 
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^  discrete-time,  zsro-mean,  white  Gaussian  noise  process  with  independent 
components  and  covariance 


Based  on  the  geometry  shown  previously  in  Figure  3.5,  the  projection  of  the  target’s 
inertial  velocity  vector  onto  the  FUR  image  plane  is  the  deterministic  input  vector  given  by  [10]: 

u,A)  = 

where 

t,)  =  true  target  deterministic  input  vector 
=  target  azimuth  rate  in  the  FLIR  plane 
“  taiget  elevation  rate  in  the  FLIR  plane 

As  seen  in  the  inertial  frame  diagrams  of  Figure  3.7,  the  azimuth  angle  can  be  defined  as: 


a(r)  =  arctan 


'zjt) 

x(.t) 


(3-7) 


Taking  the  time  derivative  of  Equation  (3-7)  and  noting  that  the  sensor-to-target  range  is  large  so 
that  a'(t,)  =  a(ti),  the  azimuth  velocity  in  the  FLIR  plane  is  given  by: 


where 


(x'(0  =  d(0  - 


40v//)  -  z(r)v/f) 
x\t)  +  z\f) 


(3-8) 


=  components  of  the  target’s  inertial  velocity  in  the  e,  and  e^  directions 
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Figure  3.7  Inertial  Velocity  FLIR  Plane  Projection  Geometry 


Similarly,  the  elevation  velocity  in  the  FLIR  plane  is  given  by: 


where 


m  =  m  = 


'■/Ov/O  -  y(t)r^it) 

H(0 


(3-9) 


Vy  =  component  of  the  target’s  inertial  velocity  in  the  direction 
t\  =  horizontal  projection  of  the  sensor-to-target  range,  with  its  time  derivative 
expressed  as: 


^(0  = 


x(r)v/r)  +  z(r)v,(0 
^(0 


(3-10) 
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34  FUR  Sensor  Pointing  Controller 


Tlie  Kalman  filter’s  propagated  estimates  of  the  intensity  centroid’s  position  dictate  the 
necessary  change  in  azimuth  and  elevation  the  FUR  sensor  should  undergo  over  the  next  sample 
period  to  center  the  hotspot  on  the  FLIR  FOV  plane  at  the  next,  measurement  sample  time. 
Ideally,  these  positional  estimates  are  fed  as  commands  to  a  pointing  controller  that  physically 
implements  the  directional  changes  within  one  sample  period  (1/30  sec).  However,  the  activation 
and  execution  of  these  commands  will  not  be  perfect  due  to  the  lag  dynamics  inherent  in  the 
controller,  and  the  resultant  mis-positioning  of  the  hotspot  may  be  interpreted  by  the  filter  as  target 
motion,  causing  inaccurate  estimates  of  future  states. 

Whether  or  not  to  include  the  controller  lag  dynamics  in  the  simulation  was  the  subject 
of  a  previous  thesis  [32].  It  was  found  that  the  apparent  target  motion  caused  by  the  lag  dynamics 
are  interpreted  by  the  filter  as  atmospheric  jitter,  implying  a  degree  of  robustness  on  the  part  of 
the  filter  to  track  a  target.  Moveover,  the  degr.’dation  in  tracking  performance  due  to  the  dynamic 
lag  was  found  not  to  be  of  primary  importance.  Thus,  the  controller  is  modeled  as  lag-free  in  this 
research, 

3.5  Summary 

This  chapter  described  the  three  main  coordinate  frames  used  in  the  simulation  to  establish 
the  target  plume  on  the  FUR  image  plane:  1)  the  3-dimensional  inertial  reference  frame,  in  which 
the  target  plume  is  propagated  along  its  trajectory,  2)  the  vaiget  reference  frame,  used  to  define 
the  axes  of  the  target  plume,  and  3)  the  a  -  p  -  r  frame,  used  to  define  the  apparent  image  of  the 
target  plume’s  intensity  centroid  on  the  FLIR  FOV.  The  model  of  the  target  plume  was  pictured 
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as  a  planform  resulting  from  the  di^erence  of  two  Gaussian  intensity  functions  with  elliptical 
constant-intensity  contours.  The  missile  hardbody  is  not  detected  by  the  FUR  sensor,  but  is 
projected  on  the  FLIR  image  plane  as  a  rectangle  that  lies  along  the  velocity  vector.  More  will 
be  said  about  the  hardbody  and  measurements  of  its  displacement  from  the  plume  centroid  in  the 
next  chapter.  The  spatial  displacement  of  the  two  intensity  functions,  relative  to  the  hardbody, 
remains  fixed  in  the  target  frame  during  the  simulation.  Plume  pogo  is  invoiced  by  oscillating  the 
composite  centroid  along  the  plume's  velocity  vector.  ITie  position  and  velocity  of  the  intensity 
centroid  is  projected  onto  the  FLIR  image  plane  using  the  geometric  relationships  between  the 
three  main  frames.  The  Uans-FLIR  plane  and  the  ALT-ACT  plane  are  used  to  identify  the  missile 
hardbody  center-of-mass,  as  will  be  seen  in  the  next  chapter.  I'he  FLIR  sensor  controller  is 
modeled  as  lag-free  since  the  filter  interprets  the  lag  dynamics-induced  motion  of  the  intensity 
centroid  as  atmospheric  jitter,  and  previous  research  has  demonstrated  that  ignoring  this  effect  still 
yields  viable  performance  evaluations. 
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TV,  Truth  Model 


4,1  Introduction 

A  "truth  model"  represents  the  designer’s  best  matiiematical  interpretation  of  the  real- 
world  dynamics  as  applicable  to  the  system  of  interest.  Such  a  model  is  the  product  of  extensive 
data  analysis,  shaping  filter  design  and  validation  in  order  to  be  confident  that  it  adequately 
represents  the  real  world,  since  the  performance  evaluation  and  systematic  design  procedure  is 
totally  dependent  upon  this  assumption  [17].  In  many  cases,  the  complete  description  of  true 
system  behavior  may  require  an  infinite-dimeasional  state  model.  Of  course,  for  computational 
and  simulation  purposes,  the  number  of  truth  model  states  must  be  of  finite  dimensionality,  yet 
capture  the  dominant  characteristics  of  system  behavior.  The  Kalman  filter  is  developed  by 
systematically  reducing  the  truth  model  to  form  the  filter  design  model,  and  the  resulting  filter  is 
constantly  evaluated  against  the  full-state  model  to  ensure  performance  specifications  are  satisfied. 

The  dynamics  of  the  target  intensity  centroid’s  image  on  the  FLIR  detector  plane  are  a 
result  of  true  target  motion,  atmospheric  jitter  due  to  distorted  infraied  wavefronts, 
bending/vibration  of  the  optical  hardware,  and  pogo  effects  of  the  plume’s  oscillations.  The  trutli 
model  is  composed  of  the  following  fourteen  states  [12,27,35]: 

2  target  dynamic  states 
6  atmospneric  states 
4  mechanical  bending  states 
2  pogo  oscillation  states 
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These  dynamics  are  represented  as  changes  of  the  image  intensity  centroid  in  the  FLIR  plane,  with 
the  centroid  components  Xc  and  being  measured  in  pixels  from  the  center  of  the  FOV  in  the  x 
and  y  FLIR  plane  directions.  Refering  to  Figure  4.1,  the  position  of  the  target  image  at  any  one 
time  is  given  by: 

yc-  yd  ^  y.*  y^- 

where 

x^,  y,  =  target  image  intensity  centroid  coordinates 
^d<  yd  =  coordinate  deviation  due  to  target  dynamics 


Figure  4.1  Plume  Intensity  Function  Position  on  FLIR  Image  Plane 
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x^,  s  coordinate  deviation  due  to  atmospheric  jitter 

Xt,,  Vb  =  coordinate  deviation  due  to  bending/vibration  of  optical  hardware 

Xp  -  coordinate  deviation  due  to  pogo  oscillations  along  the  velocity  vector  direction 
G,  =  true  target  orienution  angle 

Note  that  Equation  (4-2)  has  a  minus  sign  before  the  resolved  pogo  component,  due  to  the 
coordinate  definition  of  the  FLIR  coordinate  frame.  The  states  x^,  Xp,  Xj,  Xp,  y„,  y^,  and  y^  comprise 
the  output  states  which  are  extracted  from  an  overall  state  model  in  the  form  of  fourteen  coupled 
scalar  stochastic  differential  equations.  The  states  x^  and  y^  are  each  modeled  by  first-order 
differential  equations;  Xp,  y^,  and  Xp  are  each  modeled  by  second-order  differential  equations;  and 
Xp  and  y^  are  each  modeled  with  third-order  differential  equations.  These  differential  equations, 
when  in  space-state  format,  comprise  the  dynamics  portion  of  the  FLIR  tracker  truth  model. 

This  chapter  presents  the  dynamics  model,  the  models  of  measurements  that  provide  the 
Kalman  filter  periodic  updates,  and  the  initial  conditions  of  the  truth  mode)  equations  and  target 
trajectories.  Some  of  the  discussion  is  taken  irom  Evans’  thesis  with  minor  modifications. 

4.2  Dynamics  Model 

The  fourteen-state  model  state  vector  is  described  by  a  first-order,  stochastic  diferential 
equation  given  by: 


i,(0  =  ^  B.a,(0  + 

where 

F^  -  14  X  14  time-invariant  Uuth  model  plant  matrix 

x,(t)  -  14-dimensional  truth  model  state  vector 


(4-3) 
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Bf  -  14  X  2  time-invariant  truth  model  control  distribution  matrix 

u,(t)  =  2-dimensional  deterministic  input  vector 
G,  -  14  X  14  noise  distribution  matrix  (G,  a  t) 

Wi  (t)  =  14-dimensional,  white  Gaussian  noise  process  with  mean  and  covariance 
kernel  statistics; 


E{w,(t)w,\t  +  x))  =  Q,6(r) 


(4-4) 


To  simulate  the  target  dynamics  model  on  a  digital  computer,  the  following  equivalent 
discrete-time  solution  to  Equation  (4-3)  is  given  by: 


(4-5) 


where  the  state  ti  ansition  matrix  is  the  solution  to  the  differential  equation: 


dt 


=  F,4>(r,  t) 


(4-6) 


with  the  initial  condition:  rj  =  /,  (note  that,  for  constant  F, ,  <6,  (r,r, )  can  be  expressed  as 


d),(r-rj)  and 

X,  (t, )  =  14-dimensional  discrete-time  truth  model  state  vector 
Bu  =  14  X  2  discrete-time  truth  model  control  distribution  matrix 

Uui  (ti )  =  2-dimensic'.ial  discrete-time  input  vector 

=  14  X  14  discrete-time  noise  distribution  matrix,  (G^  ^  /) 

(ti )  =  12-dimensional  discrete  time,  white  Gaussian  noise  process  with  mean  and 
covariance  statistics: 


44 


=  0 


(4-7) 


E{w„it,)w,l{t,))  =  Q,,  =  jpD^a,.,  -  T)G,e,GX(/,.,  -  x)dx  (4-8) 

where  Q,  is  defined  in  Equation  (44).  The  discrete-time  input  distribution  matrix  is  defined 
as: 

i 

Note  that  this  computation  assumes  u,(t)  is  constant  over  each  sample  period:  u,(t)  -  ujt,)  for 
aU  /  €  [ti  ). 


The  fourteen  states  of  tiie  discrete-time  truth  model  are  defined  in  the  x  and  v  coordinate 
axes  of  the  FLIR  plane  as: 


XpuR 

1  target  state 

3  atmospheric  states 

2  bending/vibration  states 

2  plume  pogo  states 


ymH 

1  target  state 

3  atmospheric  states 

2  bending/vibration  states 


where  the  plume  pogo  states  are  in  neither  the  nor  ypug  direction.  These  states  are  augmented 
into  the  truth  model  state  vector: 
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X,  =  .... 

where 

Xj  ~  2-dimensional  target  dynamics  state  vector 
X,  a  6-dimensional  atmospheric  state  vector 
Xj  =  4-dimensional  bending/vibration  state  vector 
X,  =  2-dimensional  plume  pogo  state  vector 


The  14  X  14  discrete-time  truth  model  state  transition  matrix  d>,  is  given  by: 


%  ■ 

i  0  i 

1  0 

i  0 

0  i 

i  0  1 

i  0 

0  i 

0  i 

i  'i,  . 

0 

0  i 

0  i 

i  0  ; 

Cl>. 

where  the  partitions  correspond  to  the  dimensionality  of  the  states  defined  above, 
discrete-time  truth  model  distribution  matrix  is  given  by: 


B 


ti 


(4-10) 


(4-11) 


The  14  X  2 


(4-12) 
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where  is  a  2  x  2  discrete-time  control  distribution  matrix.  The  14-dimensional  discrete-time 
truth  model  white  Gaussian  noise  process  is  given  by: 


w. 


db 


(4-13) 


where 


6-dimensional 

jitter  states 

= 

4-dimensional 

Wjf(t,)  = 

2-diniensional 

states 

discrete-time,  white  Gaussian  noise  related  to  atmospheric 

discrete-time,  white  Gaussian  noise  related  to  bending  states 
discrete-time,  white  Gaussian  noise  related  to  plume  pogo 


The  block  diagonal  form  of  Equation  (4-5),  as  seen  in  Equations  (4-10)  through  (4-13),  allows  the 
models  for  target  dynamics,  atmospheric  jitter,  bending/vibration,  and  plume  pogo  to  be  presented 
separately.  The  following  sections  discuss  each  of  the  discrete  state  models  which  form  the 
stochastic  discrete-time  truth  model. 

4.2.1  Target  Model  State  Description.  As  depicted  in  Figure  4.2,  the  a-p  plane  (FLIR 
image  plane)  is  coincident  with  the  FLIR  sensor  FOV,  and  perpendicular  to  the  LOS  vector  e,. 
In  the  simulation,  the  3-dimensional  target  dynamics  are  projected  onto  the  FLIR  image  plane,  and 
the  position  components  of  the  target’s  intensity  centroid  are  obtained  from  the  azimuth  and 
elevation  displacement  angles  (a '  and  P ',  respectively).  Since  the  target  distance  is  simulated 
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Figure  4.2  Target  Centroid  Image  on  a-P  Plane  with  "Pseudo"  Angles 


as  2,000  kilometers,  small  angle  approximations  aie  used  measuring  the  angle  displacements  in 
the  cartesian  coordinate  system  of  the  FLIR  image  plane.  These  "pseudo"  angles,  a '  and  p ',  are 
referenced  from  the  current  LOS  vector  and  measured  in  microradians.  Note  that  the  unusual 
orientation  of  the  +ypijR  axis  in  Figure  4.2  allows  the  positive  z  axis  to  be  in  the  positive  e, 
direction  (by  the  right-hand  rule). 

The  linear  translational  coordinates,  x,  and  of  Equations  (4-1)  and  (4-2),  locate  the 
target  intensity  function  on  the  FLIR  plane  and  are  measured  in  pixels  of  displacement  from  the 
center  of  the  FLIR  FOV.  The  angular  and  linear  measurements  are  related  by  the  pixel 


proportionality  constant  k^,  which  is  the  angular  FOV  of  a  single  pixel.  Presently,  the  value  of 
kp  is  approximately  15  microradians  per  pixel  for  long  range  targets  [5,35]. 

The  derivation  of  the  state  space  model  of  the  target  dynamics  assumes  that  the  azimuth 
and  elevation  rates  (a '  and  p ',  respectively)  remain  essentially  constant  over  each  sample  period 
At.  Then  the  discrete-time  target  dynamics  model  is: 


(4-14) 


(4-15) 


(4-16) 


a '(t,)  -  da'ldt,  measured  in  microradians/second  and  constant  over  the  time  interval 
At 

p  '(ti)  =  dp  '/dt,  measured  in  microradians/second  and  constant  over  the  time  interval 
At 

At  s  sample  time  interval,  ^iti  ~  h 

ki,  =  pixel  proportionality  constant  (15  microradians/pixel) 
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Using  these  relationships  in  block  form  of  the  overall  truth  model,  by  inspection  of  Equation 
(4-11),  the  upper  left  block  is: 


% 


1  0 
lO  1 


and  the  upper  block  of  Equation  (4-12)  is: 


B 


dd 


(4-18) 


(4-19) 


and  the  input  vector  in  Equation  (4-3)  is  given  by: 


u 


ti 


(4-20) 


The  minus  sign  of  the  lower  right  term  in  Equation  (4-19)  is  due  to  the  difference  in  the  y  axis 
orientation  between  the  inertial  coordinate  frame  and  the  FUR  coordinate  plane. 

The  two  target  dynamic  states  of  Equation  (4-10)  are  used  to  propagate  the  missile  along 
iLs  trajectory.  The  formulation  of  the  truth  model  target  dynamics  states  in  deterministic  state 
space  form  has  two  advantages.  First,  Equation  (4-17)  can  be  substituted  back  into  Equation  (4-3) 
to  form  a  single  augmented  vector  differential  equation  that  defines  the  truth  model.  Second,  the 
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state  space  form  allows  the  addition  of  v/hite  (or  time-correlated)  noise  to  Equation  (4-17),  if  a 
stochastic,  rather  than  a  deterministic  dynamics  model,  is  desired. 

4.2.2  Atmospheric  Jitter  Model.  The  model  for  the  translational  displacement  of  the 
intensity  function  due  to  atmospheiic  disturbances,  is  based  on  a  study  by  The  Analytic  Sciences 
Corporation  [27].  Using  power  spectral  density  characteristics,  the  atmospheric  jitter  phenomenon 
in  each  FLIR  plane  axis  direction  can  be  modeled  as  the  output  of  a  third-order  shaping  filter 
driven  by  white  Gaussian  noise  [27],  The  Ltqjlace  domain  representation  of  the  shaping  filter 
transfer  function  is  given  by: 


x/s)  ^ 

W^{S)  (^  H  (0,)(i  +  toj)^ 

=  output  of  shaping  filter  (Xfur  direction) 

Wg  =  zero-mean,  scalar,  unit-strength  white  Gaussian  noise 
Kg  -  gain,  adjusted  for  desired  atmospheric  jitter  rms  value 
(Oi  =  break  frequency,  14.14  radians/second 
0)2  =  double-pole  break  frequency,  659.5  radians/second 


The  atmospheric  jitter  effects  can  be  modeled  similarly  in  the  direction,  wherein 
would  be  the  output  of  an  identical  shaping  filter  defined  in  Equation  (4-21).  The  two  shaping 
filters  are  assumed  to  be  independent  of  each  other  and  can  thus  be  augmented  to  form  a  six-state 
model.  The  linear  stochastic  differential  equation  that  describes  the  atmospheric  jitter  is  given  by: 

"  G.h-;/)  (4-22) 

where 
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F„  6x6  lime-invariant  atmospheric  jitter  plant  matrix 
x„{t)  -  6-dimensional  atmospheric  jitter  state  vector 
=  6x2  noise  distribution  matrix 

tf/j/j  s  6-dimensional,  independent,  zero  mean  white  Gaussian  noise  with  unit 
strength  and  independent  components  described  as: 


-  0 


1  0 


6(^) 


0  1 


(4-23) 


The  six  atmospheric  states  in  the  state  vector  correspond  to  the  low  frequency  pole  and  the  higher 
frequency  double  pole  in  the  XpL®  and  the  yp^R  directions.  The  atmospheric  jitter  plant  matrix  is 
defined  in  Jordan  Canonical  form  as: 


-0),  0  0  0  0  0 

0  1  0  0  0 

0  0  -a>2  0  0  0 

'  0  0  0  -CO,  0  0 

0  0  0  0  -cOj  1 

0  0  0  0  0  -cOj 

The  noise  distribution  matrix  G,  is: 


(4-24) 
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(©1  -  ©2)^ 

A>i(^ 

(©j  -  ©2)^ 

(«>i  --  ©2) 


/f^©j©2 

(©1  -  ©2)^ 

(®,  -  ©2)^ 

K  ©,©2 

{©,~”©2T 


(4-25) 


The  equivalent  discrete-time  model  for  Equation  (4-22)  is  of  the  form: 


+  wjt,) 


(4-26) 


The  augmented  six-state  s©te  transition  matrix  derived  from  the  time-invariant  plant  matrix  of 
Equation  (4-24)  is  [27]: 


0  0  0  0  0 
0  0  0  0 
0  0  a>„3,  0  0  0 

0  0  0  0  0 

0  0  0  0 

0  0  0  0  0 


(4-27) 
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where 


= 

^a44  ~ 

exp(-(o,A0 

^aSi  ~ 

expf-cojAr) 

^aZ3  ~ 

At  expf-tOjA/) 

^a33  ~ 

expf-OjAr) 

At  =  sample  time  interval,  - 1, 


The  6-dimensional,  7'ero-mean,  discrete-time,  white.  Gaussian  noise  has  statistics  defined 
as: 


Eiwjt,))  =  0 

'..I 


(4-28) 


4.2.3  BendingIVibration  Model.  The  mechanical  bending  states  were  added  to  the  truth 
model  to  account  for  the  vibrational  effects  in  the  FUR  data  that  occur  when  the  sensor  is 
mounted  on  a  moving,  non-rigid  optical  platform  [12].  Based  on  tests  at  the  AWFL  (now  Phillips 
Laboratory),  it  was  concluded  in  previous  research  [12]  that  bending  effects  in  both  the  ^CpLm 
)’im  directions  can  be  lepresented  by  a  second  order  shaping  filter,  driven  by  white  Gaussian 
noise.  The  Laplace  domain  transfer  function  for  the  bending  model  is: 

X„(.s)  ^  (4-29) 

,2  +  2C^(0„„5  +  (ol, 

where 

s:  FLIR  plane  positional  offset  direction)  due  to  mechanical  bending 
disturbance 

Wft  s  zero-mean,  unit  strength,  white  Gaussian  noise 
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-  gain  adjustment  to  obtain  desired  rms  bending  output, 

=  5  X  lO  '^radVsec") 

Ci,  =  damping  coefficient,  equal  to  0.15 

=  undamped  natural  frequency  for  bending,  (cn  =  n  rad/sec) 

The  FUR  plane  positional  offset  in  the  ypuR  direction,  y^,  is  identically  modeled  with  the 
shaping  filter  defined  in  Equation  (4-29).  The  two  shaping  filters  are  assumed  to  be  independent 
of  each  other  and  can  thus  be  augmented  to  form  a  four-state  model.  The  linear  stochastic 
differential  equation  that  describes  the  bending/vibration  is  given  by: 

where 

f^=  4x4  time-invariant  bending  plant  matrix 
x^(t}  =  4-dimensional  bending  state  vector 
Gt  ~  4x2  noise  distribution  matrix 
Wi,(t)  =  2-dimensional,  white  Gaussian  noise  process  with  unit  strength 
components  that  are  independent  of  each  other: 

=  0 

[]  ol  (4-31) 

E{w^{t)wl{t+x))  =  Q^b{x)  =  6(1) 

0  1 

The  bending/vibration  plant  matrix  is  defined  as: 
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F 


b 


0  10  0 

-2Ca<o„,  0  0 

0  0  0  1 

0  0  -alt 


The  noise  distribution  matrix  G*  is; 


0  0 
0 

0  0 
0 


(Note  that  is  the  pixel  proportionality  constant) 

The  equivalent  discrete-time  model  for  Equation  (4-30)  is  of  the  form: 


where 


cD/AO  = 


<t>  d>  0  0 


<(>  4> 

^b21  ^b22 


0  0 


0  0 

0  0  <I>^, 


and 


=  ^633  =  exp(-apA0[cos((OpAr)  +  (Op/Wp)  sin((DpA/)] 
<1^612  ==  ‘*’634  =  exp(-apA0[(l/ap)  sin(®pA/)] 

=  4>m3  =  exp(-apA0[-l  -  (.ojatf  sin(G)pAr)] 


(4-32) 


(4-33) 


(4-34) 


(4-35) 
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=  ^M4  =  exp(-Oj^0[cos(a)ftA0  -  (aj/w*)  sinCw^A/)] 

A/  -  sample  time  interval, 

a*  =  real  part  of  the  root  of  the  characteristic  equation  in  Equation  (4-29), 

(Ofc  s  0.47124  second'*) 

CD^  =  imaginary  part  of  the  root  of  the  characteristic  equation  in  Equation  (4-29), 
(©t  a  3.10605  radians/second) 


The  4-dimensional,  discrete-time,  white  Gaussian  noise  process  vector  has  mean  and 
covariance  statistics; 


*(•1 

=  Q,,  =  JcI>,(r,.,-t)G,e,GX(r,..-t)dt 


(4-36) 


4.2.4  Plume  Po^o  Model.  To  account  for  the  oscillatory  nature  of  a  typical  missile  plume 
in  the  boost  phase,  a  plume  pogo  model  was  developed  [35].  A  second-order  Gauss-Markov 
model  was  generated  using  physical  insight,  and  visual  observation  of  the  pogo  phenomenon.  The 
model  allows  for  the  study  of  the  amplitude  and  frequency  characteristics  of  the  oscillatory  nature 
of  the  plume,  and  of  the  effect  upon  tracking  a  missile  using  a  Kalman  filter. 

The  transfer  function  of  the  plume  pogo  model  is  decribed  in  the  Laplace  domain  as: 


where 


+  2CpO)„^s  + 


(4-37) 


Xp  =  plume  pogo  shaping  filter  output  along  the  direction  of  the  velocity  vector 
Wp  ~  zero-mean,  unit  strength,  white  Gaussian  noise 
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Cp  -  assumed  damping  coefficient,  =  0.05) 

(u„p  =  nominal  undamped  natural  frequency  for  pogo;  assumed  range  is  0.1  -  10 
hertz,  with  a  nominal  value  of  1.0  Hertz 

Kp  =  gain  adjustment  to  obtain  desired  rms  pogo  amplitude  determined  by  [35]: 


where 

Op  =  desired  rms  pogo  along  the 


2a„ 


CO, 


np 


velocity  vector 


(4-38) 


The  linear  stochastic  differential  equation  that  describes  the  plume  pogo  is  given  in  state 
space  form  as: 

(4-39) 

where 


0  1 

0 

m  = 

Xpit)  r 

TJ.  2 

~^np  ~^Kp^np 

Xp(t)  =  2-dimensional  pogo  state  vector 

Wpit)  =  1 -dimensional  zero-mean,  white  Gaussian  noise  with  statistics: 


£Wp(r)}  =  0 

^H(0>Vp(t+T)}  =  QpUt-ty,  Qp  1 


(4-40) 


The  equivalent  discrete-time  model  for  Equation  (4-38)  is  of  the  form: 

=  <l>(t,„,t,):rp(t,)  +  (4-41) 
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k«/)  + 


(4-42) 


where 


II 

1 

I 

N» 

^n(A0  = 

np 

i/i-C 

%2,(A0  = 

-to 

op 

(/i-S 

1 

exp(-CpO>„pA0sin  a)„^/l^CpAr 
e’^P(-Cp%Ar)sin 
exp(-CpO„pA/)sin 


arctan 

r  \ 

t,  J 

/ 

arctan 

i/i-ci 

(4-43) 


+  n 


The  2-dimensional,  discrete  time,  white  Gaussian  noise  process  has  mean  and  covariance 
statistics: 


=  0 

^•1 


(4-44) 


The  2-dimensional  pogo  state  vector  defines  the  position  of  the  plume  image  intensity 
centroid  and  its  velocity  along  the  longitudinal  axis  of  the  missile.  For  the  simulation,  it  is 
assumed  that  the  velocity  vector  lies  coincident  with  the  longitudinal  axis  of  the  hardbody.  As 
shown  in  Figure  4.3,  the  plume  oscillates  about  an  equilibrium  point  also  located  on  the 
longitudinal  axis.  This  equilibrium  point  is  defined  by  the  initial  positions  of  the  two  intensity 


4-19 


functions  in  the  target  coordinate  frame  (to  be  discussed  in  Section  4.3.1),  and  remains  equidistant 
from  the  hardbody  center-of-mass  throughout  the  simulation  (the  spatial  relationship  of  the 
intensity  functions  can  be  seen  in  Figure  3.4).  The  crescent-shaped  plume  represents  one  of  many 
equal-intensity  contour  lines  of  the  actual  plume.  The  angle  of  attack  and  sideslip  angle  of  the 
missile  are  also  assumed  negligible,  and  have  zero  values  for  the  simulation  [35]. 


43  Measurement  Models 


In  real-world  applications,  physical  sensors  provide  the  measurements  that  are  used  by  the 
Kalman  filter  to  update  its  state  estimates.  In  the  simulation,  the  measurement  models  generate 
discrete-time  measurements  for  the  filters  used  in  this  thesis.  These  measurements  are  corrupted 
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by  simulations  of  sensor  inaccuracies  or  measurement  noise,  with  characteristics  that  are 
determined  from  prior  knowledge  and/or  physical  insight  of  the  sensor’s  limitations.  Two  distinct 
types  of  measurements  are  modeled:  first,  "psuedo-measurements"  are  generated  by  an  enhanced 
correlator  algorithm  from  raw  FLIR  data  [36]  to  the  six-state  FLIR  filter  to  update  its  position  and 
velocity  estimates  of  the  target  plume  centroid.  Second,  low-energy  laser  return  measurements 
of  the  hardbody  are  produced  and  furnished  to  independent  center-of-mass  filters.  Use  of  the 
latter  type  of  measurements  will  allows  one  to  explore  the  feasibility  of  the  Doppler  return  in 
discerning  the  plume/hardbody  interface,  as  well  as  observe  the  effect  of  the  plume’s  speckle 
reflectance  upon  the  hardbody’s  speckle  return.  For  these  reasons,  this  research  is  motivated  to 
study  three  separate,  independent  center-of-mass  filters:  a  one-state  filter  that  receives  Doppler 
return  measurements,  a  one-state  filter  that  accepts  speckle  return  measurements,  and  a  two-state 
filter  that  processes  both  speckle  and  Doppler  return  measurements.  These  center-of-mass  filters 
will  be  discussed  in  detail  in  Chapter  V. 

The  scenario  for  the  center-of-mass  measurement  begins  with  the  FLIR  filter’s  estimate 
of  the  intensity  centroid’s  position.  The  plume  of  a  ballistic  missile  in  boost  phase  is  tracked 
using  FLIR  sensor  measurements.  The  FLIR  sensor  measurements  alone  cannot  provide  any 
information  regarding  the  hardbody,  for  it  only  senses  the  plume’s  IR  radiation.  The  "psuedo- 
measurements"  derived  from  the  FLIR  measurements  and  enhanced  correlator  are  input  to  a  linear 
Kalman  filter  which  estimates  the  position  and  velocity  of  the  plume’s  intensity  centroid.  Using 
the  estimated  intensity  centroid  position  as  a  starting  point,  a  low-energy  laser  is  then  scanned 
along  the  velocity  vector  to  obtain  a  reflection  from  the  hardbody.  Once  the  low-energy  laser  scan 
illuminates  the  hardbody,  information  regarding  the  dimensions  of  the  hardbody  is  obtained  based 
upon  distinct  low-energy  laser  returns  of  the  plume/hardbody  and  the  space-background/hardbody 
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interfaces.  An  offset  distance  from  the  plume  intensity  centroid  is  calculated  to  pinpoint  the 
hardbody  center-of-mass  and  is  provided  as  the  measurement  to  the  one-state  center-of-mass  filter 
for  its  update.  If  no  laser  reflection  occurs,  the  one-state-filter  continues  to  propagate  its  state 
estimate. 

Eden’s  [5]  research  revealed  that,  for  long  ranges,  jitter  in  the  filter-estimated  intensity 
centroid  position  resulted  in  a  15-20%  rate  of  laser  reflection  from  the  hardbody.  This  low  rate 
hampered  efforts  to  assess  the  performance  of  the  one-state  center-of-mass  filter,  and  consequently, 
a  sweep  of  the  low-energy  laser  scan  about  the  velocity  vector  was  created  by  Evans  [6].  The 
laser  sweep,  although  not  an  efficient  method  of  illuminating  the  hardbody,  substantially  increases 
the  rate  of  reflection  returns  and  improves  the  estimate  of  the  hardbody  center-of-mass. 

The  two  measurement  models,  one  which  simulates  the  8  x  8  FUR  sensor  array  and  one 
which  simulates  the  low-energy  laser  reflection  returns,  are  discussed  in  subsections  4.3.1  and 
4.3.2.  An  introduction  to  the  basic  concepts  of  the  Doppler  phenomenon  and  the  Doppler 
Measurement  Model  are  presented  in  subsection  4.3.3. 

4.3.1  FUR  Model.  The  FUR  sensor  model  is  composed  of  an  8  x  8  pixel  array  "tracking 
window"  extracted  from  the  total  array  of  300  x  500  pixels.  The  missile  plume  is  projected  onto 
the  FLIR  focal  plane,  with  its  characteristic  crescent-sh^ed  intensity  function  formed  as  the 
difference  of  two  bivariate  Gaussian  intensity  functions,  as  shown  in  Figure  4.4.  This  model 
depends  upon  knowledge  of  several  par  ameters:  she  size  of  the  major  and  minor  axis  of  the 
elliptical  contours  of  each  bivariate  Gaussian  function,  and  the  orientation  of  the  principal  axis  in 
the  FLIR  image  plane.  The  target  intensity  function  obtained  ft'om  evaluating  the  resulting  non- 
Gaussian  intensity  function  is  corrupted  by  spatially  correlated  and  temporally  uncorrelated 
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background  and  internal  FLIR  noise  according  to  models  of  actual  data  taken  from  a  FLIR  sensor 
looking  at  various  backgrounds  [33]. 


For  each  pixel  in  the  FLIR  FOV  (the  8x8  array  "tracking  window"),  the  target’s  intensity 
function,  correlated  background  noise,  and  FLIR  internal  noise  are  added  together  to  produce  an 
intensity  measurement.  For  the  8  rows  and  8  columns  of  the  FOV,  the  intensity  measurement 
corresponding  to  the  pixel  in  the y'"'  row  and  k“'  column  at  sampling  time  r,  is  given  by: 

’’  ,  (4-45) 

)]  \dxdy 
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where 


\  - 
h  - 


x,y  = 


^peakt’  ypeokl  ~ 
^peak2*  yp«ak2  “ 


output  of  pixel  in  the  j'*  row  and  k”'  column 
area  of  one  pixel 

intensity  function  of  first  and  second  Gaussian  intensity  function 
respectively  of  Figure  4.4 
coordinates  of  any  point  within  pixel  jk 

coordinates  of  maximum  point  of  first  Gaussian  intensity  function 
coordinates  of  maximum  point  of  second  Gaussian  intensity  function 
effect  of  internal  FUR  sensor  noise  on  jk  pixel 
effect  of  spatially  correlated  background  noise  on  Jk  pixel 


The  sensor  error,  riji(t,),  is  the  result  of  thermal  noise  and  dark  current  in  the  IR  detectors 
(pixels).  This  error  is  assumed  to  be  both  temporally  and  spatially  uncorrelated  [35]. 

The  background  noise,  was  observed  in  the  FLIR  data  by  AWFL  personnel  during 
a  tracking  operation  [10].  It  is  represented  as  a  spatially  correlated  noise  with  radial  symmetry, 
with  a  correlation  that  decays  exponentially.  Hamly  and  Jensen  [10]  concluded  that  spatial 
correlation  can  be  depicted  as  a  correlation  distance  of  approximately  two  pixels  in  the  FUR 
plane,  and  simulated  this  by  maintaining  non-zero  correlation  coefficients  between  each  pixel  and 
its  two  closest  neighbors  symmetrically  in  all  directions.  In  that  two-pixel  distance,  the  correlation 
decays  exponentially  to  one-tenth  of  its  peak  value. 

The  generation  of  spatially  correlated  white  Gaussian  noises  is  accomplished  by  allowing 
non-zero  cross  correlations  between  the  measurement  noises,  associated  with  each  of  the 
64  pixels  from  the  8  x  8  pixel  FUR  FOV.  The  correlated  measurement  noise  in  Equation  (4-45) 
is  given  as: 
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b(t,)  =  64-dimensional  vector  of  spatially  correlated  noise  with  statistics: 


Eib(t,)]  =  0 
E{b(t,)b^(tj)]  = 


(4-46) 


where  /?  is  a  64  x  64  measurement  noise  covariance  matrix.  This  matrix  describes  the  spatial 
correlation  between  pixels,  and  is  given  by  [10]: 


1 

^1,64 

fu 

1 

^2,64 

'■3.1 

'■3,3 

1  . 

••  ^3,64 

^64,1 

^<543  • 

..  1 

(4-47) 


where  is  the  variance  cf  each  scalar  noise  and  3  correlation  ;.;oefficients  are  evaluated  to 
reflect  the  radially  symmetric,  exponentially  decaying  pattern.  The  spatially  correlated  background 
noise  b(t,)  is  simulated  as: 

bit,)  =  '^^RbXt,)  (^48) 

where 


'V"  =  Cholesky  square  root 

b'(ti)  =  64-dimensional  vector  of  readily  simulated  discrete,  independent  white 
Gaussian  noise  with  statistics: 


Elb'it,))  =  0 
E{bXt,)b'\)  =  1% 


(4-49) 
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4.3.2  Low-Energy  Laser  Speckle  Rtflection  Model.  The  low-energy  speckle  reflection 
model  evolved  through  the  work  accomplished  by  Eden  and  Evans.  The  model  makes  no  attempt 
to  simulate  the  detailed  physical  phenomena  associated  with  the  speckle  return  of  the  reflected 
laser  from  the  plume  or  hardbody.  Rather,  the  model  simulates  the  reflectivity  information  from 
the  hardbody  speckle  return  which  would  be  derived  by  speckle  detection  circuitry.  This  research 
into  the  applicability  of  the  Doppler  return  to  discern  the  missile  hardbody  from  the  plume  is  a 
continuation  of  the  laser  speckle  reflection  model  and  hardbody  center-of-mass  development  by 
Eden  and  Evans  [5,6].  It  is  motivated  by  some  shortcomings  of  speckle  measurement  information, 
and  the  same  perspective  of  modeling  the  information  derivable  from  such  measurements,  rather 
than  the  detailed  phenomenology  and  physics  of  such  measurements,  shall  be  pursued. 

The  low-energy  laser  speckle  reflection  model  simulates  a  measurement  to  the  one-state 
center-of-mass  Kalman  filter  for  estimating  the  offset  distance  from  the  plume  intensity  centroid 
along  the  vehicle’s  FUR  image  plane  velocity  vector.  The  first  attempt  to  model  the  laser  speckle 
return  consisted  of  the  hardbody  designed  as  a  rectangle  with  a  binary-valued  reflectivity  function, 
which  provided  a  binary  indication  of  the  hardbody  whenever  successful  interception  by  the  laser 
beam  occuned  [5],  With  this  model,  speckle  reflection  information  was  equally  obtained  over  the 
entire  vehicle.  Thi:  was  followed  by  an  enhanced,  3-dimensional,  reflectivity  model  which 
accounted  for  the  realistic  distribution  of  the  laser  speckle  return  according  to  the  curvature  and 
aspect  angle  of  the  hardbody  [6].  The  3-dimensional  model  is  employed  for  this  research  since 
the  Doppler  return  is  also  a  function  of  reflectivity  [38,39,44].  The  following  subsections  discuss 
the  development  of  Evans’  3-dimensional  Hardbody  Reflectivity  Model  and  introduce  the  Plume 
Reflectance  Model. 
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4.32.1  The  Hardbody  Reflectivity  Model.  The  3-(liniensional  reflectivity  model  was 
developed  by  Evans  [6]  based  upon  his  analysis  of  empirical  data,  shown  in  Figure  4,5,  obtained 
from  the  dSSS"*  Test  Group,  Holloman  AFB,  New  Mexico  [7],  The  data  illustrates  the  return 
power  (expressed  in  decibels-square  meters)  as  a  function  of  radar  cross  section  (RCS)  from  a  20 
X  249  inch  cylinder  with  hemispherical  endcaps  as  it  was  rotated  longitundinally  in  the  plane  of 
the  radar  source.  (RCS  is  defined  as  the  projected  area  of  a  metal  sphere  which  would  return  the 
same  echo  signal  as  the  target,  had  the  sphere  been  substituted  for  the  target  [38].)  Note  the  peak 
values  at  90°  and  270°,  where  the  cylinder  was  orthogonal  to  the  line  of  sight,  and  the  sharp 
dropoff  in  reflection  as  the  angle  deviates  from  that  orthogonal  condition.  The  reflectivity  model, 
shown  relative  to  the  FLIR  image  plane  in  Figure  4.6,  modifies  the  previous  rectangular  model 
to  include  29  discrete-weighted  line  segments  along  the  length  of  the  model.  Two  functions 
define  the  hardbody  reflectivity  model:  the  cross-sectional  function  and  the  longitudinal  function. 

Each  discrete-weighted  line  represents  a  cross-sectional  reflectivity  function  which 
duplicates  the  data  in  Figure  4.5.  The  reflectivity  function  models  the  curvature  by  defining  the 
strength  of  the  reflected  signal  at  each  discrete  line,  where  the  amplitude  of  the  reflected  signal 
is  highest  along  the  missile  centerline  and  discretely  tapers  towards  the  hardbody  sides  in  0.1 
meter  increments.  The  discrete  implementation  of  the  cross-sectional  reflectivity  function  for  the 
simulation  is  shown  in  Figure  4.7.  Note  the  peak  reflection  of  the  cross-sectional  reflectivity 
function's  center  is  represented  by  an  arbitrary  value  of  50  units  of  reflection  magnitude  [6].  The 
remaining  line  segments  are  scaled  according  to  the  empirical  data  of  Figure  4.5.  The  reflectivity 
function  also  yields  zero  reflection  for  those  portions  of  the  original  rectangle  far  from  the  missile 
centerline,  so  the  effective  reflective  area  of  the  hardbody  is  less  than  that  of  the  binary  model. 
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Figure  4.5  Empirical  Radar  Reflection  Data  of  Cylinder  [7] 

The  angle  Y.  defined  as  the  angle  between  the  inenial  velocity  vector  and  the  FLIR  plane, 
is  utilized  by  the  longitundinal  reflectivity  function  to  provide  a  scaling  factor  of  the  total 
reflection  function  if  the  missile  centerline  is  oriented  other  than  normal  to  the  FUR  plane. 
Similiar  to  the  cross-sectional  reflectivity  function,  the  longitudinal  function  assigns  a  scaling 
factor  to  the  reflected  signal  based  upon  the  angular  aspect  of  the  target  velocity. 

Another  factor  in  determining  the  received  speckle  reflection  is  the  sensitivity  level  of  the 
low-energy  laser  sensor.  This  sensitivity  is  represented  in  the  simulation  as  a  threshold  limit 
below  which  the  low-energy  laser  sensor  cannot  detect  the  reflection  return.  To  illustrate  the 
function  of  the  sensor  sensitivity  factor,  consider  the  hardbody  at  an  aspect  angle  y,  relative  to  the 
FLIR  image  plane.  In  this  orientation,  the  maximum  amount  of  reflection  is  obtained  in  the 
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Figure  4.6  3-d  Hardbody  Reflectivity  Model  Relative  to  FUR  Image  Plane 


simulation  by  multiplying  the  peak  reflection  value  (50  units  of  magnitude)  by  an  appropriate 
scaling  factor  [6].  Let  the  sensor  sensitivity  factor  be  defined  as  some  function  of  the  threshold, 
p(').  and  the  resultant  magnitude  of  reflection  be  defined  as  .  If  (•)  is  less  than  m, ,  the 
reflective  output  is  clipped  to  zero.  Therefore,  p(’)  represents  the  sensor’s  ability  to  discern  a 
target’s  return  signal  [6]. 


The  total  reflectivity  function  is  given  by  [6]: 


Rr  =  Y:^[A,Fm 

/-I 


(4-50) 


Reflectivity  Function  Magnitude 
Values  vs.  Displacement  from 
Hardbody  Centorline 
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Figure  4.7  Discrete  Implementation  of  Cross-Sectional  Reflectivity  Function  [6] 


where 


Rj  =  total  reflectivity  received  by  the  low  energy  sensor 
n  ~  number  of  line  segments  crossed  by  laser  scan 
!](•)=  sensitivity  threshold  function  of  low-energy  sensor: 

w,  if  ^  threshold 

11  (m,)  =  ■ 

0  if  tn^  <  threshold 


A,  =  cross-sectional  reflectivity  function  reflection  amplitude  of  the  i"'  discrete 
line  segment 

F(y)  =  longitudinal  reflectivity  function,  where  y  is  the  angle  between  target  v  and 
the  a-p  plane 
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As  the  hardhody  traverses  along  its  trajectory  in  3-dimensional  inertial  space,  the 
projection  of  its  motion  onto  the  2-dimensional  FUR  image  plane  generates  the  corresponding 
propagation  of  the  first  two  states  in  the  truth  model.  Similarly,  to  simulate  the  center-of-mass 
measurements  in  terms  of  FUR  plane  variables,  the  hardbody  model  is  also  projected  onto  the  2- 
dimensional  FLIR  plane.  Referring  to  Figure  4.8,  the  geometry  for  projection  is  decribed  by: 

ML, UR  =  A/iL,„^cosy  (4-.M) 

where 

MLpu,  =  FUR  plane  projection  of  missile  length 
ML^^,^^  =  true  missile  length  in  pixels 


Figure  4.8  Projection  Geometry  onto  FLIR  Image  Plane 
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Y  -  angle  between  v,  (velocity  vector  of  the  target)  and  the  FLIR  plane 

Since  the  missile  is  cylindrical,  the  projection  of  the  missile  diameter  onto  the  FUR  plane  is  equal 
to  its  diameter.  Once  the  projection  is  accomphshed,  the  hardbody  is  located  on  the  FLIR  plane 
by  offsetting  the  hardbody’s  center  from  the  truth  model  intensity  centroid  by  of  Equation 
(4-51)  along  the  truth  model  velocity  vector. 

The  subtended  arc  of  the  low-power  laser  beam  is  simulated  as  a  rectangle  with  the 
smaller  side  represented  as  the  finite  width  of  a  dithered  laser  beam  after  it  has  traveled  2000 
kilometers.  Shown  in  Figure  4.9  are  the  ideal  conditions  for  the  laser  scan.  (Generally,  the  filter 
estimates  of  the  intensity  centroid  position,  the  orientation  angle,  and  the  velocity  vector  are  not 
equal  to  the  truth  model  values.)  One  end  of  the  long  centerline  of  laser  scan  rectangle  is  located 
at  the  estimated  intensity  centroid,  positioned  at  the  center  of  the  FLIR  FOV.  Tlie  other  end  of 
the  laser  scan  rectangle  is  taken  as  three  times  the  truth  model  offset  distance  between  the 
intensity  centroid  and  the  hardbody  center-of-mass  (3  x  87.5  «  262.5  meters  or  8.75  pixels)  to 
ensure  the  laser  scan  is  long  enough  to  intercept  the  hardbody,  despite  the  effects  of  "pogo".  The 
second  endpoint  of  the  laser  rectangle  along  its  centerline  is  given  as: 


where 

Xp.yp 

Xc  Vc 

L 


x„  ^  +  LcosQ. 

pc  f 

yp^  y.- 


(^-52) 


the  FLIR  plane  coordinates  of  the  second  end  of  the  centerline  of  the  laser 
rectangle 

the  FLIR  plane  intensity  centroid  coordinates 
length  of  the  laser  rectangle 
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Figure  4.9  Ideal  Low-Energy  Laser  Scan 


-  six-state  (FLIR)  filter  estimate  of  velocity  orientation  angle 


As  mentioned  earlier,  the  FLIR  filter’s  imprecise  centering  of  the  intensity  centroid  caused 
inadequate  hardbody  illumination  rates  by  the  laser  scan.  (The  estimated  velocity  vector,  and  thus 
the  estimated  orientation  angle,  0y,  were  estimated  precisely,  however.)  As  a  result,  an  ad  hoc 
sweep  routine  was  developed,  shown  in  Figure  4.10,  that  offsets  the  initial  laser  scan  clockwise 
from  the  estimated  velocity  vector.  The  laser  scans  are  swept  counterclockwise  in  order  to  assure 
illumination  of  the  entire  body.  Evans  found  that,  without  pogo,  a  30°  offset  was  required,  and 
35°  with  pogo  applied  [6]. 
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Figure  4.10  S^^eep  Technique  of  Laser  Scan 


4.3.22  Plume  Reflectance  Model.  Prior  to  this  research,  the  concept  of  illuminating  the 
missile  hardbody  with  a  low-energy  laser  and  analyzing  the  speckle  return  (also  called  backscatter 
radiation)  was  predicated  upon  the  assumption  that  the  missile  plume  would  not  possess  any 
backscatter  properties  or  possess  a  speckle  return  similar  to  the  hardbody’s,  when  illuminated  by 
a  low-energy  laser.  The  laser  scan  travels  along  the  intensity  centroid’s  velocity  vector  until  a 
speckle  return  is  received,  signifying  the  start  of  the  metallic  hardbody.  The  scan  continues  along 
the  hardbody  until  no  backscatter  exists,  signaling  the  end  of  the  hardbody,  and  thus  information 
is  provided  to  calculate  the  center-of-mass.  However,  recent  experimental  data  confirms  the 
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presence  of  plume  reflectance  from  solid-propellant  rocket  motors  [2,30]  which  significantly  alters 
the  previous  conception. 

Experimental  programs  at  the  Arnold  Engineering  and  Development  Center  (AEDC),  in 
Tennessee,  have  observed  and  measured  laser  backscatter  radiation  from  the  exhaust  plume  of  a 
solid-propellant  rocket  motor  [30].  The  measurements  of  the  plume’s  backscatter  radiation  were 
found  to  be  on  the  same  order  of  magnitude  and  comparable  to  that  of  a  hardbody  [2],  due  to 
aluminum  particles  and  other  substances  in  the  plume.  During  the  STARLAB  flight  experiment, 
which  collected  plume  data  under  actual  flight  conditions,  a  rocket  booster  and  its  exhaust  plume 
were  "painted"  by  a  low  energy  laser.  Video  recordings  of  the  flight  experiment  showed  the 
randomized  appearance  and  low-frequency  oscillation  of  the  plume’s  refectance  [2,3].  The 
existence  of  plume  reflectance  creates  an  ambiguity  that  impedes  the  precision  tracking  nece.ssary 
to  define  the  plume/hardbody  interface. 

The  purpose  of  the  newly  devised  plume  reflectance  model  is  to  simulate  the  presence  of 
plume  backscatter  radiation  and  its  effect  upon  the  offset  measmement.  Figuie  4.1 1  depicts  the 
reflectance  from  both  the  plume  and  hardbody,  as  observed  in  the  STARLAB  lught  experiment. 
From  the  viewpoint  of  the  speckle  return  sensor,  the  plume  reflectance  has  the  effect  of  elongating 
the  apparent  missile  hardbody.  The  plume  reflectance  model  simulates  the  hardbody  elongation 
by  applying  a  bias  to  the  offset  measurement  in  the  direction  of  the  elongation,  defined  as  in  the 
opposite  direction  of  the  estimated  velocity  vector.  In  the  simulation,  the  model  first  receives  the 
offset  measurement  as  determined  by  the  low-energy  speckle  reflection  model.  The  biased 
measurement,  is  formed  by  converting  the  bias  into  pixels,  projecting  it  onto  the  FLIR 

plane,  and  subtracting  it  from  the  original  offset  measurement.  The  biased  offset  measurement  is 
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Figure  4.11  Biased  Offset  Measurement  Caused  by  Plume  Reflectance 


then  provided  to  the  one-state  center-of-mass  filter  for  its  update.  The  plume  reflectance  model 
is  given  by; 


where 


^offieibtas 


r  ^ 

b 


yXK, 


cosy 


(4-53) 


Xoffteitin,  =  biased  offset  measurement  due  to  plume  speckle  reflectance 
^offiei  -  offset  measurement  from  the  low-energy  reflectivity  model,  without  plume 
speckle  reflectance  effect 
b  =  bias  value 
R  =  range 
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/tp  =  pixel  proportionality  constant  (15  prads/pixel) 

Y  -  angle  between  3-dimensional  inertial  space  velocity  vector  and  the  FLIR 
image  plane 

The  randomized  nature  of  the  plume's  reflectance  is  modeled  as  a  percentage  of  time  that 
appearance  of  the  bias  occurs.  A  random  number  generator,  of  uniform  density  output,  provides 
the  logic  to  turn  the  bias  "on  and  off'  according  to  the  percentage  selected.  In  correspondence 
with  Phillips  Laboratory  personnel,  a  bias  of  approximately  25-30  meters  with  an  appearance 
percentage  of  90  -  95%  was  observed  during  the  STARLAB  flight  experiment  [3]. 

4.3.3  The  Doppler  Measurement  Model.  The  Doppler  measurement  model  simulates  the 
offset  measurements  that  are  obtained  by  exploiting  the  differences  between  hardbody  and  plume- 
induced  Doppler  returns.  As  with  the  laser  speckle  return  research  of  Eden  and  Evans,  the 
modeling  of  the  actual  physical  properties  of  the  Doppler  phenomenon  will  not  be  attempted. 
Instead,  modeling  efforts  will  entail  simulating  the  information  that  would  be  available  from 
Doppler  detection  circuits  as  measurement  data  for  the  Kalman  filter.  The  following  subsections 
briefly  introduce  and  describe  the  basic  concepts  of  the  Doppler  phenomenon,  as  applicable  to  the 
properties  of  the  hardbody  and  plume-induced  Doppler  returns.  The  treatment  of  the  Doppler 
phenomenon  is  not  intended  to  be  rigorous  and  reflects  the  level  of  understanding  necessary  to 
appreciate  the  manner  with  which  the  Doppler  returns  are  employed  to  generate  an  offset 
measurement  relative  to  the  intensity  centroid.  For  a  rigorous  development  of  the  Doppler 
phenomenon,  the  interested  reader  is  referred  to  Principles  and  Practice  of  Laser-Doppler 
Anemometry  by  Durst,  F.,  A.  Melling,  and  J.  H.  Whitelaw  [4],  and  The  Doppler  Effect  by  Gill, 
T.  P.  [9]. 
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43,3.1  The  Doppler  Effect.  The  Doppler  effect  has  been  well  researched  since  Christian 
J.  Doppler  published  his  work  on  the  subject  [9].  Tlie  phenomenon  is  employed  in  numerous 
areas  ranging  from  radar  moving  target  indicators  to  police  speeding  traps  and  weather  reporting. 
Many  define  the  Doppler  effect  as  a  shift  in  the  frequency  of  a  wave  radiated,  reflected,  or 
received  by  an  object  in  motion  [38,39].  From  a  radar,  Doppler  shifts  are  produced  by  the  relative 
motion  between  the  radar  and  the  target.  The  radar  may  be  a  pulsed,  coherent  laser  beam  that 
propagates  the  electromagnetic  energy  to  "paint"  the  target  of  interest  If  the  target  is  in  motion 
and  illuminated  by  a  low-energy  laser,  the  returned  signal  (or  backscatter)  is  represented  as  a  time- 
delayed,  Doppler-shifted  version  of  the  transmitted  signal,  wherein  the  amount  Doppler  shift  is 
proportional  to  the  reflecting  target’s  range  rate  relative  to  the  laser  transmitter  [38,39].  A 
continous  transmitted  signal  is  given  as: 

E,  =  £,cos(27if  0  (4-54) 

For  this  transmitted  signal,  the  echo  signal  from  a  moving  target  wiU  be  [38]: 

E^  =  /:£„cos[2n(4  ±  (4-55) 

where 

=  amplitude  of  transmitted  signal 
E,  =  reflected  signal 

/k  =  an  attenuation  constant  that  represents  losses  incurred  during  propagation 
/d  a  Doppler  frequency  shift 
/o  =  transmitted  frequency 

<|)  =  a  phase  shift,  dependent  upon  the  range  of  detection 
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Figure  4.12  shows  the  frequency  spectrum  of  the  echo  signal,  shifted  from  the  tr.ansmitted 
frequency, by  the  Doppler  shift, given  by  [38]: 


±4 


where 

V,  s  relative  velocity  of  target  with  respect  to  transmitter 
X  =  transmitted  wavelength 
c  s  velocity  of  propagation  (3  x  10®  m/s) 


(4-56) 


The  relauve  velocity,  v,,  is  expressed  as: 


=  V  siny 


(4-57) 
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Figure  4.12  Spectra  of  Received  Signals  [38] 


4-39 


where 

V  target  velocity  in  3-dimensional  inertial  space 

Y  ®  angle  between  the  target  traj«:tory  and  plane  perpendicular 

to  the  laser  LOS  (i.e.,  FLIR  plane);  see  Figure  4.8 

The  plus  sign  associated  with  the  Doppler  frequency  shift  ^plies  if  the  distance  between  target 
and  transmitter  is  decreasing  (approaching  target),  and  conversely,  the  minus  sign  applies  if  the 
distance  is  increasing  (receding  target). 

As  shown  in  Figure  4. 12,  the  frequency  spectrum  of  a  continous  reflected  sinusoidal  signal 
appears  as  a  straight  vertical  line.  The  scenario  proposed  by  the  Phillips  Laboratory  calls  for  a 
pulsed  and  coherent  laser  beam  to  illuminate  a  ballistic  boosting  target  [3].  Both  these  laser 
properties  have  an  impact  upon  the  nature  of  the  returned  spectrum. 

For  illustration  purposes.  Figure  4.13  shows  a  train  of  independent  pulses  having  a  pulse 
width  (PW)  of  0.001  seconds  and  a  constant  pulse  repetition  frequency  (PRF),  along  with  its 
associated  frequency  spech  um.  Because  the  pulses  are  "on"  a  fraction  of  the  time,  the  amphtude 
of  the  frequency  spectrum  decreases  but  is  still  centered  at  /„.  The  total  power  is  in  fact 
distributed  over  a  band  of  frequencies  extending  from  1000  Hz  below to  1000  Hz  above  it,  for 
a  null-to-null  bandwidth  of  2  KHz.  The  bandwidth  (i.e.  spectrum  spread),  is  inversely 
proportional  to  the  pulse  width  and  is  given  by  [39]: 

=  1  (4-58) 

nn  ^ 

where 

BIV„„  =  nuU-to-null  bandwidth 

X  ^  pulse  width  (sec) 
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By  coherence  is  meant  a  consistency,  or  continuity,  in  the  phase  of  a  signal  from  one 
pulse  to  the  next  [39].  The  term  ^  in  Equation  (4-55)  represents  the  phase  shift  which  is  a 
function  of  the  range  during  detection.  Figure  4.14  illustrates  the  difference  between  the 
frequency  spectrum  of  a  coherent  signal  and  a  non-coherem  signal.  With  non-coherent 
tranmission,  the  signal’s  central  spectral  lobe  is  spread  over  a  band  of  frequencies.  In  contrast, 
the  spectrum  associated  with  coherent  transmission  shows  the  signal  appearing  at  many  points. 
Its  spectrum,  in  fact,  consists  of  a  series  of  evenly  spaced  lines,  wherein  the  interval  between  the 
spectral  lines  equals  (l/PRIO  [39].  Further  comparison  reveals  that  tlie  coherent  frequency 
spectrum  is  stronger  (higher  amplitude)  than  the  non-coherent  signal  because  the  energy  has  been 
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Figure  4. 14  Spectra  of  Coherent  and  Non-Coherent  Pulsed  Signals  [39] 


concentrated  into  a  few  narrow  lines.  In  addition,  the  envelope  within  which  these  lines  fit  has 
the  same  shape  ([sinx]/x])  and  the  same  nuU-to-nuU  BW  (2/t)  as  the  spectrum  of  the  non-coherent 
signal. 

4.3. 3. 2  Hardbody  Doppler  Return.  At  a  range  of  2000  kilometers,  the  missile  hardbody 
can  be  defined  as  a  smooth,  dense  single  point  target.  Any  rotational  motion  of  the  hardbody 
about  its  longitudinal  axis  is  assumed  much  less  than  the  hardbody’s  velocity,  and  is  considered 
negligible.  It  is  futher  assumed  that  the  target  hardbody’s  velocity  remains  constant  over  the 
duration  of  a  tranmitted  pulse.  With  such  a  target,  the  spectrum  of  the  return  will  have  a 
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bandwidth  that  closely  approximates  (2/x),  and  centered  about  the  Doppler-shifted  frequency 
corresponding  to  the  range  rate. 

4.33.3  Plume  Doppler  Return.  'Fhe  case  of  the  exhaust  plume  can  be  represented  as  the 
situation  where  numerous  point  targets  are  imaged.  The  plume  can  be  described  as  a  randomly 
distributed  array  of  point  targets  which  are  dispersed  in  range  and  velocity.  The  plume 
particulates  are  small  (submicron  in  size),  nonspherical  and  nonhomogeneous,  and  their  size  and 
spatial  distribution  vary  strongly  with  the  radial  distance  from  the  plume  axis  [16,26,45]. 
Typically,  larger  particles  are  concentrated  near  the  plume’s  symmery  axis,  and  in  contrast  to  the 
hardbody,  the  numerous  exhaust  plume  particles  exhibit  numerous  velocity  orientations  over  the 
duration  of  a  lasei  pulse. 

When  the  laser  beam  illuminates  an  infinite  number  of  point  targets,  the  superposition  of 
each  particle’s  backscatter  radiation  within  the  laser  beamwidth  wiU  form  the  resultant  return 
[44,45].  Thus,  the  Doppler  frequency  spectrum  will  be  quite  broad,  due  to  the  numerous  Doppler 
shifts  of  the  numerous  plume  particlulate  velocities  [3,16,26].  This  Doppler  spreading  of  spectral 
lines  arises  from  the  fact  that  backscatter  from  a  particulate  will  be  shifted  in  frequency  in  a 
manner  depending  on  the  approach  or  recession  of  the  particulate.  The  plume  experimental 
programs  at  AEDC  have  observed  and  measured  plume  Doppler  reflectance  frequency  spectrums 
with  nuU-to-nuU  BWs  of  2  -  5  GHz  [28].  This  sharply  contrasts  the  hardbody-induced  return 
whose  spectrum  null-to-null  BW  equals  2A,  with  an  order  of  magnitude  in  MHz.  However,  one 
other  significant  difference  exists  between  the  hardbody  and  plume-induced  Doppler  returns. 

Generally,  the  velocity  of  the  plume  will  be  oriented  180  degrees  from  the  hardbody ’s 
velocity  [3,16,26].  This  is  shown  in  Figure  4.15(a),  where  the  respective  Doppler  frequency  shifts 
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will  always  be  opposite  in  sign.  A  majority  of  the  observed  plume  particles  would  have  a  relative 
radial  velocity  towards  the  tracker  and  the  resultant  return  would  have  a  negative  Doppler 
ftequency  shift.  Conversely,  the  hardbody  as  shown  is  receding  from  the  tracker  and  wiil  thus 
exhibit  a  positive  Doppler  frequency  shift  Hence,  by  exploiting  the  two  differences  in  plume  and 
hardbody-induced  Doppler  returns,  precise  tracking  and  definition  of  the  plume/hardbody  interface 
can  be  realized. 

However,  the  angle  y,  of  which  the  relative  velocity  v,.  is  a  function,  has  an  impact  upon 
the  discernibility  between  the  plume  and  the  hardbody-induced  Doppler  shifts.  Referring  to 
Equation  (4-57),  as  y  approaches  0®,  where  the  plume  and  hardbody  velocity  vectors  become 
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orthogonal  to  the  LOS  vector,  the  radial  velocity  relative  to  the  tracker  approaches  nil  and  no 
Doppler  shift  is  produced.  Figure  4.15(b)  shows  that,  under  these  circumstances,  the  return 
spectra  of  the  plume  and  hardbody  converge  towards  the  transmitted  frequency  and  eventually 
overlap,  obscuring  most  of  the  hardbody-induced  Doppler  return.  This  imperfect  ability  to  detect 
the  hardbody  spectrum,  as  distinct  from  the  plume  spectrum,  will  be  addressed  in  the  next  section 
which  develops  the  Doppler  measurement  model. 

The  measurement  modeling  approach  taken  by  this  thesis  is  to  consider  the  Doppler  return 
of  the  hardbody  significantly  distinctive  from  that  of  the  plume.  The  Doppler  detector  must  be 
designed  to  filter  out  the  broader  plume  return  and  only  pass  the  hardbody  return,  a  function 
achievable  with  a  Doppler  matched  filter  design  [26,38].  This  vital  concept  signifies  that  the 
Doppler  truth  measurement  model  can  neglect  the  plume’s  Doppler  return  and  solely  simulate  the 
hardbody-induced  Doppler  return.  Although  there  may  be  instances  of  no  apparent  distinction 
between  the  plume  and  hardbody  spectra,  these  occurrences  will  be  embodied  in  a  probability-of- 
miss  parameter  (P„),  to  be  discussed  later. 

Since  Doppler  information  is  obtainable  from  backscatter  radiation,  which  includes  the 
speckle  return  [38,39],  the  3-d  hardbody  reflectivity  model  is  utilized  in  this  modeling  jf)proach. 
However,  in  contrast  to  the  laser  speckle  return  measurement  model,  the  biasing  effect  caused  by 
the  plume’s  refleciance  is  no  longer  applicable  and  is  not  incorporated  in  the  Doppler 
measurement  model.  As  a  result,  the  center-of-mass  measurement  and  offset  measurement 
generated  by  the  Doppler  measurement  model  will  simulate  the  true  offset  measurement,  for 
the  one-state  filter  (or  two-state  filter  to  estimate  both  offset  and  bias  in  the  speckle  measurement, 
if  both  types  of  measurements  aie  used). 
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43.3.4  Doppler  Measurement  Noises.  In  a  study  sponsored  by  the  Phillips  Laboratory, 
Dr.  Paul  McManamon  investigated  feasible  and  implementable  wavelengths  to  illuminate  the 
plume  and  hardbody,  while  meeting  the  space  tracking  scenario  requirements  [16].  His  choice  of 
wavelengths,  based  upon  ranges,  power  requirements,  hardbody  temperatures,  and  tracking 
accuracies,  range  from  0.33  to  13  pm.  For  this  study,  the  following  wavelengths  were  selected 
for  a  sensitivity  analysis;  0,33,  1,06,  2.01,  4.00,  6.00,  8.00,  and  10.3  pm.  The  tracking 
inaccuracies  associated  with  these  wavelengths  are  adopted  in  the  Doppler  measurement  model 
to  corrupt  the  offset  measurements  realistically. 

The  tracking  accuracy  for  a  laser  beam  is  a  function  of  the  amount  of  power,  or 
amplitude,  of  the  return  signal.  The  return  signal,  in  turn,  is  dependent  upon  several  variables, 
among  which  are  the  target’s  radar  cross  section  (RCS)  and  the  location  of  the  target  in  the  laser 
beam  [16,38,39].  A  target  ideally  located  in  the  center  of  the  laser  beam  reflects  the  maximum 
return  signal  (i.e.,  optimum  SNR).  If  the  target  falls  off  to  the  side  of  the  beam’s  center,  then  less 
energy  hits  the  target.  The  degree  of  tracking  accuracy  then  becomes  a  question  of,  how  far  off 
to  the  side  can  a  target  be  to  reflect  the  signal  at  an  acceptable  level? 

Dr.  McManamon  addresses  this  issue  [16]  by  first  defining  the  acceptable  beam  diffraction 
limit  as  the  angle  within  the  3db  power  points  of  the  laser  beam.  He  defines  the  diffraction  limit 
as; 


where 


0 


iJb 


(4-59) 


half  angle  defined  from  beam  center  to  half-power  points,  in  radians 
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k  =  wavelength,  in  meters 

d  =  radar  aperture,  in  meters 


One  then  determines  the  acceptable  level  of  signal  loss  within  the  63^^  limits.  In  Dr. 
McManamon’s  assessment,  a  10%  loss  can  be  tolerated,  and  he  determined  that  this  loss  is 
reflected  by  decreasing  the  diffraction  limit  by  a  factor  of  2.667  [16].  Equation  (4-53)  becomes: 


where 

0« 


03di) 

IW 


allowed  diffraction  limit  for  10%  signal  loss 


(4-60) 


The  measurement  noise  for  the  Doppler  Measurement  Model  thus  consists  of  the  tracking 
angle  errors,  in  pixels,  as  a  function  of  the  diffraction  limited  beam  and  acceptable  signal-to-noise 
ratio  (SNR).  Inasmuch  as  SNR  is  a  design  parameter,  this  study  includes  the  following  values  of 
SNR  for  the  sensitivity  analysis:  10,  8,  6,  and  4.  The  relationship  is  given  as  [16,26]: 


0^  =  — _ L  (4-61) 

av'siw 

where 

6,.  -  rms  tracking  angle  errors  in  pixels 

9b  =  beam  diffraction  limit 

SNR  s  signal-to-noise  ratio 

kp  -  pixel  proportionality  constant,  15  prads/pixel 
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In  addition  to  providing  the  offset  measurement,  the  Doppler  measurement  model  also 
simulates  a  return  signal  probability-of-miss,  P„  The  probability-of-miss  encompasses  two  cases: 
first,  the  probability-of-miss  takes  into  account  the  situation  in  which  the  hardbody  is  illuminated 
by  the  low-energy  laser,  but  the  return  is  not  detected  due  to  attenuation  of  the  returning  signal 
as  it  propagates  the  2000  kilometer  range,  beam-bending  as  a  result  of  atmospheric  distortions  (the 
intended  location  of  the  laser  scan  should  have  illuminated  the  target,  but  bending  of  the  beam 
resulted  in  no  intersection  with  the  target);  or  due  to  signal  losses  (i.e,,  high  sensor  sensitivity 
threshold:  refer  to  Section  4.3.2.1)  within  the  receiving  equipment.  Secondly,  in  Equation  (4-51), 
it  was  shown  that  the  relative  velocity  is  a  function  of  y.  such  that  no  Doppler  shift  occurs  if  the 
target’s  velocity  is  normal  to  the  transmitter’s  LOS.  Hence,  as  shown  in  Figure  4.15,  as  y 
approaches  0°,  both  the  broadened  plume-induced  Doppler  spectrum  and  hardbody-induced 
spectrum  will  converge  and  overlap.  The  two  spectra  will  become  more  indistinguishable,  perhaps 
rendering  detection  of  the  hardbody’s  Doppler  return  impossible. 

The  simulation  of  the  probability-of-miss  is  similiar  to  the  technique  employed  by  the 
plume  reflectance  model.  A  random  number  geneiatur,  with  a  uniformly  distributed  output,  also 
provides  the  logic  to  turn  the  hardbody  laser  backscatter  "on  and  off."  Figure  4.16  shows  the 
detection  characteristic  for  a  known  signal.  The  graph  present  a  set  of  parametric  curves  that  give 
the  probability-of-detection,  P^,  as  functions  of  peak  signal-to-noise  ratio  (SNR)  for  various  values 
of  probability-of-false  alarm,  Pf^.  Pf^  is  defined  as  falsely  indicating  the  presence  of  a  return  signal 
when  none  exists  [38],  Both  P^  and  Pf^  are  specified  by  the  system  requirements;  the  radar 
designer  computes  the  probability-of-false  alarm  and,  from  Figure  4.16,  determines  the  minimum 
detectable  signal.  A  range  of  70  -  99  percent  probability-of-detection  is  representative  of  current 
Doppler  detection  equipment  capabilities  with  the  tracking  scenario  [26].  Since  =  (1.0  -  P^), 
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Peak  signol-fo-noise  rotio^in  db 


Figure  4. 16  Detection  Characteristics  [38] 
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Probobility  of  detection/^  in  percent 


a  paformance  sensitivity  analysis  will  be  pafonned  for  probabUity-of-miss  values  of  0.0, 0.01, 
0.02,  0.03,  0.04,  0.0*5,  0.10,  0.20,  and  0.30. 

4.4  Truth  Model  Parameters 

The  discussions  in  the  previous  sections  introduced  some  of  the  truth  model  parameters 
used  in  the  simulation,  The  purpose  of  this  section  is  to  provide  a  consolidated  listing  of  the 
parameters  and  initial  conditions  of  the  nirth  model. 

4.4.1  Target  Trajectory  Initial  Conditions.  The  initial  conditions  of  the  target  inertial 
position,  velocity,  and  velocity  vector  orientation  angle,  0,  are  as  follows: 

=  27,000  meters 
Cj  =  100,000  meters 
e^  =  2,000,000  meters 
Vjj  =  -2500  meters/sec 
Vy  -  4330  meters/sec 
V,  »  0  meters/sec 
9  =  60° 

4.4.2  Target  Model,  Dimensions,  and  Orientation.  The  target  plume  consists  of  a 
crescent-shaped  intensity  function  formed  from  the  difference  of  two  bivariate  Gaussian  intensity 
functions.  Each  Gaussian  function  is  modeled  with  elliptical  constant-intensity  loci  with  an  aspect 
ratio  of  1.5,  and  a  semi-minor  axis  of  one.  For  this  thesis,  Evans’  3-dimensional  reflectivity 
model  is  used  to  model  the  hardbody.  The  hardbody  length  is  40  meters  (1.33  pixels)  and  3 
meters  (0.1  pixels)  wide.  The  offset  distance  of  the  hardbody  center-of-mass  from  the  intensity 
centroid  is  87.5  meters  (2.92  pixels),  a  carryover  from  the  previous  thesis.  For  the  simulation,  the 
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intensity  centroid  and  the  hardbody  longitudinal  axis  are  aligned  with  the  velocity  vector,  and  the 
hardbody  has  zero  sideslip  and  zero  angle-of-attack. 

4.43  Intensity  Functions.  The  two  Gaussian  bivariate  intensity  functions  are  centered 
at  65  and  1 10  meters  behind  the  missile.  Each  intensity  function  has  a  maximum  intensity  value 
of  20  intensity  units. 

4.4.4  Atmospheric  Jitter.  The  variance  and  mean  squared  value  for  the  atmospheric  jitter 
in  both  FLIR  directions  is  0.2  pixels^. 

4.43  Bending/Vibration.  From  Equation  (4-29),  the  values  for  the  second-order 
bending/vibration  model  are  as  follows: 

=  5  X  10  *^  rad''/sec'' 

C.  =  0.15 

(0„fc  =  n  rad/sec 

4.4.6  Plume  Pogo  Characteristics.  The  size  of  the  plume  is  on  the  order  of  30  times  the 
diameter  of  the  missile  at  the  altimdes  of  interest.  The  values  below  represent  values  of  pogo 
oscillation  as  determined  in  previous  research  [35]. 

pogo  oscillation  =  0.1  - 10  Hz  (nominal  is  1  Hz) 

pogo  rms  =  33.6  meters  (1.12  pixels) 

4.4.7  Spatially  Correlated  Background  Noise.  The  rms  value  of  Vy*,  the  summed  effect 
of  the  spatially  correlated  background  noise  and  the  FLIR  sensor  noise  nj^,  of  Equation  (4-45), 
equals  one.  This  produces  a  SNR  of  20. 
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4.4.8  Low-Energy  Laser  Speckle  Return  Measurement  Dimensions.  The  low-energy  scan 
is  represented  as  a  rectangle  at  the  hardbody  target.  The  scan  length  is  262.3  meters  (8.73  pixels), 
which  is  three  times  the  true  model  center-of-mass  offset  distance,  and  the  scan  width  is  0.1 
meters.  The  measurement  noise  associated  with  the  speckle  return  was  obtained  by  taking  1%  of 
the  hardbody’s  length,  and  converting  to  pixels,  giving  a  variance  of  0.000178  pixels^  [6]. 

4.4.9  Plume  Reflectance  Model.  From  correspondence  with  Phillips  Laboratory  personnel 
[3],  the  bias  utilized  by  the  plume  reflectance  model  is  approximately  23  -  30  meters  and  spears 
90  -  95%  while  the  plume  is  illuminated  during  the  boost  phase.  For  the  simulation,  nominal 
values  for  the  bias  and  rate  of  appearance  are  set  at  23  meters  and  90%,  respectively, 

4.4.10  Low-Energy  Doppler  Return  Measurement  Dimensions.  The  Doppler  measurement 
noise  rms  tracking  errors  are  functions  of  wavelength,  radar  aperature,  and  SNR.  From  Dr. 
McManamon’s  study  [16]  and  with  agreement  from  the  Phillips  Laboratory,  the  wavelength  values 
of  .53pm,  1.06  pm,  2.01pm,  4pm,  6pm,  8pm,  and  10.5pm,  with  SNR  values  of  10,  8,  6,  and  4, 
and  P„  values  of  0.0,  0.01,  0.02,  0.03, 0.04, 0.05, 0.10, 0.20,  and  0.30  are  utilized  in  a  sensitivity 
analysis.  The  radar  aperature  {d  of  Equation  (5-29)  of  .5  meters  is  used  as  a  constant. 

4.4.11  Hardbody  Reflectivity  Measurement  Model.  The  function  p(").  in  Equation  (4-50), 
represents  the  sensitivity  threshold  of  the  low-energy  laser  return  sensor.  The  threshold  must  be 
less  than  the  magnitude  of  reflection,  m,  (scaled  according  to  the  aspect  angle  y).  to  detect  the 
return  from  the  hardbody.  In  the  simulation,  the  value  of  the  threshold  is  set  to  0.0. 
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4.5  Summary 


This  chapter  presented  the  mathematica!  description  of  the  trutli  model.  The  truth  model 
consists  of  14  states;  2  deterministic  target  trajectory  states,  6  stochastic  atmospheric  jitter  states, 
four  stochastic  bending/vibration  states,  and  two  stochastic  pogo  states.  The  infrared  target  plume 
model  is  formed  from  the  difference  of  two  bivariate  Gaussian  functions.  The  FLIR 
measurements  are  corrupted  by  spatially  and  temporally  uncorrelated  FLIR  sensor  noise,  and 
spatially  correlated  and  temporally  uncorrelated  background  noise.  The  low-energy  measurement 
models,  which  provide  an  offset  measurement  from  the  intensity  centroid  to  the  hardbody  center- 
of-mass.  consist  of  the  plume  reflectance  model,  the  3-dimensional  hardbody  reflectivity  model, 
and  the  Doppler  measurement  model.  The  plume  reflectance  model  simulates  the  elongation  of 
the  apparent  hardbody  in  the  speckle  measurement  data  due  to  the  simultaneous  hardbody  and 
plume  speckle  return.  The  3-dimensional  hardbody  reflectivity  model  provides  realistic 
backscatter  that  is  a  function  of  the  hardbody’s  curvature  and  aspect  angle.  The  Doppler 
measurement  model  also  utilizes  the  baclrscatter  information  from  the  3-dimensional  relectivity 
model  and  corrupts  that  information  with  rms  angle  tracking  errors  associated  with  a  particular 
wavelength,  radar  aperature,  and  SNR. 


4-53 


V.  Filter  Models 


5.1  Introduction 

The  Kalman  filter  dynamics  model  is  a  reduced-order  and  simplified  version  of  the  unth 
model.  The  decrease  in  the  number  of  states  results  in  a  more  viable  and  implementable  filter 
algorithm  when  computational  processing  time  and  memory  storage  may  be  limited.  However, 
the  state  reduction  must  be  accomplished  in  a  purposeful  manner  such  that  the  dominant  behavior 
of  the  truth  model  is  preserved. 

For  this  research,  the  FLIR  filter  receives  measurements  from  the  FUR  sensor  to  update 
its  state  estimates,  and  subsequently  propagates  these  estimates  to  the  next  sample  time.  Since  the 
FUR  filter’s  one-sample-period-ahead  predictions  are  used  as  commands  for  the  FUR  sensor 
controller  to  center  the  target  on  the  FUR  image  plane  at  the  next  measurement  sample  time,  the 
accuracy  and  reliability  of  the  FUR  filter’s  state  estimates  are  essential  to  maintain  lock  on  the 
target  plume  and  to  track  it  precisely.. 

This  chapter  discusses  the  four  linear  Kalman  filters  utilized  for  this  study.  First,  a  six- 
state  FLIR  filter,  a  development  from  previous  theses  [5,35],  uses  an  enhanced  correlator  [36]  to 
process  FLIR  measurements.  The  six-state  FLIR  filter  presented  here  also  defines  an  elemental 
Kalman  filter  within  the  MMAF  structure  (Chapter  II).  Second  is  a  one-state  filter  that  estimates 
the  hardbody  center-of-mass  location  relative  to  the  target  IR  image  center  of  intensity.  A  low- 
energy  laser  is  scanned  along  the  FLIR  filter’s  estimated  velocity  vector  from  the  estimated  center 
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of  intensity  and  the  received  speckle  return  is  used  to  generate  an  offset  measurement  from  the 
target  plume  intensity  centroid  to  the  hardbody  center-of-mass,  to  be  used  as  the  input 
measurement  for  this  second  filter  [5,6].  Third  is  a  one-state  center-of-mass  filter  that  similarly 
uses  a  low-energy  laser  scan,  but  instead  receives  measurements  processed  from  the  Doppler 
return  of  the  plume  and  the  hardbody.  Fourth  is  an  alternative  to  either  of  the  two  previous  filters: 
a  two-state  center-of-mass  filter,  in  a  modified  MAP  MMAF  structure,  that  utilizes  the  offset 
measurements  generated  from  both  the  speckle  and  the  Doppler  returns.  The  latter  two  filters  are 
relevant  to  the  primary  objectives  of  this  thesis.  Presented  in  the  following  sections  are  the 
dynamics  and  measurement  models  for  each  filter,  as  well  as  the  enhanced  correlator  algorithm. 

5.2  Six-State  FUR  Filter 

This  study  and  the  two  previous  theses  on  locating  and  tracking  the  missile  hardbody  [5,6] 
all  employ  the  six-state  FUR  filter  that  has  been  developed  by  AFIT  students  over  thirteen  year  s 
of  research  [J.io, 2,7,29, 35,36].  The  filter  consists  of  two  target  plume  position  states,  two  target 
plume  velocity  states,  and  two  atmospheric  jitter  position  states.  A  six-state  FUR  filter  as  ouch 
provides  estimates  for  the  plume  intensity  centroid’s  position  and  velocity,  separated  from  the 
atmospheric  Jitter  effects.  The  resulting  estimates  are  used  to  track  and  maintain  lock  on  the  target 
plume,  arid  additionally  to  define  the  origin  and  orientation  of  the  low-energy  scan.  The  following 
subsections  cover  the  FLIR  filter  dynamics  model  and  the  FUR  measurement  model. 

5.2.1  Dynamics  Model.  The  six-state  FUR  Kalman  filter  is  based  upon  the  state  vector: 


5-2 


(5-1) 


where 


-  X  component  of  centroid  position  (azimuth),  relative  to  center  of  FOV 
Vd  -  y  component  of  centroid  position  (elevation),  relative  to  center  of  FOV 
V,  -  X  component  of  cenaoid  velocity 
Vy  s  y  component  of  centroid  velocity 
x„  ^  X  component  of  atmospheric  jitter 
y^  =  y  component  of  atmospheric  jitter 


Each  state  in  Equation  (5-1)  is  coordinatized  in  the  a-p  (FLIR)  plane  of  Section  3.2.3,1.  The 
target  velocity  is  represented  as  an  exponentially  time-correlated  fust  order  Gauss-Markov  process 
[5,35].  A  comparison  between  the  filter  model  presented  here  and  the  fourteen-state  truth  model 
earlier  described  in  Section  4.2  reveals  the  extent  of  state  reduction.  Note  that  the  atmospheric 
jitter  model  has  been  reduced  from  the  six  states  defined  in  the  truth  model  in  Section  4.2.2  to 
two  states.  The  effect  of  the  higher  frequency  double  pole  in  each  FUR  axis  direction  was 
negligible  and  was  intentionally  disregaided  to  reduce  the  filter  order  [33].  Furthermore,  the 
bending/vibration  states  defined  in  Section  4.2.3  are  similarly  excluded  since  past  research  found 
no  significant  degradation  in  filter  performance  without  these  states  [12].  Lastly,  the  pogo  states 
defined  in  Section  4.2.4  are  not  at  all  modeled  in  the  filter  for  this  research. 
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The  following  time-invariant,  linear  stochastic  differential  equation  describes  the  six-state 
FLIR  filter  model: 

i/0  =  F/Jf/0  +  G^w/0  (5-2) 

where 

Ff  -  6x6  time-invariant  system  matrix 
XfU)  =  6-dimensional  filter  state  vector 
G;  =  6x4  time-invariant  noise  distribution  matrix 
w^(t)  s  4-dimensional,  white  Gaussian  noise  process  with  independent  components, 
and  mean  and  covariance  kernel  statistics: 


£{h»/01  =  0 

+  t)}  =  (2/6  (t) 


(5-3) 


The  time-invariant  system  matrix  Ff  is  given  by: 


The  noise  distribution  matrix  is: 
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0  0  0  0 
0  0  0  0 
10  0  0 
0  10  0 
0  0  10 
0  0  0  1 


The  strength  of  the  white  Gaussian  noise  Wf,  given  by  Qp  is: 


0 

0 


0  0  0 


20„ 


0  0  0 


2a  * 

ay 


(3-3) 


(5-6) 


where 


"^ax  >  ^ay 


a/,  0/ 
o,/ 


correlation  times  for  the  intensity  centroid  x  and  y  velocities 
correlation  time  for  the  atmospheric  jitter  process  in  the  x  and  y  directions 
variance  and  mean-squared  value  for  the  intensity  centroid  x  and  y  velocities 
variance  and  mean-squared  value  for  the  atmospheric  jitter  position  process 


The  filter  state  estimate  and  error  covariance  matrix  are  propagated  forward  to  the  next 
measurement  update  using  the  following  discrete-time  filter  propagation  equations  [17]: 
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where 


P^(u)  =  4>,<A0P/r;)<l>;(A0  +  fi,, 


(5-8) 


ij(ti)  =  filter  estimate  of  the  6-dimensional  state  vector 
^f(At)  s  6x6  time-invariant  state  transition  matrix  for  propagation  over  the  sample 
period:  At  =  1, 

Pf(t,)  s  6x6  filter  covariance  matrix 

(t;)  =  time  instant  before  FLIR  measurement  is  incorporated  into  the  estimate  at 
time  ti 

(t*)  s  time  instant  after  FLIR  measurement  is  incorporated  into  the  estimate  at 
time  t, 

Qaf  -  6x6  filter  dynamics  noise  covariance  given  by: 


The  time  invariant  state  transition  matrix  <^f(At)  is  given  by: 
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The  filter  dynamics;  noise  covariance  is  given  by; 
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where 
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The  propagated  intensity  centroid  position  estimates  and  Xj  (titi  )  are  applied  as 

control  signals  to  the  FLIR  pointing  controller  (Section  3.4).  These  estimates  prescribe  the 
required  change  in  azimuth  and  elevation  that  the  FLIR  pointing  controller  should  execute  over 
the  next  sample  period  to  center  the  hotspot  image  on  the  FLIR  FOV  plane  at  the  next 
measurement  sample  time. 
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5.2.2  FUR  Measurement  Model.  Measurements  of  the  intensity  centroid’s  position  are 
generated  by  an  enhanced  correlator  algorithm,  shown  in  Figure  3.1,  developed  by  Rogers  [36]. 
Unlike  the  standard  correlator  tracker  that  coirelates  the  current  FLIR  data  frame  with  the  previous 
data  frame,  this  enhanced  correlator  algorithm  correlates  the  current  FLIR  data  frame  with  a 
template  ihat  represents  an  estimate  of  the  target  plume’s  intensity  function.  "Psuedo- 
measurements"  of  the  centroid’s  position  offsets  are  produced  by  this  correlator;  they  are  linear 
in  the  states  of  the  filter,  and  this  tracker  therefore  uses  a  linear  Kalman  filter.  The  following 
discussion  of  the  processes  within  the  enhanced  correlator  algorithm  that  are  used  to  treat  the 
FLIR  sensor  data  is  reproduced  from  the  previous  thesis  [6]  with  some  modifications. 


Figure  5. 1  Linear  Kalman  Filter/Enhanced  Correlator  Algorithm 
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5.22.1  Enhanced  Correlator  Algorithm.  The  algorithm  presented  here  was  developed  as 
an  alternative  to  an  earlier  64-dimensional,  non-linear  measurement  model  of  Equation  (4-39). 
Previously,  an  extended  Kalman  filter  processed  raw  FLIR  measurement  data  from  a  standard 
FUR  sensor,  with  no  conelation  algorithm  utilized  at  all  [27].  With  the  enhanced  correlator 
algorithm,  a  linear  Kalman  filter  is  employed  since  the  output  measurements  from  the  correlation 
algorithm  are  2-dimensional  position  measurements  that  are  linear  functions  of  the  states  to  be 
estimated.  This  configuration  outperformed  the  extended  Kalman  filter  and  further  provided  a 
reduction  in  computational  loading.  The  "enhancement"  occurs  in  the  following  manner  [36]: 

1.  The  most  current  FLIR  data  is  correlated  with  a  template  (which  is  an  estimate  of  the 
target’s  intensity  function),  instead  of  with  the  previous  FLIR  data  frame. 

2.  Instead  of  outputting  the  peak  of  the  correlation  function,  a  technique  known  as 
"thresholding"  is  used  along  with  a  simple  center-of-mass  computation.  The  enhanced 
correlator  outputs  the  center-of-mass  of  the  portion  of  the  correlation  function  that  is 
greater  than  some  predetermined  lower  bound.  Consequently,  the  enhanced  correlator 
has  no  difficulty  distinguishing  global  peaks  from  local  peaks,  as  do  many  conventional 
"peak-finding"  correlation  algorithms. 

3.  The  FLIR/laser  pointing  commands  are  generated  via  the  Kalman  filter  propagation  cycle 
instead  of  by  the  "raw  measurement"  output  of  a  standard  conelation  algorithm. 

5.  The  Kalman  filter  estimate,  x(t*)y  is  used  to  center  the  template,  so  that  the  offsets  seen 
in  the  enhanced  correlator  algorithm  should  be  smaller  than  those  visible  in  the 
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conventional  correlator.  This  increases  the  amount  of  "overlap"  between  the  actual  FLIR 
data  and  the  stored  template,  and  thus  improves  performance. 

Referring  back  to  Figure  5.1,  the  enhanced  correlation  algorithm  uses  the  8  x  8  airay  of 
target  intensities  obtained  by  the  FLIR  measurement,  to  establish  a  64-element  shape  function 
from  the  target  plume  intensity  profile  (Section  4.3.1).  The  intensity  functions  are  centered  on 
the  FLIR  plane  by  translational  shifts  using  centroid  offset  estimates  from  xit,*),  using  tl>e  "shifting 
property"  of  the  Fourier  Transform,  where  negating  phase  shifts  are  applied  in  the  spatial 
frequency  domain  to  accomplish  a  translational  shift  in  the  original  domain.  Rather  than  perform 
the  difficult  correlation  in  the  time  domain,  the  Fourier  domain  allows  one  to  apply 
straightforward  multiplication  to  implement  the  "translational  shift"  of  the  intensity  functions  and 
eventual  correlation  with  the  template.  Exponential  smoothing  is  then  used  to  average  the  result 
with  previously  centered  images  to  yield  an  updated  template.  The  current  FLIR  data  is  then 
correlated  against  the  template  of  the  previously  stored  shape  function  that  has  been  centered  on 
the  FLIR  image  plane.  The  outputs  of  the  algorithm  are  two  linear  offsets,  and  as  shown  in 
Equations  (4-1)  and  (4-2),  that  yield  the  highest  correlation  of  the  current  data  with  the  template. 
These  "pseudo-measurements"  are  then  fed  to  the  linear  FLIR  Kalman  filter  for  its  update.  The 
filter  provides  the  updated  estimate,  used  to  center  the  FLIR  intensity  profile  to  be  included 
in  the  templaie  generation  for  the  next  measurement. 

5.2.22  Template  Generation.  The  template  reconstructs  the  shape,  size,  and  location  of 
the  intensity  centroid  using  the  rp.w  noise-conupted  FLIR  measurements.  The  template  generation 
begins  with  an  input  of  a  FLIR  frame  of  data  to  the  enhanced  correlator  algorithm  of  Figure  3.1. 
Using  the  "shifting"  property  of  the  fast  Fourier  transform  (FFT),  which  states  that  a  translational 
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shift  in  the  spatial  domain  is  equivalent  to  a  linear  phase  shift  in  the  frequency  domain,  the  phase 
shift  is  computed  by: 


y  ~  4)exp{-y27t(/;  •  x,^,  +  ^  •  y„^)}  (3-14) 

where 

•)  =  Fourier  transform  operator 
8(x>y)  -  2-dimensional  spatial  data  array 
Gif,,fy)  -  F[B(x,y)) 

fx>fy  =  spatial  frequencies 

The  Fourier  transform  is  implemented  in  the  simulation  software  using  the  Cooley-Tukey 
algorithm  [36],  The  target  plume  intensity  shape  function  is  "centered  on  the  FLIR  plane"  by 
phase  shifting  the  transformed  function  an  amount  equal  to: 


~  )  (5-15) 

where X  ^re  the  state  estimates  defined  in  Equation  (5-1).  Once  the  data  is  centered 
on  the  FLIR  plane,  it  is  incorporated  into  an  updated  template  for  the  next  sample  period.  In  the 
simulation,  the  Kalman  filter’s  first  update  cycle  is  bypassed  to  form  the  initial  template. 

The  template  is  generated  by  averaging  the  N  most  recent  centered  intensity  functions 
observed  by  tlie  FLIR  sensor.  The  averaging  process  tends  to  accentuate  the  target  intensity 
function  and  attenuate  the  corrupting  background  and  FLIR  noises.  The  memory  size  N  is  chosen 
according  to  how  rapidly  the  shjqje  functions  change,  i.e.,  highly  dynamic  intensity  functions 
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require  small  values  of  /V,  while  slowly  varying  functions  use  large  N  values.  Typically,  a  true 
finite  memory  averager  would  require  a  laige  computer  memory  [18].  However,  the  enhanced 
correlator  algorithm  circumvents  the  memory  storage  issue  by  incorporating  an  "exponential 
smoothing"  technique  to  approximate  the  averaging.  This  technique  has  properties  similar  to  finite 
memory  averaging,  but  with  the  advantage  of  requiring  only  the  storage  of  a  single  FLIR  frame 
of  data.  The  template  is  maintained  by  the  exponential  smoothing  algorithm  given  by: 

kO  =  yKt,)  -  (1  - 

where 

i(t,)  -  "smoothed  estimate"  (template)  of  the  target’s  intensity  function 
I(t, )  =  "raw"  intensity  function  from  the  current  FLIR  data  frame 
Y  =  smoothing  constant:  0  y  ^  1 

The  smoothing  constant  y  is  comparable  to  the  value  selected  for  N.  From  Equation  (5-16),  it  can 
be  seen  that  large  values  of  y  emphasize  the  current  data  frame  and  correspond  to  small  values 
of  N.  Based  on  previous  studies  [14,40],  a  smoothing  constant  of  y  =  0.1  is  used  for  this  thesis. 

A  reinitialization  algorithm  is  used  once  after  the  first  ten  sample  periods  (although  it 
could  be  called  periodically  thereafter  as  well,  in  actual  implementation),  Once  the  template  is 
computed,  its  centroid  is  calculated  and  shifted  to  the  center  of  field  of  view  for  the  template,  thus 
eliminating  any  biases.  It  is  this  template  which  is  now  stored  and  correlated  with  the  next  FLIR 
data  to  produce  the  "pseudo-measurements." 

5.2.23  "Pseudo-Measurements’'.  The  template  serves  as  the  best  estimate  of  the  shape 
of  the  target  plume  intensity  function  prior  to  receiving  a  new  FLIR  data  frame.  The  cross- 
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correlation  of  the  incoming  FLIR  data  with  the  template  provides  the  position  offsets  from  the 
center  of  the  FOV  to  the  centroid  of  the  target  intensity  image.  The  cross-correlation  is  computed 
by  taking  the  inverse  fast  Fourier  transform  (IFFT)  of  the  equation  [36]: 


F{g(x,y)  *  i(x,y))  =  G(  f,,  f^)L\  f^,  f^)  (5-17) 


where 


g(x,y) 
l(x,y) 
g(x,y)  *  l(x,y) 

G(f,,fy) 


Fourier  transform  operator 

measured  target  intensity  function  of  the  current  FLIR  data  frame 
expected  target  plume  intensity  function  (i.e.,  template) 
cross-correlation  of  g(x,y)  and  l(x,y) 

F{g(x.y)] 

complex  conjugate  of  F{1  (x.y)  ] 


After  the  IFFT  is  accomplished,  the  values  of  the  correlation  function,  g(x,y)  *  l(x,y),  are  modified 
such  that  any  value  less  than  0.3  of  the  function’s  maximum  value  is  set  to  zero  [14,32].  Tnis 
"thresholding"  technique  is  used  to  eliminate  false  peaks  in  the  correlation  function  that  occur  due 
to  noise  and  other  effects.  As  shown  earlier  in  Figuie  5.1,  the  output  of  the  image  correlation  is 
the  offset  of  the  "thresholded"  FLIR  intensity  centroid  from  the  center  of  the  FLIR  FOV.  This 
offset  is  assumed  to  be  the  result  of  the  summed  effects  of  target  dynamics,  atmospheric  jitter,  and 
measurement  noise.  The  x-  and  y-components  of  the  offsets  are  the  pseudo-measurements 
provided  to  the  FLIR  Kalman  filter,  and  are  expressed  in  terms  of  Equation  (5-1)  as: 


'offiti 


=  ^  +  V. 
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These  two  measurements  can  be  represented  in  state  fonn  as: 


where 
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Hf  =  2x6  measurement  matrix 
x^(t,)  -  state  vector  of  Equation  (5-1) 

Vf(tt)  =  2-dimensional,  discrete-time,  white  Gaussian  measurement 
noise  with  statistics; 

£{v(f,)} 


\R  -  tj 

0 
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The  FLIR  measurement  matrix  Hf  is  given  by: 


Hr 


1  0  0  0  1  0 
0  1  0  0  0  1 


(5-21) 


The  measurement  noise  Vfit)  represents  the  combined  corrupting  effects  of  the  spatially  correlated 
background  noise,  the  FLIR  sensor  noise  (Section  4.3.1),  and  the  errors  due  to  the  FFT/IFFT 
processes.  The  covariance  matrix  Rf  (with  units  of  pixels’)  associated  with  this  error  is  given  by 
[10,29,36]: 
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0.00363  0 


(5-22) 


^  [  0  0.00598 

Since  the  pseudo-measurements  are  linear,  a  linear  Kalman  filter  is  utilized  where  the 
update  cycle  is  defined  by  the  equations  [17]; 

Kit,)  =  P^it;)Hj[H^P^ii;)Hj  + 

Je/r/)  -  £^it;)  *  Kit,)[zit,)  -  (5-23) 

'■fiti)  =  PfiO  -  Kit,)H^p^it;) 

where 

K(t.)  -  6  K  2  filter  gain  matrix 

P^(t,)  -  6x6  filter  covariance  matrix 

Hf  =  2x6  measurement  matrix;  Equation  (5-21) 

Rf  ~  2x2  measurement  noise  covariance  matrix;  Equation  (5-22) 

£^(ti)  s  6-dimensional  estimated  state  vector;  Equation  (5-1) 
z(ti)  -  2-dimensional  measurement  vector;  Equation  (5-19) 

(t,)  =  time  instant  immediately  before  measurements  are  incorporated  at 
time  t, 

(t,^)  =  time  instant  immediately  after  measurements  are  incorporated  at 
time  t, 


5.2.3  Filter  Parameters.  This  section  provides  a  consolidated  reference  of  the  parameters 
used  in  the  simulation.  Presented  below  are  definitions  of  the  modeling  parameters,  initial 
conditions,  and  tuning  parameters  for  the  six-state  FLIR  filter  employed  in  this  research. 
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52,3,1  Modeling  Values,  llie  filter  target  dynamics  correlation  time  constants  and 
in  Section  3.2.1,  are  both  equal  to  8.3  seconds  and  represent  a  missile  target  with  benign 
dynamics.  The  atmospheric  correlation  time  constants  and  are  botl  set  equal  to  0.0707 


seconds  in  the  simulation  [6]. 

5,2,3,2  Initial  Conditions.  Since  initial  acquisition  characteristics  of  the  FLIR  hlter 
have  been  explored  in  the  past  [41],  emphasi .  is  placed  upon  the  tracking  problem,  rather  than 
aquisition  and  tracking.  Thus,  taken  from  previous  research  [3,6],  the  filter  is  artificially 
initialized  to  zero  error  for  the  position  and  velocity  states  of  Equation  (5-1).  Ihe  position  states 
and  X2  are  initialized  with  the  target  plume  intensity  centroid  centered  in  the  FLIR  FOV.  The 
velocity  states  Xj  and  X4  are  initialized  in  accordance  with  the  target’s  initial  trajectory  conditions 
as  defined  in  Section  4.5, 1 .  Both  atmospheric  states  x,  and  x^  are  initialized  to  zero. 

The  initial  state  covariance  matrix  P(tJ  is: 


no 


10  0  0  0  0  0 
0  10  0  0  0  0 
0  0  2000  0  0  0 

0  0  0  2000  0  0 

0  0  0  0  .2  0 

0  0  0  0  0  .2 


(5-24) 


where  the  units  of  the  covariance  associated  with  the  position  states  x,  and  Xj  and  the  atmospheric 
st'ites  Xj  and  are  pixels^  and  those  of  the  velocity  states  Xj  and  X4  are  expressed  in 
pixelsVseconds^  [6]. 
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nrhe  measurement  covariance  matrix  Rf  was  established  empirically  in  past  research 


[23,36].  Rf  (with  units  of  pixels^)is  given  by: 


R 


f 


0.00363  0 

0  C.0C598 
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5.233  Tuning  Values.  Both  filter  dynamic  variances  and  a/,  in  Section  5.2.1,  are 
equal  to  800  pixelsVseconds^  with  or  without  plume  pogo  applied  to  the  intensity  centroid.  Both 
atmospheric  variances  aj  and  o^y  are  equal  to  0.2  pixels^  in  accordance  with  the  truth  model 
(Section  4.4.4)  [6]. 

5.3  Hardbody  Center-of-Mass  Filters 

Parallel  to  the  two  previous  theses  [5,6],  the  primary  objective  of  this  research  is  the 
precise  tracking  of  the  missile  hardbody  and  determination  of  its  cer,tcr-of-ma.ss  location,  c 
basic  premise  underlying  the  dynamics  modeling  efforts  is  that  the  center-of-mass  is  located  at  an 
offset  distance  relative  to  the  intensity  centroid.  The  offset  distance  is  oriented  angularly  using 
the  FLIR  filter  estimated  intensity  centroid’s  velocity  in  the  FUR  image  plane  [5].  Figure  5.2 
illustrates  the  geometry  of  estimating  the  offset  distance  and  the  dependence  of  the  center-of-mass 
filters  upon  the  FLIR  filter’s  estimates  of  the  position  and  velocity  of  the  intensity  centroid.  (Note 
that  Figure  5.2  depicts  the  ideal  situation;  in  general,  the  filter  estintates  of  the  centroid  position, 
velocity,  and  the  orientation  angle  are  not  equal  to  the  truth  model  values.)  Originating  at  the 
intensity  centroid’s  estimated  position,  a  low-energy  laser  is  scanned  along  the  estimated  velocity 
vector.  The  reflections  of  the  low-energy  scan  generate  a  measurement  of  the  offset  distance,  to 
be  utilized  as  aimpoint  information  for  the  high-energy  laser. 
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Figure  5.2  Filter  Estimate  of  Offset  Distance  (Ideal  Conditions) 


Except  for  the  dependence  upon  the  FUR  filter’s  estimated  intensity  centroid  position  and 
velocity,  the  center-of-mass  filters  function  autonomously;  the  FLIR  filter  has  no  knowledge  of 
the  existence  of  the  center-of-mass  filter.  Eden  [5]  developed  a  one-state  center-of-mass  filter  that 
processed  measurements  derived  from  the  speckle  return  of  the  plume/hai  dbody  interface.  Evans 
[6]  followed  with  an  eight-state  filter,  conjposed  of  the  six-state  FLIR  filter  augmented  with  two 
states  that  represent  the  x  and  y  components  of  the  offset  distance.  Again,  the  augmented  partition 
of  the  eight-state  filter  is  independent  of  the  FLIR  partition,  except  for  its  reliance  on  information 
regarding  the  intensity  centroid’s  position  and  velocity  vector.  Evans  compared  the  performance 
of  the  hardbody  center-of-mass  (.stimates  between  the  eight-state  filter  and  the  six-.state  FLIR/one- 
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state  center-of-mass  filter  configuration  and  found  that  both  performed  equally  well.  He 
concluded  the  one-state  center-of-mass  filter  performs  sufficiently  well  for  the  given  benign 
trajectory  and  has  the  advantage  of  requiring  less  computer  processing  time  [6]. 

This  thesis  differs  from  Eden’s  and  Evans’  work  by  using  the  Doppler  return,  instead  of 
the  speckle  return,  of  the  low-energy  scan  to  discern  the  plume/hardbody  interface.  This  approach 
is  driven  by  the  need  for  a  more  meticulous  discrimination  of  the  plume/hardbody  interface  since 
there  is  evidence  of  speckle  return  emanating  fi’om  the  plume  of  a  solid-propellant  rocket  due  to 
the  presence  of  aluminum  and  other  metallic  particulates  (Section  4.3.2.2).  Measurements  of  the 
plume’s  speckle  return  were  determined  to  be  on  the  same  order  of  magnitude  as  that  of  the 
hardbody  [2,34]  and,  under  these  conditions,  the  precise  definition  of  the  plume/hardbody  interface 
becomes  ambiguous  and  degrades  the  ability  to  locate  the  hardbody  center-of-mass.  Eden’s  one- 
state  filter,  that  processes  measurements  of  the  offset  distance  as  derived  from  the  lase^  speckle 
return,  is  evaluated  to  determine  the  extent  of  performance  degradation  caused  by  the  plume’s 
reflectance  (this  phenomenon  was  not  simulated  in  either  Eden’s  or  Evans’  work). 

To  investigate  the  feasibility  of  employing  Doppler  returns,  two  center-of-mass  filter 
configurations  are  utilized  in  this  study.  First,  the  identical  dynamics  model  of  Eden’s  one-state 
filter  will  be  used  to  process  measurements  of  the  offset  distance  as  acquired  l;om  the  plume  and 
hardbody-induced  Doppler  returns.  Second,  a  two-state  center-ot^mass  filter  in  a  modified 
Maximum  a  Posteriori  (MAP)  Multiple  Model  Adaptive  Filter  (MMAF)  structure  is  developed  to 
accept  measurements  generated  from  both  laser  speckle  and  Doppler  returns. 
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The  following  subsections  begin  by  presenting  the  dynamics  of  the  one-state  filter  and 
includes  separate  discussions  on  the  speckle  and  Doppler  measurement  models.  Next,  the  two- 
state  MAP  MMAF  center-of-mass  filter  that  employs  both  measurement  models  is  described. 

5,3.1  One-State  Center-of-Mass  Filter  Dynamics  Model.  The  offset  between  the  intensity 
centroid  and  the  hardbody  center-of-mass  is  represented  as  a  bias.  This  bias  is  modeled  as  a 
simple  integrator,  with  driving  pseudo-noise  for  filter  tuning  purposes.  The  single-state 
representation  of  the  linear,  time-invariant,  stochastic  differential  equation  is  given  by: 


jt,  =  F^Xfit)  -  G^w^it)  (5-26) 

where 

F,  ==  0 

Xf(t)  =  state  representing  offset  distance  between  missile  center-of-mass  and  FLIR 
image  plane  intensity  centroid 

Gf  time-invariant  noise  distribution  matrix,  equal  to  unity 
Wf(t)  =  white  Gaussian  noise  process,  independent  of  the  noise  processes  of  the 
six-state  filter,  with  mean  and  covariance  kernel  statistics: 


=  0 

E{w^it)w^(t  +  -t)}  =  Q^b{x) 


(5-27) 


Ihe  scalar  discrete-time  representation  of  the  filter  propagation  Equations  (5-7)  and  (5-8) 
is: 

^  <l>/A/)^^(r;)  (5-28) 

P^(U  =  <P^(At)F^(0<t>/(At)  +  (2,^  (5-29) 

where 


5-21 


s  filter  estimate  of  the  1 -dimensional  state  vector 
<l>^('Ar^  s  time-invariant  state  transition  matrix,  equal  to  unity,  for  propagation  over 
the  sample  period:  At  =  + -  r, 

Pf(t,)  s  1x1  filter  covariance  matrix 

(tf)  time  instant  before  FLIR  measurement  is  incorporated  into  the  estimate  at 
time  ti 

(t,*)  -  time  instant  after  FLIR  measurement  is  incorporated  into  the  estimate  at 
time  t, 

Gd/  =  filter  dynamics  noise  variance  given  by: 


*»*1 


(3-30) 


where  Q^j  =  Q^At  since  =  1.  The  transposes  that  ^pear  in  Equations  (5-29)  and  (5-30) 

are  not  really  necessary  since  all  quanities  are  scalar,  but  they  are  retained  for  convenience. 

5. 3.1.1  Speckle  Reflectance  Measurement  Model.  This  model  is  included  in  this  study 
to  observe  the  effects  caused  by  the  low-energy  laser  speckle  return  of  the  plume  (Section  4.3.2.2) 
upon  the  center-of-mass  estimates.  If  the  speckle  reflection  of  both  the  hardbody  and  plume  is 
received  by  a  low-energy  laser  sensor,  a  noise  corrupted  measurement  of  the  offset  distance, 
further  biased  by  tlie  plume’s  reflectance,  is  provided  to  the  one-state  filter  (Equation  (4-47)).  The 
discrete-time  measurement  model  is  given  by: 


r(r,)  =  +  v^(/,)  (5-31) 

where 

z(tj  =  biased  measurement  of  the  offset  distance  (Equation  (4-47)) 
h\  =  measurement  mauix,  equal  to  unity 
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center-of-mass  offset  state 


Vf{t^)  B  discrete-tin^,  white  Gaussian  measurement  noise  with 
statistics; 


£{v(/,)}  =  0 


t.  ^  t, 


(5-32) 


where  R,  (true  measurement  variance)  =  0.000178  pixels^  (Section  4.4.8)  [6]. 

5.3.12  Doppler  Measurement  Model.  In  contrast  with  the  speckle  measurement  model, 
this  model  provides  a  measurement  based  upon  the  low-energy  laser  Doppler  return  of  the 
hardbody.  The  significant  dissimilarities  between  the  plume  and  hardbody-induced  Doppler 
returns  can  be  exploited  to  discern  the  plume/hardbody  interface  (Section  4.3.3.2)  precisely,  and 
provide  information  regarding  the  location  of  the  hardbody.  The  low-energy  la.ser  measurement 
is  provided  to  the  one-state  filter  whenever  the  laser  intercepts  the  hardbody,  and  the  hardbody- 
induced  (and  plume-induced)  Doppler  return  is  received  by  Doppler  return  sensor  equipment.  The 
resulting  measurement  to  be  provided  to  tlie  filter  is  a  noise-corrupted  offset  distance  between  the 
FUR  filter’s  estimate  of  the  intensity  centroid  and  the  computed  center-of-mass.  The  discrete¬ 
time  measurement  model  is  given  by: 


zit,)  =  +  v^(r,)  (5-33) 

where 

z(t,)  «  measurement  of  the  offset  distance 
H/-  =  measurement  matrix,  equal  to  unity 
Xf(t,)  =  center-of-mass  offset  state 
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Vf(t,)  s  discrete-time,  white  Gaussian  measurement  noise  with 
statistics: 


Elvd,))  =  0 


Rf  =  tj 
0 


(5-34) 


where  =  R,  (true  Doppler  measurement  variance),  a  function  of  low-energy  laser  wavelength, 
radar  aperture,  and  signal-to-noise  ratio  (Section  4.3.3.4).  Since  both  measurement  models  are 
linear,  the  one-state  filter  processes  the  measurements  using  a  linear  update  cycle  defined  by  the 
scaler  version  of  Equation  (5-23). 

5.3.2  Two-State  Modified  MAP  MMAF.  For  this  research,  a  2-state  modified  MAP 
MMAF  structure  is  developed  to  capitalize  on  both  the  speckle  and  Doppler  reflections  of  the  low- 
energy  laser  scan.  There  are  three  advantages  to  this  endeavor:  first,  this  filter  benefits  fi-om  both 
measurements,  and  all  available  information  regarding  the  location  of  the  hardbody’s  center-of- 
mass  is  provided  to  the  filter  at  each  update  cycle.  Second,  as  the  hardbody’s  aspect  angle  y 
approaches  0°(nonnal  to  the  Doppler  transmitter’s  LOS),  the  plume-induced  Doppler  spectrum 
converges  with  that  of  the  hardbody  (as  in  Figure  4.14),  rendering  detection  of  the  hardbody- 
induced  Doppler  return  difficult  (Section  4.3.3.2).  Nevertheless,  the  low-energy  laser  speckle 
returns  continue  to  provide  measurements  under  these  conditions,  and  can  compensate  for  the 
temporary  loss  of  Doppler  information.  Third,  should  either  the  speckle  return  or  Doppler  return 
sensing  circuitry/equipment  malfunction,  the  availability  of  both  measurements  establishes  a  level 
of  redundancy  that  ensures  the  tracking  system  remains  operational,  albeit  with  some  degradation 
in  performance. 
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Figure  3.3  Two-State  Modified  MAP  MMAF  Structure 


Figure  5.3  shows  the  modified  MAP  MMAF  structure  with  a  decision  block  followed  by 
two  elemental  filters.  Each  elemental  filter  is  composed  of  two  states:  one  state  that  represents 
the  offset  distance  from  the  FLIR  image  intensity  centroid  to  the  hardbody’s  center-of-mass;  and 
one  state  that  represents  the  bias  caused  by  the  plume’s  speckle  reflectance  (Section  4.3.2.2).  The 
role  of  the  decision  block  is  to  ascertain  the  presence  of  the  hardbody-induced  Doppler  return  in 
the  measurements  for  each  sample  time.  If  the  hardbody  Doppler  return  is  detectable,  the 
measurements  are  provided  to  the  two  elemental  filters  that  are  based  upon  two  hypothesis:  1)  the 
bias  caused  by  the  plume’s  speckle  reflectance  exists  in  the  measurement,  and  2)  the  bias  does  not 
exist  in  the  measurement. 
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The  two  hypotheses  capture  the  intermittent  appearance  of  the  plume’s  speckle  reflectance. 
As  mentioned  in  Section  4.3.2.2,  the  plume’s  speckle  reflectance  was  observed  to  occur  90%  of 
the  time  during  the  boost  phase,  which  implies  that  the  bias  is  not  included  in  the  speckle 
measurement  10%  of  the  time.  To  validate  eitho*  hypothesis,  the  residuals  of  the  elemental  filters 
are  monitored  and  compared  to  each  other.  The  state  estimate  associated  with  the  "best"  residual 
(meaning  the  smaller  of  the  two)  would  have  the  highest  probability  of  being  associated  with  the 
correct  hypothesis,  and  thus  of  being  the  optimal  state  estimate  for  the  given  sample  time. 

The  estimation  process  could  have  been  handled  as  well  by  a  Bayesian  MMAF,  in  which 
the  state  vector  estimate  of  each  elemental  filto-  is  weighed  appropriately  using  a  hypothesis 
conditional  probability  to  produce  the  state  estimate,  as  a  probabilistically  weighted  sum 

(Section  2.3).  Nonetheless,  it  was  felt  that  the  respective  residuals  would  be  sufficient  and 
distinctive  enough  to  verify  their  respective  hypotheses,  and  the  appropriate  x^pmmc/0  would  be 
selected.  In  addition,  the  modified  MAP  MMAF  is  simple,  requires  minimal  computational 
processing,  and  is  therefore  easy  to  implement.  Hence,  a  decision  was  made  to  pursue  the 
modified  MAP  MMAF  structure  [20]. 

If  the  hardbody-induced  Doppler  return  is  not  detectable,  the  measurement  is  provided  to 
the  elemental  filter  based  upon  the  first  hypothesis.  This  allows  the  speckle  return  measurement 
to  continue  when  the  hardbody  Doppler  return  ceases  to  be  distinct  from  the  plume’s  (Section 
4.3.3.2)  and  a  Doppler  return  measurement  cannot  be  generated.  With  the  first  hypothesis,  it  is 
anticipated  that  the  bias  would  exist  in  the  speckle  return  measurements,  due  to  the  high  rate  of 
appearance  of  the  plume’s  speckle  reflectance.  This  bias  is  not  separately  observable  based  only 
on  speckle  measurements,  so  the  most  recent  bias  estimate  is  retained  until  such  time  that  Doppler 
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measurements  resume.  The  following  subsections  discuss  the  2-ctate  modified  MAP  MMAF 
dynamics  model,  and  measurement  model,  and  it  also  covers  the  adaptive  algorithm. 

5. 3. 2.1  Two-State  Dynamics  Model.  The  two  states,  one  offset  distance  state  and  one  bias 
state,  are  each  represented  as  the  output  cf  simple  integrators  driven  by  white  Gaussian  pseudo¬ 
noise  for  tuning  purposes.  The  linear,  time-invariant,  stochastic  differential  equation  for  this 
model  is  given  by: 


where 


(5-35) 


F,  .  0 

Xj-(t)  =  2-dimensional  state  vector 
Gf  =  2x2  time-invariant  noise  distribution  matrix  equal  to  I 
Wf(t)  =  2-dimensional  independent,  white  Gaussian  noise  process  with  mean  and 
covariance  statistics: 


EW/C/))  =  0 
E{wj{t)wJ  {t  +  t)}  = 


(5-36) 


The  time-invariant,  discrete-time  representation  of  the  filter  propagation  Equations  (5-7) 
and  (5-8)  is: 


0-31) 


P^{t-,)  =  <P^(A0P/f;)<I>/(Ar)  +  (5-38) 

where 

i^(t,)  =‘  modified  MAP  MMAF  estimate  of  the  2-dimensional  state  vector 
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Pfit^ 

(t;) 

(O 

Q^f 


2x2  time-invariant  state  transition  matrix,  equal  to  /,  for  propagation  over 
the  sample  period:  At  s  ^  ^  -  r, 

2x2  filter  covariance  matrix 

time  instant  before  measurement  is  incorporated  into  the  estimate  at  time  t, 
time  instant  after  measurement  is  incorporated  into  the  estimate  at  time  t, 
filter  dynamics  noise  covariance  given  by: 


(5-39) 


where  Q  =  Qy  A/  since  I. 

5.32.2  Measurement  Model.  When  the  low-energy  laser  intercepts  the  hardbody,  noise- 
corrupted  measurements  derived  from  both  Doppler  return  and  speckle  return  are  provided  to  the 
two-state  modified  MAP  MMAF.  While  the  Doppler  return  provides  measurements  of  the  offset 
distance  from  the  FLIR  image  intensity  centroid  to  the  hardbody-of-mass,  the  measurements 
acquired  from  the  speckle  return  generally  consist  of  the  offset  distance  with  the  bias  caused  by 
the  plume’s  speckle  reflectance. 

Let  s  denote  a  vector  of  uncertain  parameters  in  the  measurement.  The  discrete-time 
measurement  model  is  given  by: 

z(r,)  =  +  v/f,)  (5-40) 

where 

z(0  = 

H(s)f  = 

Xf(t,)  = 


2-dimensional  hardbody  center-of-mass  measurement 
2x2  measurement  distribution  matrix 
2-dimensional  state  vector 


Vf(t^)  Si  2x2  discrete-time,  white  Gaussian  measurement  noise  with 
statistics: 


R  t,-tj 

0 


The  measurement  distribution  matrix,  H(s)f,  is  given  by: 


(5-41) 


where 


EJ 

"  speckle 
1  0 


(5-42) 


f^sptckit  ®  1*2  partition,  adaptively  configured  according  to  the  presumed  quality  of 

the  scalar  speckle  measurement 


Figure  5.4  diagrams  the  algorithm  for  adaptively  defining  the  partition  and  shows 
two  paths  that  branch  from  the  "Detectable  Hardbody  Doppler  Return"  decision  block.  Each  path 
corresponds  to  the  two  events  mentioned  earlier  -  the  intermittent  nature  of  the  plume’s  speckle 
reflectance  (right  path),  and  the  loss  of  hardbody-induced  Doppler  returns  (left  path).  The  right 
path  of  the  algorithm  is  contingent  upon  two  hypotheses;  1)  the  bias  caused  by  the  plume’s 
speckle  reflectance  exists,  and  2)  the  bias  does  not  exist.  The  right  path  of  the  algorithm  operates 
sequentially  in  the  following  manner; 
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Figure  5.4  Modified  MAP  MMAF  Algorithm 


1,  Under  the  first  hypothesis,  the  measurement  is  provided  to  the  filter  according  to  the 


model: 


The  discrete-time,  scalar  representation  of  Equation  (5-43)  is  given  by: 


(5-43) 


■  1  -1  ■ 

4* 

'V  ■ 

1  0 

.  . 

(5-44) 


where 


2fi(ti)  -  noise-corrupted  speckle  return  measurement 
Zp(lj  =  noise-corrupted  Doppler  return  measurement 
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Xp  (t,)  s  center-of-mass  offset  distance  state 
Xp  (t,)  =>  bias  state 

Vp(t,)  s  discrete,  white  Gaussian  measurement  noise  associated  with 
the  speckle  measurement 

Vp(t,)  =  discrete,  white  Gaussian  measurement  noise  associated  with 
the  Doppler  measurement 

Note  that  the  partition  is  shown  as  [  1  -1  ]  to  signify  the  bias  caused  by  the 

plume’s  speckle  reflectance  is  in  the  opposite  direction  of  the  hardbody’s  velocity  vector. 
The  residual,  r, ,  is  then  calculated  as  [17]: 


(5-45) 


where 


rj  =  residual  formed  from  the  elemental  filter  based  on  the  first 
hypothesis 


2.  Similarly,  the  measurement  is  provided  simulvaneously  to  the  elemental  filter  under  the 
second  hypothesis  (that  no  bias  exists  in  the  measurement)  according  to  the  following 
model: 


zfy)  = 

The  detailed  representation  of  Equation  (5-46)  is  given  by: 


(5-46) 


■  1 

0  ■ 

Xp(fi) 

4* 

1 

0 

(5-47) 
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with  the  partition  shown  as  [  1  0  ].  The  residual,  Tj,  is  then  calculated  as: 


where 


r,(/,)  =  z^(t,)  -  (5-48) 

Tj  -  residual  formed  in  the  elemental  filter  based  on  the  second 
hypothesis 


3.  Each  residual  r,  is  a  2-dimensional  vector  with  the  first  scalar  component  directly 
associated  with  the  hypothesis  testing.  The  detailed  representation  of  Equation  (5-48)  for 
the  residual,  r,,  is  given  by: 


1  0 

where  the  component  r,i  is  given  by: 


(5-50) 


Thus,  the  scalar  components  r,,  of  the  residuals  r,  and  Tj  are  compared,  whereby  the 
"best"  residual  (i.e.,  the  smaller  of  the  two  r„  components)  determines  which  associated 
elemental  filter  has  the  highest  probability  to  provide  the  correct  state  estimate  at  a  given 
time. 

The  left  path  of  the  algorithm  allows  the  reception  of  speckle  return  measurements  to 
continue  during  the  loss  of  distinct  hardbody  Doppler  returns.  The  measurement  is  provided  to 
the  elemental  filter  based  upon  the  first  hypothesis  with  the  assumption  that  the  measurement 
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contains  the  bias.  Thus,  tho  partition  is  configured  as  [1  -i]  to  accept  the  speckle  return 
measurement  of  the  offset  distance,  assuming  that  it  has  the  bias. 

5.3,3  Filter  Parameters.  In  the  preceeding  discussions,  parameters  v/ere  introduced  for 
the  filter  dynamics  and  measurement  models.  This  section  consolidates  and  defines  the  initial 
conditions  and  tuning  parameters  for  the  hardbody  center-of-mass  filters  used  in  this  research. 

5. 3. 3.1  One-State  Filter  with  Speckle  Return  Measurements:  Initial  Conditions.  Based 
on  previous  research  [5,6],  the  offset  distance  from  the  FLIR  image  intensity  centroid  to  the 
hardbody  center-of-mass  is  initialized  to  one  pixel.  The  initial  state  variance  P(tJ  is  equal  to  0.2 
pixels^,  and  the  measurement  variance  is  equal  to  the  true  measurement  variance,  0.00178  pixels^. 

5. 3. 3. 2  One-State  Filter  with  Speckle  Return  Measurements:  Tuning  Values.  From  Evans 
[6],  the  filter  dynamics  noise  variance  Qjf  is  equal  to  0.7  pixels^ 

5.3.3.3  One-State  Filter  with  Doppler  Return  Measurements:  Initial  Conditions.  The 
values  of  the  initial  offset  distance  and  initial  state  variance,  P(tJ,  are  carried  forward  from  Evan’s 
thesis:  1  pixel  and  0.2  pixels^  respectively  [6].  The  measurement  variance,  Rp  is  equal  to  the  true 
measurement  variance  and  is  a  function  of  the  low-energy  laser  wavelength,  SNR,  and  aperture 
diameter  of  the  transmitter  (Section  4.3.3.4).  The  filter  measurement  variance  is  given  by: 


3kp\ISNR 

where 

Rj^  =  filter  measurement  variance 
R,  =  true  measurement  variance 


(5-51) 
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s  beam  diffraction  limit  (Equation  (4-54)) 
kp  s  pixel  proportionality  constant,  15  prads/pixel  (Section  4.2.1) 
SNR  =  signal-to-noise  ratio 


53.3.4  One-Stat  i  Filter  with  Doppler  Return  Measurements:  Tuning  Values.  The  filter 
dynamics  noise  variance  Q^i  is  equal  to  0.7  pixels^,  based  upon  Evans’  research  [6]. 


5.33.5  Two-State  Modified  MAP  MMAF:  Initial  Conditions.  The  initial  offset  distance 
is  retained  at  one  pixel,  and  the  initial  bias  is  again  set  at  one  pixel.  Thus,  the  initial  states  x(tj 
is  given  by: 


1.0 

1.0 


(5-52) 


The  initial  state  covariance  matrix,  P(tJ,  is  given  as: 


no  = 


0.2  C.O 

0.0  0.2 


(5-33) 


with  units  of  pixels^  The  measurement  variance  matrix,  Rr,  is  given  by: 


R, 


0.00178  0.0 


0.0  R, 


•f22 


(5-54) 


where  **  CQual  to  the  Doppler  measurement  variance  of  Equation  (3-49). 
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5.3.3.6  Two-State  Modified  MAP  MMAF:  Tuning  Values.  The  performance  plots  that 
resulted  from  tuning  the  two-state  modified  MAP  MMAF  are  shown  in  Appendix  D.  For  the 
initial  tuning  values,  the  filter  dynamics  noise  variances  were  set  equal  to  the  values  mentioned 
in  Sections  5.3.3.2  and  5.3.3.4  for  each  one-state  filter.  The  covariam  e  of  the  discrete-time  white 
Gaussian  dynamics  driving  noise,  given  by  0w/.  is: 


0.0 

0-0  ?d/22 


(5-55) 


where 


=  offset  dynamics  noise  variance 
Qdfa  =  dynamics  noise  variance 


From  Figure  D.l,  it  can  be  seen  that  these  original  tuning  values  were  overly  conservative.  The 
variances  were  gradually  decreased  by  an  order  of  magnitude  until  the  overall  time  histories  of 
actual  rms  errors  and  the  filter  computed  rms  error  matched  well  [17].  Table  5.1  lists  the  statistics 


Table  5.1  Two-S.'aie  Modified  MAP  MMAF  Tuning  Statistics 


^dfll 

^d/22 

True  Error 
Mean(r/] 

True  Error 
Meanfr/l 

True  Error 
lof/J 

True  Error 

0.7 

0.7 

0.33329E-4 

-0.18450E-4 

0.14906E+0 

0.321 13E-2 

0.07 

0.07 

0.33747E-4 

-0.18576E-4 

0.14905E+0 

0.32121E-2 

0.007 

0.0007 

0.35241E-4 

-0.18108E-4 

0.14897E-K) 

0.31975E-2 

0.01 

0.001 

0.34722E-4 

-0.i78l7E-4 

0.14900E+0 

0.31980E-2 

0.03 

0.001 

0.33822E-4 

-0.18678E-4 

0.14904E+0 

0.31945E-2 
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that  were  achieved  from  5  nets  of  tuning  values.  Decreasing  the  dynamics  noise  strengths 
and  q^22  produced  negligible  differences  in  performance;  however,  the  last  entry  was  chosen  based 
upon  its  performance  plot  in  Figure  D.25. 

From  Equation  (5-54),  the  two-state  modified  MAP  MMAF  dynamics  noise  covariance 
in  units  of  pixels^  is  given  by: 


0.03 

0.0 

0.0 

0.001 

(5-56) 


5.4  Summary 

Four  linear  Kalman  filters  are  used  for  this  research  to  investigate  the  feasibility  of 
employing  measurements  derived  from  low-energy  laser  reflections  to  locate  and  track  the  missile 
hardbody  center-of-mass.  The  previously  developed  six-state  FLIR  filter  [5,8,10,1 1,12,14,27,29, 
32,33,35,36,  37,40,41]  processes  "pseudo-measurements"  fi’om  an  enhanced  correlator  algorithm 
and  produces  position  and  velocity  estimates  of  the  FLIR  image  target  plume  intensity  centroid. 
The  position  and  velocity  estimates  provide  the  reference  position  and  angular  orientation  for  the 
low-energy  scan.  The  one-state  center-of-mass  filter  [5]  that  receives  measurements  from  the  low- 
energy  speckle  returns,  is  examined  to  analyze  the  effects  caused  by  the  speckle  reflectance  of  a 
solid-propellant  motor’s  exhaust  plume.  This  study  adopts  the  one-state  center-of-mass  filter's 
dynamics  model  to  receive  the  alternative  Doppler  return  measurements,  A  two-state  center-of- 
mass  modified  MAP  MMAF  is  developed  to  capitalize  on  the  available  speckle  and  Doppler 
returns.  The  two-state  modified  MAP  MMAF  yields  several  advantages  over  using  just  Doppler 
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(or  just  speckle)  measurements;  the  use  of  all  available  measuiement  information,  compensation 
for  the  loss  of  hardbody-induced  Doppler  returns  by  using  speckle  returns,  and  measurement 
redundancy  in  the  event  of  speckle  or  Doppler  sensor  equipment  failure. 
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VI.  Procedures  and  Results 


6.1  Introduction 

This  chapter  presents  the  results  of  carrying  out  the  research  objectives  cited  in  Chapter 
I,  The  individual  performances  of  two  configurations  of  hardbody  center-of-mass  Doppler  return 
filters  (the  one-state  and  the  two-state  Modified  MAP  MMAF  respectively)  is  evaluated  by 
conducting  a  sensitivity  analysis  with  respect  to  three  parameters  (see  Sections  4.3.3.4  and  4.4.10): 
low-energy  laser  wavelength,  signal-to-noise  ratio  (SNR),  and  probability-of-miss  (P„ ).  Each 
filter  is  subjected  to  all  the  possible  combinations  of  all  the  respective  variations  of  these  three 
parameters. 

Time  allotted  did  not  allow  the  pursuit  of  two  secondary  objectives  since  the  sensitivity 
analysis  generated  a  vast  amount  of  data.  Thus  the  alternative  scan  techniques  are  not  explored, 
nor  is  the  implementation  of  the  pogo  phenomenon  achieved.  All  simulation  runs,  however, 
employ  Evans  [6]  3-dimensional  hardbody  model  along  with  the  laser  sweep  routine,  as  described 
in  Section  4.3.2. 1. 

Each  simulation  run  consists  of  10  Monte  Carlo  runs  over  a  10  second  period  of  the 
target’s  trajectory.  The  collection  of  the  statistics  of  the  actual  errors  (mean  and  standard 
deviation)  and  the  filter-computed  error  standard  deviation  is  given  in  Appendix  A.  Performance 
plots,  statistical  results,  and  tabular  data  are  presented  in  the  appendices,  and  are  referred  to 
throughout  this  chapter.  Note  that,  in  tlie  plots  of  Appendices  C,  D,  E,  and  F,  the  collection  of 
the  error  statistics  begin  at  the  second  sample  time.  The  purpose  for  the  one-sample  delay  is  to 
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form  the  template  for  the  enhanced  correlator  algorithm  with  the  first  set  of  FLIR  data  (Section 
5.2.22).  Consequently,  most  of  the  plots  exhibit  no  initial  transient  behavior  that  would  result 
from  the  initial  conditions  given  to  the  center-of-mass  filters  (Sections  3.3.3. 1,  3.3.3.,  and  5.3. 3.3 
define  the  initial  conditions).  However,  depending  on  the  circumstances  imposed  by  the  values 
of  wavelength,  SNR,  and  P„,  other  plots  may  display  an  initial  non-zero  mean  enor;  these  are  the 
cases  that  exhibit  slower  initial  transients.  This  is  seen  to  occur  particularly  in  Appendix  F.  For 
practical  purposes,  only  the  performance  plots  for  a  selected  parameter  set  which  adequately 
illustrate  significant  trends  are  contained  in  the  appendices.  Similarly,  the  tabular  data  shown  in 
this  chapter  are  not  aU  inclusive.  However,  the  statistical  results  and  tables  in  the  appendices 
reflect  all  data  gathered  for  this  research.  A  description  and  explanation  of  the  statistical  plots  can 
be  found  in  Appendix  B. 

The  analysis  and  performance  evaluation  of  all  the  center-of-mass  filters  is  based  upon 
their  behavior  and  sensitivity  to  changes  in  the  parameters,  The  performance  indicators  are  the 
RMS  errors  obtained  at  tf  and  t*.  For  time  t„  the  RMS  error  is  calculated  as: 

w',)  ■  ’1^(0  * »;(',) 

where 

^RMsOi )  ~  RMS  error 
eit, )  =  mean  error 
Ot  (t/ )  =  error  standard  deviation 

However,  the  mean  errors  t,'  and  t*  of  the  upcoming  tabular  data  are  insignificant  as  compared 
to  the  la  values  and  would  therefore  have  negligible  impact  upon  the  RMS  error  calculations. 
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Thus,  the  standard  deviatic.is  at  V  and  t*  can  therefore  become  gauges  of  the  trends  in  the  RMS 
errors.  Furthermore,  the  error  standard  deviations  at  t;  are  deemed  critical  since  they  describe  how 
well  the  filter  propagates  its  offset  distance  estimates,  which  are  used  as  control  signals  for  the 
FLIR  sensor  controller  (Section  3.4):  these  ultimately  determine  the  tracker  pointing  accuracy, 

The  following  sections  discuss  the  results  of  each  filter  used  for  this  study.  The  one-state 
center-of-mass  filter  with  only  speckle  return  measurements  is  first  evaluated  to  observe  the  effects 
fi'om  the  plume's  speckle  reflectance.  The  subsequent  sections  discuss  the  results  and  trends 
observed  from  the  sensitivity  analysis  accomplished  on  both  the  one-state  center-of-mass  filter 
with  Doppler  return  measurements  and  the  two-state  center-of-mass  modified  MAP  MMAF  using 
both  speckle  and  Doppler  return  measurements.  Finally,  the  resulting  error  statistics  are  compiled 
in  order  to  compare  the  two  Doppler  filters’  performances. 

6.2  One-State  Filter  with  Speckle  Return  Measurements 

As  mentioned  in  Section  4.3.2.2,  the  plume’s  speckle  reflectance  was  observed  to  cause 
an  offset  bias  aftward  of  about  25-30  meters,  appearing  90  -  95%  of  the  time  iii  the  measurements. 
For  the  simulation,  the  nominal  values  for  the  bias  and  appearance  rate  were  set  at  25  meters 
(equal  to  0.833  pixels)  and  90%,  respectively.  It  was  anticipated  that  the  additional  bias  would  be 
apparent  in  the  errors.  The  filter  error  statistics  (in  units  of  pixels  and  meters)  are  shown  in  Table 
6.1,  and  the  statistical  plots  are  shown  in  Figures  6,1  through  6.3.  Although  Table  6.1  presents 
5  significant  figures,  in  actuality,  the  first  3  digits  are  significant.  The  values  shown  represent  the 
time-averaged  statistics  over  ten  Monte  Carlo  runs.  (This  is  also  true  of  Tables  6.4  through  6.7, 
and  the  tables  in  Appendix  H.)  Note,  in  Table  6.1,  the  substantial  increase  of  the  la  values,  in 
meters,  over  a  propagation  sample  period.  Figure  6.1  shows  the  true  rms  errors  versus  the  filter 
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Table  6.1  Offset  Distance  Statistics  of  One-State  Speckle  Return  Filter 


Offset  distance 

mean(v) 

mean(//) 

la(0 

la(^;) 

pixels 

-0.7489 

-0.7499 

0.26857 

0.19545 

meters 

-22.467 

-22.497 

8.0571 

5.8635 

computed  rms  errors,  while  Figures  6.2  and  6.3  show  the  true  mean  errors  ±  the  error  standard 
deviations.  (Plots,  such  as  in  Figure  6. 1 ,  are  included  to  demonstrate  that  good  tuning  is  achieved, 
whereas  plots  such  as  those  in  Figures  6.2  and  6.3  show  the  resulting  performance  of  the  filter. 
A  further  explanation  of  the  plot  symbology  is  given  in  Appendix  B.)  The  results  do  show  an 
inclination  of  the  filter's  offset  measurements  towards  the  bias.  Attempts  to  tune  the  filter  by 
increasing  the  dynamics  driving  noise  strength  had  no  significant  impact  upon  the  performance. 
Figure  6.3  shows  that  the  90%  occurrence  rate  of  bias  due  to  plume  speckle  produced  interesting 
results  in  the  offset  errors  at  t*.  Note,  that  if  the  bias  were  to  occur  100%  of  the  time,  the  plots 
of  Figures  6.2  and  6.3  would  exhibit  a  mean  error  of  .833  pixels  (25  meters).  Each  of  the 
unbiased  measurements  (occurring  10%  of  the  time)  causes  a  quantized  jump  in  mean  and  la, 
where  the  quantization  is  directly  attributed  to  using  a  10-run  Monte  Carlo  analysis,  i.e.,  the 
quantizations  correspond  to  0  "good"  measurements  out  of  10  runs  of  measurements  for  each  t,\ 
1  "good"  out  of  10;  2  "good"  out  of  10,  etc. 

6.3  One-State  Filter  with  Doppler  Return  Measurements 

The  primary  purpose  of  this  study  was  directed  by  the  testing  of  the  one-state  filter  that 
is  provided  with  Doppler  return  measurements  of  the  offset  distance  rather  than  speckle  return 
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ESTIMATED  OFFSET-PLUS  POSITION  ( +/- )  SIGMA 


FDN  0.300/FMN  0,000179/TMN  0.000178/OFF  B7/PC  15/Run  (001 


TIHG  IN  SECONDS 

Figure  6.3.  One-State  Speckle  Return  Filter  Biased  Offset  Error  at 
measurements.  The  filter  is  analyzed  with  variations  in  three  parameters  that  influenced  the 
quality  of  the  Doppler  return  measurements.  Table  6.2  lists  the  three  parameters  and  their 
variations  that  are  explored.  Although  the  dynamics  model  for  the  one-state  filter  is  identical  to 
what  was  developed  by  Eden  [5]  and  Evans  [6],  a  fundamental  difference  between  the  speckle 
return  and  Doppler  return  is  the  variance  associated  with  the  measurement  noise.  Referring  to 
Section  4.3. 3.4  and  Equations  (4-53)  through  (4-55),  Table  6.3  lists  the  assorted  measurement 
noise  variances  associated  with  given  values  of  wavelength  and  SNR.  In  comparison  with  the 
speckle  return  measurement  noise  variance  equal  to  0.000178  pixels^  [6],  the  shortest  wavelength 
exhibits  an  order  of  magnitude  decrease  in  the  values  of  measurement  noise,  especially  with  the 
higher  values  of  SNR.  Furthermore,  a  significantly  more  precise  measurement  should  be 


Table  6.2  Values  of  Parameter  Variations 
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realizable  for  a  SNR  of  4  with  a  wavelength  of  0.53  ym.  Thus,  at  the  shorter  wavelengths, 
improved  error  statistics,  as  compared  to  the  one-state  speckle  return  filter,  were  expected  using 
Doppler  return  mea.surements.  However,  it  remained  to  be  seen  how  much  impact  the  probability- 
of-miss  parameter  would  have  upon  the  filter’s  estimates. 

The  statistical  performance  plots  for  the  one-state  filter  are  contained  in  Appendix  C.  To 
limit  the  size  of  the  appendices,  only  a  chosen  set  of  plots  (identified  with  wavelengths  0.53  pni. 
2.01  ym,  and  10.5  ym;  SNRs  10  and  4;  and  of  0.0,  0.05,  and  0.30)  are  shown  to  illustrate  tlie 
significant  statistical  trends. 

In  genet al,  the  plots  show  that  the  filter’s  performance  is  relatively  stable  through  all 
variations  of  parameters.  The  filter  obviously  becomes  less  efficient  and  attains  higher  RMS 
errors  as  k  increases  or  SNR  decreases  (which  result  in  an  increase  in  the  measurement  noise 
variance).  However,  the  average  of  the  offset  errors  consistently  converge  about  zero  mean;  note 
that  the  mean  is  consistently  much  smaller  than  the  standard  deviation.  Following  the  variations 
in  P„  shows  that  the  filter  tolerates  the  intermittent  absence  of  Doppler  return  measurements  and 
perfoims  well  for  P„  up  to  0.05.  Figures  C.1.5.  C.2.5,  C.3.5,  C.4.5,  C.5.5,  and  C.6.5  show 
negligible  differences  in  the  offset  error  mean  ±  lo  values  at  for  P„  equal  to  0.05.  Figures 
C.1.6,  C.2.6,  C.3.6,  C.4.6  depict  the  offset  errors  mean  ±  la  values  at  t*  and  show  how  the  filter 
recovers  quickly  when  a  measurement  is  received.  It  is  noted  that,  as  P„  increases,  the  plots  of 
the  offset  error  mean  ±  lo  at  t*,  do  exhibit  less  efficiency,  implying  a  sensitivity  to  variations  of 
P„.  'Phis  is  illustrated  by  comparing  Figures  C.l.l,  C.1.2.  and  C.1.3  with  Figures  C.1.4  through 
C.1.9.  Note  that  the  plots  in  the  latter  group  of  figure-';  show  large  transients,  while  plots  in  the 
first  group,  (associated  with  P„  equal  to  zero)  do  not.  The  cause  of  these  tiansients  is  thaefore 
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attributed  to  the  combination  of  the  initial  condition  (set  arbitrarily  to  1  pixel)  and  the  absence  of 
measurements,  averaged  over  the  ten  Monte  Carlo  runs. 

At  tf,  the  filter’s  performance  remains  consistent,  as  opposed  to  the  sensitivity  of  the  error 
standard  deviations  at  time  to  parameter  variations;  this  indicates  that  the  filter’s  propagated 

estimates  maintain  a  degree  of  insensitivity  to  variations  within  the  parameter  set.  Tnis 
insensitivity  of  the  standard  deviation  at  t,'  can  be  attributed  to  the  propagation  errors  which 
dominate  the  performance  characteristics.  Table  6.4  lists  a  subset  of  the  error  statistics  for  the 
one-state  Doppler  return  filter.  One  can  examine  the  mean  errors  at  ti  and  t*  and  notice  their 
erratic  pciformance  (although  still  centered  about  zero  mean,  i.e.,  of  much  smaller  magnitude  than 
the  standard  deviation)  in  contrast  to  the  systematic  behavior  of  the  la  values  at  t,'  and  t*.  It  is 
apparent  that  the  ia  values  at  t,'  are  relatively  stable,  whereas  those  at  t*  increase  with  increasing 
X  and  P„ ,  and  decreasing  SNR.  To  compare  the  one-state  Doppler  filter  to  the  one-state  speckle 
return  filter  of  the  previous  thesis.  Table  6.5  lists  the  error  statistics  Evans  [6]  achieved  without 
including  the  effects  of  the  plume’  speckle  reflectance.  Clearly,  with  the  shorter  wavelengths,  the 
one-state  Doppler  return  filter  achieved  better  values  of  la  at  t;  throughout  the  SNR  and 
range  as  compared  to  the  one-state  speckle  return  filter.  Furthermore,  the  one-state  Doppler  filter 
performance  is  undoubtedly  superior  when  Table  6.4  is  also  compared  with  Table  6.1,  which 
properly  reflects  the  impact  of  the  plume  speckle  bias  on  the  one-state  speckle  filter  (whereas 
Table  6.5  artificially  does  not). 
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Table  6.4  One-State  Doppler  Filter  Error  Statistics  (in  Pixels) 


A„pm  SNR 


.53  10 


mean(r,‘) 

meanCf/"*) 

lo(0 

la(r/) 

0.0 

-.30391E-4 

.13079E-3 

.14402E+0 

.28674E-2 

.01 

.13520E-3 

.14715E-2 

.14436E+0 

.12484E-1 

.02 

-.55185E-3 

.16988E-2 

.14479F+0 

.18428E-1 

.03 

■.85223E-3 

.9493 lE-3 

.14461E+0 

.29420E-1 

.04 

-.44544E-3 

.85601E-4 

.14509E+0 

.36668E-1 

.05 

.2758  lE-3 

.64996E-3 

.14478EfO 

.39320E-1 

.10 

.44882E-3 

.50387E-3 

.14477EfO 

.70834E-1 

.20 

.31482E-2 

.39645E-2 

.14495E+0 

.11249E+0 

.30 

.30750E-2 

.32894E-2 

.14520B+0 

.12629E+0 

0.0 

.51095E-4 

.23792E-3 

.14399E+0 

.45304E-2 

.01 

-.68101E-4 

.15506E-2 

.14437E+0 

.14030E-1 

.02 

-.48477E-3 

.17917E-2 

.14485EfO 

.19918E-1 

.03 

-.78556E-3 

.lOllOE-2 

.14457E+0 

.30657E-1 

.04 

-.38538E-3 

.14446E-3 

.14507E+0 

.37841E-1 

.05 

.46723E-5 

.38337E-3 

.14528E+0 

.43738E-1 

.10 

.49465E-3 

.53090E-3 

.14477B40 

.71501E-1 

.20 

.31985E-2 

.40154E-2 

.  14501 E+0 

.11270E+0 

.30 

.31100E-2 

.33113E-2 

.14521E+0 

.12634E+0 

0.0 

.36007E-3 

.36858E-3 

.14399E+0 

.10843E-1 

.01 

.18846E-3 

.18493E-2 

.14439B+0 

.19898E-1 

.02 

-.23438E-3 

.21442E-2 

.14510E+0 

.25584E-1 

.03 

-.53112E-3 

.12396E-2 

.14440E+0 

.35400E-1 

.04 

-.14913E-3 

.37758E-3 

.14500E40 

.42347E-1 

.05 

.30485E-3 

.65790E-3 

.14549E+0 

.47879E-1 

.10 

.66959E-3 

.64378E-3 

.14476Bf0 

.74103E-1 

.20 

.3390  lE-2 

.42120E-2 

.14529E+0 

.11359E40 

.30 

.32428E-2 

.33960E-2 

.14328E+0 

.12665E^O 
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A.,ym  SNR 


10.5  10 


mean(/;) 

mean(^/) 

msm 

la(C) 

.66680E-3 

.89720E-3 

.14401E+0 

.17082E-1 

.44332E-3 

.2133  lE-2 

.14444EfO 

.25713E-1 

.17095E4 

.24826E-2 

.14333E44) 

.31197E-1 

-.2795  lE-3 

.14609E.2 

.14426E+0 

.40153E-1 

.92439E4 

.60917C-3 

.14495E+0 

.46868E-1 

.60920E-3 

.93585E-3 

.14569Ef0 

.52037E-1 

.84940E-3 

.77198E-3 

.14478E+0 

.76803E-1 

.35800E-2 

.44078E-2 

.14560E+0 

.11463E+0 

.33720E-2 

.34791E-2 

.14543E+0 

.12712E+0 

.26115E-2 

.29295E-2 

.14534E+0 

.53274E-1 

.20358E-2 

.36996E-2 

.14583E+0 

.59557E-1 

.16022E-2 

.43570E-2 

.14770E-HO 

.63928E-1 

.13037E-2 

.27672E-2 

.14480E4-0 

.6S595E-1 

.16703E-2 

.20807E-2 

.14594E+0 

.74279E-1 

.2373 lE-2 

.27723E-2 

.14776E+0 

.77298E-1 

.20497E-2 

.18295E-2 

.14653E+0 

.95123E-t 

.47999E-2 

.57305E-2 

.14890E+0 

.12380E+0 

.42102E-2 

.41334E-2 

.14854E+0 

.13309E+0 

.4263  lE-2 

.45982E-2 

.14876E-MD 

.78044E-1 

.33884E-2 

.48892E-2 

.14910Ef0 

.82539E-1 

.29406E-2 

.57096E-2 

.15147E+0 

.86402E-1 

.26006E-2 

.38282E-2 

.14766Ef0 

.88773E-1 

.30213E-2 

.32559E-2 

.14908E+0 

.94020E-1 

.42438E-2 

.43537E-2 

.15119E+0 

.95596E-1 

.3054 lE-2 

.28026E-2 

.15063E40 

.11036E+0 

.53283E-2 

.69039E-2 

.15386^ 

.13345E+0 

.4993  lE-2 

.48497E-2 

.15373E+0 

.14073E40 

0-11 


Table  6,2  One-State  Speckle  Return  Filter  Statistics  Without  Plume  Reflectance  (in  Pixels)  [6] 


6.4  Two-State  Modified  MAP  MMAF 

The  algorithm  for  the  two-state  Modified  MAP  MMAF  allows  the  speckle  return 
measurements  to  be  taken  every  sample  period,  to  aid  the  estimation  process  especially 
wheneverthe  hardbody-induced  Doppler  return  becomes  undetectable  (Section  5.3.2).  The 
circumstances  that  cause  an  indistinguishable  hardbody-induced  Doppler  return  are  embodied  in 
the  probability-of-miss  (P„ )  parameter.  However,  there  is  a  second  category  of  events  that 
requires  investigation,  namely,  the  instances  where  the  low-energy  laser  return  is  not  received 
(either  due  to  bending  or  attenuation  of  the  returning  signal  as  it  propagates  the  2000  km  range, 
or  due  to  signal  losses  within  the  receiving  equipment).  Consequently,  under  these  conditions, 
neither  speckle  nor  Doppler  return  measurements  are  generated  and  the  filter  merely  continues  to 
propagate  its  most  recent  estimates. 

To  accommodate  the  two  preceding  categories,  the  sensitivity  analysis  for  the  two-state 
Modified  MAP  MMAF  is  conducted  under  two  case  conditions.  Case  1  encompasses  the 
complete  loss  of  the  low-energy  laser  return  signal  and  neither  measurement  is  provided  at  the 
specific  sample  time.  In  Case  2,  the  speckle  return  measurements  are  provided  continuously 
during  instances  of  undetectable  hardbody-induced  Doppler  reUirn.  Appendices  E  and  F  contain 
the  respective  statistical  plots  for  Cases  1  and  2,  respectively.  For  a  given  set  of  parameters,  the 
plots  portray  the  filter’s  performance  in  estimating  the  offset  distance  state  and  the  bias  state 
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caused  by  the  plume’s  speckle  reflectance.  The  plots  of  the  bias  estimation  errors  are  included 
simply  for  completeness.  The  discussion  and  comparison  of  filter  performance  focuses  upon  the 
offset  estimation  errors,  which  are  of  importance  to  this  research. 

6.4.1  Case  1:  The  Loss  of  Both  Returns.  As  mentioned  in  Section  5.3.2,  the 
measurements  provided  to  the  two-state  Modified  MAP  MMAF  generally  consist  of  the  hardbody- 
induced  Doppler  return  and  the  hardbody-induced  speckle  return  which  is  biased  90%  of  the  time 
by  the  plume’s  speckle  reflectance.  This  case  not  only  considers  the  loss  of  both  returns,  but  also 
provides  the  opportunity  to  observe  the  effectiveness  of  the  filter’s  adaptiveness  once  the 
measurements  resume  (Section  5.3.2.2),  i.e.,  the  estimate  associated  with  the  filter  which  provides 
the  "best"  residual  is  selected  as  being  most  the  most  probabilistically  correct  for  the  given  sample 
time. 


The  plots  in  Appendix  E  reveal  those  instances  in  which  the  filter  produced  the  wrong 
estimate.  Such  is  the  case  in  Figure  E.1.3,  where  the  lo  values  at  t*  occasionally  expand,  or 
"spike."  Evidently,  the  wrong  choice  of  "best"  residual  was  made  at  those  times  when  the 
magnitude  of  the  measurement  noises  caused  the  less  precise  hypothesis  to  be  favored.  However, 
it  is  significant  to  note  the  filter’s  immediate  recovery  once  subsequent  measurements  are  received. 
Referring  to  Figure  E.1.2,  the  la  values  at  t,\  (which  indicate  the  quality  of  the  control  signals 
for  the  FLIR  sensor  controller)  appear  stable  and  well-behaved.  Figures  E.1.7  through  E.1.12 
illustrate  the  impact  of  invoking  the  probability-of-miss.  Although  the  la  values  at  </  remain 
relatively  unchanged,  the  la  values  at  t,*  are  more  erratic,  a  behavior  attributed  to  the  combination 
of  incorrect  state  estimates  and  the  propagation  of  state  estimates  when  measurements  are  not 
available.  With  P„  equal  to  0.30,  the  filter’s  performance  degrades  notably,  as  seen  in  Figures 
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E.1.13  through  E.1.18.  I  he  same  pattern  is  noticeable  for  \  equal  to  2.01  pm,  as  seen  in  Figures 
E.3.1  through  E.3.18. 

For  the  longer  wavelengths,  the  filter’s  perforruance  becomes  sensitive  to  increases  in 
as  illustrated  in  Figures  E.3.1  through  E.6.18  with  X  equal  to  10.5  pm.  To  refer  back  to  Table 
6.3,  the  measurement  noise  variance  of  the  10.3  pm  Doppler  remm  is  now  two  orders  of 
magnitude  greater  than  the  variance  for  X  equal  to  0.53  pm.  In  addition,  the  10.5  pm  Doppler 
return  measurement  noise  variance  is  also  greater  than  the  speckle  return  measurement  variance. 
In  Figure  E.5.3,  note  the  different  characteristics  in  the  a  values.  The  recovery  from  a  wrong 
estimate  is  no  longer  a  "spike"  with  a  quick  return,  but  extended  periods  of  expansion.  As  Figures 
E.6.14  and  E.6.15  show,  the  filter’s  performance  further  degrades  with  an  increase  in  to  a  point 
where  the  filter  successively  generates  incorrect  state  estimates.  This  behavior  is  brought  about 
by  the  increase  in  measurement  noise  and  P„  such  that  the  correctness  of  the  two  hypothesis 
become  less  discernible  in  the  residual  characteristics. 

The  extent  of  this  deterioration  can  be  seen  in  Tabic  6.6,  which  lists  the  true  offset  error 
statistics  for  Case  1.  Similar  to  the  one-state  Doppler  filter,  the  true  mean  errors  of  Table  6.6  are 
not  systematic  and  offer  little  insight  into  the  filter’s  performance;  they  are  very  small  compared 
to  the  standard  deviation,  as  seen  in  the  previous  case.  Nonetheless,  trends  can  again  be  observed 
in  the  lo  values  at  ti'  and  t,''.  The  pattern  of  these  values  confirm  that  the  filter  performs  well 
with  the  shorter  wavelengths.  Note  that,  while  the  values  for  la  at  t,'  remain  relatively  stable,  the 
la  values  at  t*  grow  methodically  with  an  increase  in  X  and  P„ ,  along  with  a  decrease  in  SNR. 
At  X  equal  to  10.5  pm,  the  filter’s  performance  becomes  unacceptable. 
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Table  6.6  Two-State  Modified  MAP  MMAF  Offset  Error  Statistics  for  Case  1  (in  Pixels) 


A„nm 

SNR 

meaii(/,‘) 

niean(r/) 

la(0 

la(r;) 

.53 

10 

0.0 

.33822E-4 

-.18678E4 

.14904E+0 

.31945E-2 

.01 

-.39903E-3 

.32347E-3 

.14932E+0 

.12852E-1 

.02 

-.89191E-3 

.43935E-3 

.14954E+0 

.18845E-1 

.03 

-.12107E-2 

-.24677E-3 

.14989E+0 

.30205E-1 

.04 

-.69277E-3 

-.97808E-3 

.14988E+0 

.37893E-1 

.03 

-.13571E-3 

..38331E-3 

.15000E44) 

.44448E-1 

.10 

.27966E-3 

-.33659E-3 

.15038E+0 

.72172E-1 

.20 

.13996E-2 

.20021 E-2 

.15063E+0 

.11733E+0 

.30 

.13357E-2 

.16175E-2 

.15053E+0 

.13116Ef0 

4 

0.0 

-.13042E-5 

-.52716E-4 

.14895E+0 

.41866E-2 

.01 

-.47029E-3 

.25518E-3 

.14927E+0 

.13865E-1 

.02 

■.94834E-3 

.37101E-3 

.14949E+0 

.19772E-1 

.03 

-.12849E-2 

-.34905E-3 

.14986E+0 

.31022E-1 

.04 

..81988E-3 

-.11022E.2 

.14972E40 

.38708E-1 

.05 

-.23337E-3 

-.49898E-3 

.14983E+0 

.45154E.1 

.10 

.21631E-3 

-.43852E-3 

.15030E-IO 

.72594E-1 

.20 

.13713E-2 

.19594E-2 

.15054E+0 

.11738F-+0 

.30 

.12517E-2 

.15399E-2 

.15044E+0 

.13112E+0 

2.01 

10 

0.0 

-.45957E-3 

-.49394E-3 

.14870E+0 

.12443E-1 

.01 

-.12408E-2 

-.23504E-2 

.14747E40 

.20557E-1 

.02 

■.69788E-3 

-.20630E-2 

.14232E+0 

.26077E-1 

.03 

-.10382E-2 

-.89523E-3 

.14823E-k0 

.37409E-1 

.04 

-.49185E-3 

-.13671E-2 

.14797E40 

.45259E-1 

.05 

.i9771E-3 

.37456E-3 

.14733E+0 

.49297E-1 

.10 

-.17322E-2 

-.12557E-2 

.15180E+0 

.76836E-1 

.20 

.87361E-3 

.87518E-3 

.15014E40 

.10868E-I4) 

.30 

.18422E-1 

.18320E-1 

.15178E+0 

.13459E-I4) 
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A., urn  SNR 


10.5  10 


mean(V) 

mean(f/) 

lo(0 

loa;) 

-.32932E-2 

-.31397E-2 

.14971E+0 

.22819E-1 

-.33141E-2 

-.32291E-2 

.15189Ef0 

.32314E-1 

-.98558E-3 

-.13796E-2 

.14561E+0 

.31069E-1 

-.40762E-2 

-.42124E-2 

.13748E+0 

.51092E-1 

-.32898E-3 

.11863E-2 

.13978E+0 

.46989E-1 

.30116E-3 

-.10566E-2 

.14657EfO 

.53971E-1 

■.23768E-2 

-.31636E-2 

.14960E+0 

.73933E-1 

■.13304E-2 

-.22255E-2 

.14749E+0 

.10642E+0 

.19264E-2 

.31013E-2 

.14733E+0 

.12655E+0 

-,21071E-1 

-.20738E-1 

.18448E+0 

.84377E-1 

-.16689E-1 

-.15960E-1 

.17880E+0 

.84557E-1 

-.20723 E-1 

-.18649E-i 

.18634E+0 

.97423E-1 

-.17178E-1 

-.16382E-1 

.17808E+0 

.93890E-1 

-.29128E-1 

-.29388E-1 

.19848BfO 

.13033E+0 

-.26703E-1 

-.27624E-1 

.19660&f0 

.13089E40 

-.26909E-1 

-.27012E-1 

.19716E+0 

.14193E+0 

-.26618E-1 

-.26112E-1 

,20074E+0 

.17841E+0 

-.35108E-1 

-.34632E-1 

.21324E-K) 

.20015E+0 

-.23786E-1 

-.23439E-1 

.19198E40 

,99170E-1 

-.16894E-1 

-.16176E-1 

.18136E+0 

.92106E-1 

-.21026E-1 

-.18947E-1 

.18884E+0 

.10353E40 

-.17262E-1 

-.16431E-1 

.18008E-KJ 

.99596E-1 

-.32105E-1 

-.32382E-1 

.20460EK) 

.14033E40 

-.47341E-1 

-.47771 E-1 

.23468E+0 

.i8432E+0 

-.28458E-1 

-.28269E-1 

.20094E+0 

,14764E+0 

■.30184E-1 

-.29689E-1 

.20984E+0 

.18882E40 

-.35536E-1 

-.35092E-1 

,21675E+0 

.20395E-fO 
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6.4.2  Case  2:  Continuously  Available  Speckle  Returns.  As  mentioned  earlier,  the  two- 
state  Modified  MAP  MMAF  in  this  case  functions  with  the  P„  parameter  exclusively  affecting  the 
Doppler  return  (the  hardbody-induced  Doppler  return  becomes  indistinguishable  from  that  of  the 
plume).  Under  these  circumstances,  the  filter  operates  under  the  assumption  that  the  bias  caused 
by  the  plume’s  speckle  reflectance  is  in  the  speckle  return  measurement  (Section  5.3. 2.2).  Even 
though  this  is  true  only  90%  of  the  time,  the  bias  cannot  be  actively  estimated  when  the  Doppler 
measurement  is  unavailable  (due  to  the  inherent  observability  problem  with  only  the  speckle 
measurement).  Therefore,  the  most  recent  bias  value  is  as,«umed  to  persist  in  all  speckle 
measurements  until  Doppler  measurements  return  and  active  bias  estimation  can  resume.  As  the 
plots  in  Appendix  F  show,  the  filter’s  performance  is  almost  similar  to  Case  1.  Figures  F.5.1 
tlu  ough  F.6.10  show  the  same  pattern  of  extended  periods  of  incorrect  estimates  as  compared  to 
Figures  E.5.1  through  E.5.10.  However,  the  figures  for  Case  2  in  Appendix  F.4  begin  to  exhibit 
longer  transient  timesbefore  reaching  a  steady  state.  This  initial  behavior  occurs  in  Case  2  since 
the  configuration  of  the  measurement  distribution  matrix  is  forced  to  include  the  bias  state 
whenever  the  Doppler  return  is  undetectable,  thus  providing  more  opportunities  to  select  the  wrong 
hypothesis  (Section  3. 3. 2, 2).  However,  there  is  some  improvement  in  the  estimates,  which  can 
be  credited  to  the  constant  availability  of  the  speckle  return  measurements.  For  instance, 
comparing  Figure  E.6.9  with  F.6.9  (the  results  of  these  plots  are  actually  not  acceptable,  but  they 
clearly  illustrate  the  improvement  gained  by  having  continuous  specIvUv  return  measurements) 
shows  that  Case  2’s  performance  does  not  deteriorate  as  much  as  Case  1  ’s.  Although  a  longer 
initial  transient  is  seen  for  Case  2  (Figure  F.6.9),  one  can  note  the  smaller  values  of  a  and  the 
better  recovery  ability.  This  better  performance  is  confirmed  by  comparing  Table  6.7  to  Table 
6.6  and  noting  the  improvement  in  the  la  values. 
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Tabic  6.7  Two-State  Modified  MAP  MMAF  Offset  Error  Statistics  for  Case  2  (in  Pixels) 


A„pm 

SNR 

wm 

mean(r,‘) 

mean(/,) 

la(r;) 

la(0 

,53 

10 

0.0 

0.33822E-4 

-0.18678E-4 

0.14904Ef0 

0.31945E-2 

.01 

■0.10650E-3 

-0.25523E-3 

0.14831E+0 

0.53584E-2 

.02 

0.27202E-3 

0.11516E-3 

0.14269E+0 

0.795 14E-2 

.03 

-0.43156E-3 

-0.16704E-3 

0.14806E-K) 

0.13082E-1 

.04 

-0.37338E-3 

-0.14840E-3 

0.14744E4O 

0.15582E.1 

.03 

-0.11909E-3 

0.20641  E-4 

0.14750E+0 

0.19875E-1 

.10 

.0.11103E-2 

-0.11407E-2 

0.15249E-<-0 

0.34393E.1 

.20 

0.56603E-4 

0.2748 lE-3 

0.14906E+0 

0.52569E-1 

.30 

-0.44194E-3 

-0.32322E-3 

0.14890E+0 

0.72982E-1 

4 

0.0 

-0.424 14E-3 

-0.33754E-3 

0.14842E+0 

0.56773E-2 

.01 

-0.91824E-3 

-0.575 12E-3 

0.14887E+0 

0.82736E-2 

.02 

0.43942E-3 

0.38938E-3 

0.14511E-K) 

0.10417E-1 

.03 

-0.12666E-2 

-0.12221E-2 

0.15557E+0 

0.17398E-1 

.04 

0.41729E-3 

0.92052E-3 

0.13861E-H0 

0.16539E-1 

.05 

0.58756E-4 

0.18977E-3 

0,14590E-K) 

0.21870E-1 

.10 

-0.21232E-2 

-0.1797  IE-2 

0.14866E+0 

0.34161E-1 

.20 

-0.26346E-2 

-0.26733E-2 

0.14541E+0 

0.52123E-1 

.30 

-0.13965E-2 

-0.12422E-2 

0.14380E+0 

0.73377E-1 

2.01 

10 

0.0 

-0.45957E-3 

-0.49394E-3 

0.14870E+0 

0.12443E-1 

.01 

-0.86927E-3 

-0.10)56E-2 

0.14819E-H) 

0.15144E-1 

.02 

-0.10440E-2 

-0.12024E-2 

0.14232E+0 

0.17888E-1 

.03 

-0.18569E-2 

-0.16089E-2 

0.14759E-I4) 

0.22171E-1 

.04 

-0.12858E-2 

-0.10667E-2 

0.14644E-I4) 

0.23761E-1 

.05 

-0.47967E-3 

-0.3461 7E-3 

0.14755E-K) 

0.26227E-1 

.10 

-0.30232E-2 

-0.3041  lE-2 

0.15131ii+0 

0.41426E-1 

.20 

-0.11163E-2 

-0.898 14E-3 

0.14899E+0 

0.57322E-1 

.30 

-0.2135  lE-2 

-0.2030 lE-2 

0.14803E+0 

0.75903E.1 

A„pni  SNR 


10.5  10 


p. 

mean(/,') 

mean(f,) 

lo(0 

10(0 

0.0 

-0.23257E-2 

••0.22422E-2 

0.15023E+0 

0.22428E-1 

.01 

■0.20302E-2 

-0.16982E-2 

0.15005E+0 

0.21492E-1 

.02 

-0.10081E-2 

-0.10582E-2 

0.14491E+0 

0.23964E-1 

.03 

-0.4225  lE-2 

-0.4181  lE-2 

0.15707E+0 

0.33630E-1 

.04 

-0.61153E-3 

-0.11602E-3 

0.13876E+0 

0.27786E-1 

.05 

-0.40743E-3 

-0.28042E-3 

0.14638E+0 

0.31682E-1 

.10 

-0.33908E-2 

-0.31044E-2 

0.14984E+0 

0.43704E-1 

.20 

-0.56010E-2 

•0.58369E-2 

0.14825E+0 

0.626 16E-1 

.30 

-0.43593E-2 

-0.41875E-2 

0.14626E+0 

0.79954E-1 

0.0 

-0.21071E-1 

-0.20738E-1 

0.18448E+0 

0.84377E-1 

.01 

-0.13267E-1 

-0.13409E-1 

0.17218E+0 

0.70387E-1 

.02 

-0.19407E-1 

-0.19548E-1 

0.17415E-(-0 

0.83323 E-1 

.03 

-0.18826E-1 

-0.18930E-1 

0.17470E+0 

0.79366E-1 

.04 

-0.63974E-2 

-0.62002E-2 

0.15939E+0 

0.57878E-1 

.05 

-0.74758E-2 

-0.7368  lE-2 

0.16349E-I4) 

0.62397E-1 

.10 

-0.12305E-1 

-0.12303E-1 

0.1 6461 E+0 

0.76550E-1 

.20 

-0.2008  lE-1 

-0.202 17E-1 

0.17927E+O 

O.I0990E+0 

.30 

-0.40824E-1 

-0.40763E-1 

0.21284E+0 

0.16459E+0 

0.0 

-0.23344E-1 

-0.23223E-1 

0.19079E+0 

0.10238E+0 

.01 

-0.18769E-1 

-0.18477E-1 

0.18358E+0 

0.90538E-1 

.02 

-0.16465E-1 

-0.16187E-1 

0.17719E+0 

0.87058E-1 

.03 

-0.27113E-1 

-0.27153E-1 

0.19645E-*O 

0.10856E+0 

.04 

-0.28952E-1 

-0.281 38E-1 

0.19392E-M3 

0.12448E+0 

.05 

-0.67151E-4 

0.35709E-5 

0.15185E+0 

0.546 15E-1 

.10 

-0.33658E-1 

-0.33433E-1 

0.20460E+0 

0.13460E+0 

.20 

-0.32079E-1 

-0.32443E-1 

0.19449E+0 

0.13145E+0 

.30 

-0.28231E-1 

-0.27757E-1 

0.18730E-f0 

0.13638E+0 
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(5.5  Comparison  of  the  One-state  Filter  and  the  Two-State  Modified  MAP  MMAF 

This  section  compiles  and  compares  the  performance  results  of  the  one-state  Doppler  filter, 
and  Cases  1  and  2  of  the  two-state  Modified  MAP  MMAF.  The  compiled  results,  contained  in 
Appendix  G.  are  plotted  to  show  the  sensitivity  of  the  filters  to  variations  in  the  parameters  of 
wavelength,  signal-to-noise  ratio,  and  probability-of-miss  at  and  t*.  Appendix  G  is  divided  into 
two  subappendices;  Appendix  G.  1  contains  graphs  that  present  a  set  of  parametric  curves  that  give 
RMS  errors  (in  units  of  pixels)  as  functions  of  wavelength  for  various  SNR’s  and  for  a  given 
value  of  P„ ,  and  Appendix  G.2  contains  graphs  that  show  a  set  of  parametric  curves  that  give 
RMS  errors  as  functions  of  wavelength,  for  various  values  of  P„  and  for  a  given  value  of  SNR. 
Each  figure  has  three  graphs,  arranged  to  present  the  performances  of  the  one-state  Doppler  filter, 
and  the  two  cases  of  the  two-state  Modified  MAP  MMAF,  concurrently.  Additionally,  for  each 
subappendix,  the  results  at  f  are  presented  first,  followed  by  the  results  at  //,  to  illustrate  the 
pattern  of  errors  that  result  from  state  estimate  propagation.  One  should  be  aware  of  the  change 
of  scale  of  the  RMS  errors  axis  when  transitioning  from  t,'*'  to  t[. 

In  Appendix  G.l,  one  notes  the  general  increase  in  RMS  errors  as  P„  increases  and/or 
SNR  decreases  at  both  (/  and  //.  At  t*,  the  parametric  curves  of  the  one-staie  Doppler  filter 
appear  constant,  and  as  Figures  G.1.1  through  G.1.6  show,  the  slope  of  the  curves  decreases  as 
P„  increases.  The  paiametric  curves  for  Case  1  and  2  of  the  two-state  Modified  MAP  MMAF  are 
not  as  structured  and  stray  at  the  longer  wavelengths.  This  irregular  behavior  suggests  that  more 
than  ten  Monte  Carlo  runs  should  be  performed  to  smooth  the  data  in  order  to  reveal  the  patterns 
more  adequately,  In  Case  1,  the  curves  at  shorter  wavelengths  (less  than  2.01  pm)  do  possess 
some  readable  patterns.  As  P„  increases,  the  slope  of  the  curves  begin  to  decrease,  and  as  Figures 
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G.1.4(b)  through  G.1.6(b)  illustrate,  the  curves  reacquire  an  increase  in  slope,  causinf  n  "basin" 
phenomenon  to  develop  for  a  range  of  wavelengths  less  than  2.01  pm,  at  P„  greater  than  or  equal 

I 

I 

to  0. 10.  The  occurrence  of  the  "basin"  within  a  region  of  wavelengths  implies  a  balance  between 
the  propagation  of  the  state  estimates  and  the  contribution  of  noise-corrupted  speckle  return 
measurements.  With  lesser  values  of  P„  ,  the  filter  receives  both  Doppler  and  speckle  return 
measurements  more  frequently.  As  P„  increases,  an  equilibrium  point,  within  a  range  of 
wavelengths,  is  reached  where  merely  propagating  the  state  estimates  is  more  advantageous  to  the 
filter,  instead  of  receiving  a  measurement.  This  rational  is  supported  by  recalling  the  small  values 
of  dynamics  noise  variance  that  resulted  from  tuning  the  two-state  Modified  MAP  MMAF 
(Section  5. 3.3.6)  is  now  the  dominant  driver  of  the  propagation  errors.  Also,  an  examination  of 
Tables  6.4  and  6.6  shows  that  the  inclusion  of  the  speckle  return  in  the  measurements,  along  with 
the  concurrent  absence  of  both  returns,  increases  the  error  standard  deviations  as  compared  to 
using  Doppler  measurements  alone.  Thus,  in  a  region  of  wavelengths  less  than  2.01  pm,  the 
absence  of  measurements  (corresponding  to  an  increase  in  PJ  is  an  advantage,  where  it  is  more 
beneficial  for  the  filter  to  rely  instead  on  using  its  dynamics  model  to  propagate  the  most  recent 
state  estimates.  However,  note  that  even  though  the  "basin"  occurs,  the  RMS  errors  remain  larger 
than  Case  2’s. 

In  Figures  G.1.1  through  G.1.6,  a  comparison  at  the  shorter  wavelength  region  of  Case 
2  with  Case  1  reveals  a  slower  growth  rate  of  RMS  errors.  Although  the  curves  do  not  exhibit 
the  decreasing  slope  or  "basin"  phenomenon,  the  RMS  errors  remain  less  than  those  of  botli  Case 
1  and  the  one-state  Doppler  filter.  This  exceptional  performance  can  be  substantiated  by  realizing 
that,  unlike  Case  1,  the  offset  state  estimates  are  continually  updated  by  virtue  of  the  unhindered 
speckle  return  measurements.  Thus,  the  propagation  errors  do  not  grow  as  large  as  in  Case  1 ,  and 
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the  improved  performance  of  Case  2  over  Case  1  shows  that  the  filter  obviously  functions  better 
with  one  measurement,  corrupted  as  it  may  be,  rather  than  no  measurement.  Based  on  these 
results,  using  continuous  speckle  return  measurements  can  indeed  compensate  for  the  loss  of  the 
hardbody-induced  Doppler  return. 

At  (note  the  change  in  scale  compared  to  the  case  of  t*),  the  one-state  Doppler  filter’s 
errors  are  relatively  constant  at  the  shorter  wavelengths.  Curves  at  the  longer  wavelengths  display 
a  tendency  to  spread,  although  the  differences  in  errors  are  minuscule.  In  contrast,  the  curves  of 
Case  1  and  2  begin  to  spread  at  wavelengths  beyond  2.01  pm.  Furthermore,  the  same  "basin" 
pattern  of  Case  1  is  seen  in  Figures  G.  1.8(b)  through  G.  1.1 2(b).  Generally,  the  one-measurement 
filter  achieves  the  best  results  at  r/,  with  Case  2  of  the  two-measurement  filter  configuration 
slightly  outperforming  Case  1. 

The  graphs  of  Appendix  G.2  show  parametric  curves  that  give  RMS  errors  as  functions 
of  wavelength,  for  a  number  of  values  of  P„  and  for  a  given  value  of  SNR.  For  the  one-state 
Doppler  filter  at  //,  it  is  evident  that  decreasing  SNR  has  little  effect,  as  compared  to  increasing 
Although  the  plots  for  Cases  1  and  2  also  suggest  a  need  for  more  Monte  Carlo  runs  (as  seen 
previously),  one  can  also  observe  an  insensitivity  to  SNR,  Figures  G.2. 1(b)  and  (c)  through 
G.2.4(b)  and  (c),  illustrate  that,  at  the  shorter  wavelengths,  for  SNR  equal  to  10,  8,  6,  and  4,  the 
RMS  errors  are  relatively  unchanged. 

At  similar  insensitivity  to  decreases  in  SNR  is  apparent  in  the  one-state  Doppler  filter, 
and  for  the  shorter  wavelengths  of  Cases  1  and  2.  For  a  given  SNR,  the  parametric  curves  of  the 
one-state  Doppler  filter  are  nearly  horizontal  and  concentrated  at  the  shorter  wavelengths,  As  the 
SNR  decreases,  the  curves  become  slightly  less  dense  as  the  wavelengths  increase,  which  signifies 
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less  precise  measurements  due  to  the  increase  in  measurement  noise  variance.  However,  the 
relative  flatness  of  tlie  curves  is  attributed  to  two  factors.  First,  as  seen  in  Equation  (4-61),  the 
measurement  noise  variance  is  inversely  proportional  to  the  square  root  of  the  SNR  value.  Hence, 
a  decrease  in  SNR  within  the  given  range  of  values  invokes  small  increases  in  measurement  noise 
variance.  Second,  the  propagated  state  estimates  remain  accurate  whenever  a  measurement  is 
missing  due  to  the  elementary  form  and  adequacy  of  the  one-measurement  filter’s  dynamics 
model.  This  type  of  insight  is  not  as  obvious  in  Case  1  or  2,  although  the  divergence  of  the 
curves  does  imply  less  precise  measurements,  particularly  when  the  Doppler  return  measurement 
noise  variance  approaches  and  exceeds  that  of  the  speckle  return.  The  divergence  is  further 
compounded  by  the  occasional  wrong  estimates  of  the  two-state  Modified  MAP  MMAF  due  to 
choice  of  the  wrong  hypothesis  in  the  adaptive  decision  process.  However,  in  the  region  of 
shorter  wavelengths.  Case  2  consistently  displays  better  performance  than  Case  1,  proving  the 
benefit  of  continuously  available  speckle  returns. 

6.6  Summary 

This  chapter  presented  the  results  and  findings  of  this  thesis.  The  performance  of  the  one- 
state  speckle  return  filter  was  shown  to  exhibit  the  effects  of  the  plume’s  speckle  reflectance.  As 
anticipated,  the  offset  estimates  were  biased  by  a  corresponding  amount  of  plume  speckle  return. 
Graphical  and  tabular  results  of  a  sensitivity  analysis  conducted  on  the  one-state  Doppler  filter  and 
two-state  Modified  MAP  MMAF  were  presented  and  discussed.  The  results  were  compiled  and 
incorporated  into  two  graphical  sets  of  parametric  curves  which  were  utilized  to  compare  the 
performances  of  the  Doppler  filters.  In  general,  each  filter’s  performance  at  t*  showed  a 
sensitivity  to  changes  in  P„  and  SNR,  whereas  the  performance  at  t,'  was  consistent,  revealing 
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a  degree  of  tolerance  to  the  parameter  variations  at  //.  Although  this  tolerance  is  largely  due  to 
the  propagation  errors  that  dominate  the  performance  characteristics,  the  consistent  behavior  at  t,' 
signifies  that  the  propagated  control  signals  to  the  FLIR  sensor  controller  will  also  be  dependable. 
Overall,  the  center-of-mass  filters  all  exhibited  less  sensitivity  to  variations  in  SNR  values  than 
in  P„  values.  In  the  shorter  wavelengths,  the  two-state  Modified  MAP  MMAF,  Case  2, 
outperformed  both  Case  1  and  the  one-state  Doppler  filter.  Its  superior  performance  results  from 
the  constant  update  of  the  offset  state,  thus  decreasing  the  propagation  errors.  The  performance 
not  only  attests  to  the  advantage  of  using  aU  available  measurement  sources,  but  also  confirms  that 
the  continuous  speckle  return  is  a  viable  backup  during  the  loss  of  Doppler  returns. 
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VU.  Conclusions  and  Recommendations 


7.1  Introduction 

This  chapter  presents  the  conclusions  based  upon  the  results  in  Chapter  6  and  suggests 
topics  for  further  research.  This  thesis  has  been  a  feasibility  study  of  employing  Doppler  for  a 
finer  discernment  of  a  target  missile  plume/hardbody  interface  than  is  possible  from  the  speckle 
return  from  a  low-power  laser.  Presented  in  Section  7.2  are  the  conclusions  derived  from  the 
sensitivity  analysis  conducted  on  the  one-state  Doppler  filter  and  the  two-state  modified  MAP 
MMAF.  Section  7.3  coveis  the  recommendations  that  arise  firom  this  study. 

7.2  Conclusions 

The  results  show  the  viability  of  utilizing  Doppler  return  measurements  with  a  linear 
Kalman  filter  in  the  estimation  of  the  location  of  the  missile  hardbody  center-of-mass.  A  key 
consideration  in  making  the  Doppler  phenomenon  workable  in  the  tracking  scenario  is  the  distinct 
contrast  between  the  plume  and  hardbody-induced  Doppler  spectra.  Based  on  these  differences, 
a  model  which  represents  offset  measurements  derived  from  the  hardbody-induced  Doppler  return 
was  developed.  For  the  model,  no  attempt  was  made  to  simulate  the  actual  Doppler  phenomenon. 
Rather,  the  approach  was  based  upon  simulating  the  quality  of  the  low-energy  laser  return  as  a 
functicn  of  wavelength  and  signal-to-noise  ratio,  and  simulating  a  specified  probability  of  no 
Doppler  information  at  a  given  sample  time  due  to  either  the  plume  and  hardbody  spectra  being 
nondistinguishable  or  the  low-powa  laser  beam  being  distorted  as  to  miss  the  intended  aimpoint 
on  the  target  body. 
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This  study,  in  conjunction  with  the  two  previous  theses  [3,6],  regards  the  location  of  the 
hardbody  center-of-mass  as  an  offset  distance  relative  to  the  target  plume  intensity  centroid  on  the 
FUR  image  plane.  A  low-energy  laser  is  aimed  at  the  FLIR  filter’s  positional  estimates  of  the 
intensity  centroid,  and  then  scanned  along  the  target’s  estimated  velocity  vector.  The  success  of 
locating  the  hardbody  is  therefore  dependent  upon  the  accuracy  of  the  FLIR  filter’s  estimates. 
However,  an  "apparent"  jitter  of  the  intensity  centroid  on  the  FLIR  image  plane  due  to 
atmospheric  distortions  presents  a  major  obstacle  for  the  laser  scan  to  intercept  the  hardbody  and, 
as  a  result,  motivated  the  development  of  a  laser  sweep  routine  [6]  . 

The  performances  of  the  one-state  Doppler  filter  and  the  two-state  Modified  MAP  MMAF 
are  judged  on  the  basis  of  the  respective  mean  ±  la  error  plots  at  t,'  and  at  i,’’  (just  before  and  just 
after  update,  respectively)  shown  in  Appendices  C  (one-state  Doppler  filter),  E  (two-state:  Case 
1)  and  F  (two-state:  Case  2).  In  addition  to  the  error  plots,  the  actual  RMS  errors  at  and  //,  in 
units  of  pixels,  are  also  calculated  and  are  utilized  to  compare  the  respective  performances 
(Appendix  G).  'The  error  analysis  of  Chapter  VI  noted  from  tabular  data  that  the  magnitude  of 
the  true  mean  errors  are  substantially  smaller  than  the  la  values  and  are  thus  insignificant  in  the 
calculation  of  the  actual  RMS  errors.  The  analysis,  therefore,  focused  upon  the  quality  of  the 
standard  deviations  (la)  at  as  a  measure  of  the  stability  and  performance  of  the  center-of-mass 
filters.  The  usefulness  of  this  criterion  is  strengthened  by  recognizing  that  the  estimates 
propagated  over  a  sample  period  are  used  to  drive  the  FLIR  sensor  pointing  controller,  and 
therefore  the  propagated  values  of  standard  deviations  are  crucial  for  maintaining  track  on  the 
center-of-mass  in  order  to  ensure  that  a  high-energy  laser  is  continuously  directed  at  the  hardbody 
for  a  finite  length  of  time.  Presented  below  are  the  conclusions  regarding  the  individual 
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performances  of  the  one-state  Doppler  filter  and  the  two-state  Modified  MAP  MMAF,  and  the 
comparison  of  their  effectiveness  during  the  sensitivity  analysis. 

72,1  One-State  Filter  with  Doppler  Return  Measurements.  The  one-state  Doppler  filter’s 
performance  was  stable  throughout  the  sensitivity  analysis.  The  filter  was  tolerant  to  changes  in 
wavelength  of  the  low-power  laser  and  SNR  of  the  return  signal,  and  it  demonstrated  an 
insensitivity  to  the  intermittent  absences  of  measurements.  Under  the  worst  conditions  (A,  = 
10.5pm,  SNR  -4,  P„  =  0.30),  the  one-state  filter  obtained  a  la  value  at  of  0.134  pixel  (from 
Table  6.4),  or  a  6.8%  increase  of  the  la  value  under  the  best  conditions.  This  increase 
corresponds  to  a  0.291  meter  difference  between  the  two  la  values.  The  insensitivity  of  the  ^(r/) 
values  is  due  to  dominant  effects  of  atmospheric  jitter  upon  the  propagation  errors:  much  higher 
sensitivity  is  seen  in  the  ^//)  values. 

The  parametric  curves  of  the  one-state  Doppler  filter  in  Appendix  G  achieved  nearly 
constant  RMS  errors  throughout  the  sensitivity  analysis.  The  best  performance  is  observed  at  the 
shorter  wavelengths,  attributable  to  the  smaller  measurement  noise  variances  associated  with  this 
range.  The  curves  indicate  that  the  one-state  filter  is  more  sensitive  to  changes  in  P„  than  in 
SNR.  This  observation  can  be  substantiated  by  noting  in  Equations  (4-53)  through  (4-55)  that  the 
measurement  noise  variance  associated  with  the  Doppler  measurement  is  inversely  proportional 
to  the  square  root  of  the  SNR.  Thus,  changes  in  SNR  within  the  given  range  of  values  invoke 
small  changes  in  measurement  quality,  whereas  the  absence  of  measurements  forces  the  filter  to 
propagate  the  most  recent  estimates  without  the  benefit  of  a  current  update.  Moreover,  the 
measurements  may  be  absent  over  sequential  sample  times,  and  the  quality  of  the  propagated 
estimates  is  then  reliant  upon  the  adequacy  of  the  propagation  model. 
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7.2.2  Two-State  Modified  MAP  MMAF.  The  two-state  Modified  MAP  MMAF  was 
proposed  so  as  to  take  advantage  of  both  speckle  return  and  Doppler  return  measurements.  The 
sensitivity  analysis  was  performed  on  two  case  conditions  that  respectively  take  into  account  the 
absence  of  both  returns  or  the  exclusive  absence  of  the  Doppler  return.  In  Case  1,  both  speckle 
and  Doppler  return  measurements  are  missing  due  to  events  that  include  attenuation  of  the  return 
signal  as  it  propagates  the  2000  km  range,  bending  of  the  low-power  laser  beam  such  that  no 
intercept  with  the  hardbody  is  accomplished,  and  signal  losses  within  the  receiving  equipment. 
Under  these  circumstances,  the  two-measurement  filter  merely  propagates  its  most  recent 
estimates.  Case  2  encompasses  those  instances  where  the  target’s  aspect  angle  approaches  an 
orientation  orthogonal  to  the  LOS  vector.  When  this  occurs,  the  radial  velocity  of  the  plume  and 
hardbody  become  nil,  resulting  in  no  Doppler  shift.  Consequently,  the  return  spectra  of  the  plume 
and  hardbody  converge  and  overlap  each  other,  which  makes  the  hardbody-induced  Doppler  return 
difficult,  if  not  impossible,  to  detect.  However,  the  availability  of  the  speckle  return  measurement 
is  not  affected  by  the  target  aspect  angle  and.  under  in  this  situation,  continues  to  be  provided  to 
the  two-measurement  filter. 

It  should  be  mentioned  that  the  irregular  nature  of  the  RMS  errors  for  the  longer 
wavelengths  (as  seen  in  Appendix  G)  suggest  the  need  for  more  Monte  Carlo  runs  in  order  to 
pinpoint  the  statistics  adequately  in  that  region.  Thus,  conclusions  about  the  two-state  Modified 
MAP  MMAF’s  performance  are  confined  and  limited  to  the  shorter  wavelengths. 

7.2.2. 1  Case  I:  The  Loss  of  Both  Returns.  In  Appendix  E,  the  plots  corresponding  to 
probability-of-miss  P„  equal  to  0.0  show  that  the  algorithm  performs  well  in  capturing  the  random 
nature  of  the  plume’s  speckle  reflectance  by  choosing  between  the  two  hypotheses  about  speckle 
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return;  plume  speckle  bias  present  or  absent  in  the  measurements.  There  were  instances,  however, 
where  the  algorithm  provided  the  wrong  estimates,  generated  by  the  filter  based  on  the  wrong 
hypothesis,  due  to  the  nature  of  individual  samples  of  the  measurement  noises.  Nevertheless,  the 
filter  recovered  quickly  and  the  effect  of  the  erroneous  estimates  was  negligible.  The  parametric 
curves  were  observed  to  develop  a  "basin"  phenomenon  at  greater  than  or  equal  to  0.10.  The 
occurrence  of  the  "basin"  within  a  region  of  wavelengths  implies  a  balance  between  the  absence 
of  measurements  and  the  contribution  of  noise-corrupted  speckle  return  measurements.  Otherwise 
stated,  with  lesser  values  of  the  filter  received  both  speckle  and  Doppler  measurements  at  a 
higher  rate.  Tables  6.4  and  6.6  evince  that  including  the  speckle  return  increased  the  la  values 
over  the  results  of  using  only  Doppler  return  measurements.  With  higher  values  of  P„ ,  the  filter 
benefits  from  the  absence  of  corrupted  measurements,  relying  instead  on  its  internal  dynamics 
model  to  propagate  the  most  recent  estimates.  The  tabular  data  of  Table  6.6  show  that  acceptable 
values  of  la  at  are  achieved  at  the  shorter  wavelengths.  As  with  the  one-state  filter,  the  graphs 
in  Appendix  G  indicate  the  filter  is  more  sensitive  to  changes  in  P„  than  to  changes  in  SNR. 

7.22.2  Case  2:  Continuous  Speckle  Returns.  As  discussed  in  Section  5.3.2,  during  the 
temporary  loss  of  Doppler  return  measurements,  the  measurement  matrix  is  configured  to  accept 
speckle  return  under  the  assumption  the  plume  speckle  bias  is  present  in  the  measurement.  This 
assumption  is  necessary  since,  without  the  Doppler  return,  the  bias  state  is  unobservable. 
Furthermore,  this  assumption  is  supported  by  recalling  that  the  bias  ^jpears  90%  of  the  time.  As 
a  result,  until  Doppler  return  measurements  resume,  the  most  recent  bias  state  estimate  is  retained. 

The  two-state  Modified  MAP  MMAF  disclosed  a  better  performance  under  Case  2 
conditions.  The  effect  of  utilizing  the  speckle  return  measurement  to  compensate  for  undetectable 
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hardbody-induced  Doppler  returns  is  clearly  beneficial,  as  evidenced  by  the  data  in  Table  6.7  and 
the  parametric  curves  of  Appendix  G  displaying  lesser  RMS  errors  than  Case  1.  The  parametric 
curves  also  show  that  the  filter  is  tolerant  of  changes  in  SNR  and,  compared  to  the  one-state 
Doppler  filter  and  Case  1,  is  the  least  sensitive  to  fluctuations  in  P„  at  t;. 

7.2.3  Filter  Comparison.  In  the  region  of  the  shorter  wavelengths,  each  filter 
performed  well,  due  to  the  conesponding  small  measurement  noise  variance.  In  general,  the  filters 
exhibited  more  sensitivity  to  fluctuations  in  P„  than  in  SNR.  The  one-state  Doppler  filter  has  the 
advantage  of  receiving  more  precise  measurements  of  only  the  offset  distance  (versus  speckle 
measurements  that  are  less  precise  and  are  biased  90%  of  the  time)  and,  as  evidenced  by  the 
nearly  constant  RMS  errors,  displayed  a  favorable  degree  of  tolerance  throughout  the  sensitivity 
analysis.  The  one  disadvantage  of  the  one-state  Doppler  filter  is  the  total  dependence  on  the 
Doppler  return,  which  raises  reliability  concerns. 

Although  the  specific  analysis  is  lacking  for  the  larger  wavelengths.  Case  2  of  the  two- 
state  Modified  MAP  MMAF  identified  a  region  of  wavelengths  where  its  performance  is  superior 
to  that  of  the  one-state  Doppler  filter.  Additionally,  Case  2  has  the  advantage  of  being  a  dual- 
return  measurement  system,  which  increases  its  level  of  reliability.  Furthermore,  the  provision 
of  both  speckle  and  Doppler  return  would  enhance  the  filter’s  performance  if  the  target  missile 
utilizes  a  liquid  propellant  rather  than  a  solid  propellant  and  thus  displays  no  significant  plume 
reflectance.  This  study,  in  spite  of  its  limitations,  advocates  the  t\<o-state  Modified  MAP  MMAF 
and  use  of  shorter  wavelength  low-power  laser  to  generate  the  measurements,  as  well  as  further 
exploration  on  the  operability  of  such  a  filter  with  the  larger  wavelengths. 
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7.5  Recommendations 


The  following  are  suggested  topics  for  further  study  in  using  a  linear  Kalman  filter  to 
track  a  missile  hardbody  using  FLIR  data  and  Doppler  and/or  speckle  return  measurements.  Some 
of  the  recommendations  correspond  to  secondary  objectives  of  this  research  which  were  not 
pursued  due  to  time  constraints.  Other  recommendations  are  made  to  enhance  the  modeling  of 
the  Doppler  return  and  strengthen  the  analysis  at  the  longer  wavelengths. 

7.3.1  Increased  Number  of  Mcnte  Carlo  Runs.  With  the  two-state  Modified  MAP 
MMAF,  the  irregularity  of  the  RMS  errors  at  the  longer  wavelengths  suggests  a  need  for  an 
increased  number  of  Monte  Carlo  runs.  The  two-siate  Modified  MAP  MMAF  displayed  the 
potential  to  provide  equal,  if  not  better,  performance  compared  to  that  of  the  one-state  Doppler 
filter  in  a  limited  range  ol  wavelengths.  Future  it  search  into  tlte  operability  of  the  two-state 
Modified  MAP  MMAF  over  longer  wavelengths  necessitates  this  recommendation, 

7.3.2  Plume! Hardbody  Interface  Doppler  Return.  The  issue  of  whethei  the  Doppler 
phenomenon  is  feasible  for  tracking  the  missile  hardbody  was  addressed  on  the  basis  of  the 
measurement  quality  for  a  low-energy  laser  reflection.  Specifically,  a  relationship  that  gives  RMS 
angle  hacking  errors  as  a  function  of  wavelength  and  signal-to-noise  ratio  [16]  was  invoked  to 
model  noise-corrupted  Doppler  return  measurements.  Although  documentation  regarding  the 
Doppler  return  characteristics  of  the  plume  is  available,  experimental  data  on  the  Doppler  return 
of  the  plume/hardbody  interface  would  be  more  valuable  for  modeling  purposes.  The  data  should 
reflect  the  effect  upon  the  Doppler  return  as  the  laser  beam  traverses  from  the  plume  to  the 
hardbody.  This  would  furnish  a  measure  of  how  weU  the  interface  can  be  discerned  end  this 
information  can  be  coupled  with  the  RMS  angle  tracking  enors  to  develop  a  more  realistic 
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measurement  model.  Note  that  the  "probability-of-miss"  simulated  here  addresses  the  inability 
to  discern  the  difference  between  hardbody  and  plume  returns  under  certain  circumstances,  but 
only  doing  so  probabilistically. 

7.3.3  Consolidation  of  Cases  1  and  2  of  the  Two-State  Modified  MAP  MMAF.  Since  the 
sensitivity  analyses  for  Cases  1  and  2  were  conducted  separately,  the  data  generated  can  be  used 
in  a  conservative  sense.  Should  there  be  a  need  to  note  the  performance  of  the  two-state  Modified 
MAP  MMAF  under  Case  1  conditions  for  a  of  0.10  and  simultaneously  under  Case  2 
conditions  for  a  P„  of  0.03,  the  reasonable  approach  would  be  to  consider  the  performance  as 
ranging  between  the  results  for  the  two  cases.  However,  the  tracking  scenario  may  not  afford  the 
luxury  of  such  conservativeness  and  may  require  more  definite  results.  If  so,  then  further  research 
in  this  area  should  develop  a  model  that  consolidates  both  cases. 

7.3.4  Alternative  Low-Energy  Scan  Techniques.  As  with  the  previous  thesis  [6],  this  topic 
remains  to  be  investigated.  The  low-energy  laser  sweep  is  one  possible  method  to  ensure  that  a 
measurement  is  available  to  the  filter  at  each  update.  Although  the  sweep  is  not  preferred,  it  does 
compensate  for  the  "apparent"  jitter  of  the  intensity  centroid  on  the  FLIR  image  plane.  Unless 
the  FLIR  filter  positional  estimates  improve,  alternate  means  of  propagating  the  laser  scan  which 
are  computationally  more  efficient  than  the  sweep  are  required.  Several  techniques  that  may  be 
explored  include  sinusoidal  scans  and  circular  scans  along  the  FLIR  filter  estimated  velocity 
vector. 


7.3.5  Osciliation  of  the  Plume’s  Speckle  Reflectance.  As  mentioned  in  Section  4.3.2.2. 
the  plume’s  speckle  reflectance  was  observed  to  exhibit  low-frequency  oscillations  about  its 
longitudinal  axis.  This  observed  oscillation  will  have  an  impact  on  the  offset  distance  estimates 
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that  are  realizable  from  the  speckle  return  measurements.  The  wavering  action  may  be  simulated 
by  a  model  similar  to  the  pogo  phenomenon  model  [33],  with  its  own  nominal  amplitude  and 
frequency  values.  Since  the  observation  is  germane  to  the  two-state  Modified  MAP  MMAF,  it 
should  be  included  in  future  studies. 

73,6  PlmtelHardbody  Interface  Speckle  Return.  From  the  previous  thesis  [6],  the 
measurement  noise  variance  associated  with  the  speckle  return  was  determined  by  setting  the 
standard  deviation  to  1.0%  of  the  length  of  the  hardbody  and  converting  to  variance  in  pixels^  by 
squaring.  Based  upon  the  uncertainties  of  the  plume’s  speckle  reflectance,  a  decision  was  made 
to  retain  that  particular  value  of  variance  for  this  thesis.  However,  future  studies  should 
incorporate  relationships  that  give  measurement  noise  variance  as  a  function  of  wavelength  and 
SNR  similar  to  the  Doppler  return  measurement  noise  variance.  Additionally,  in  a  manner  parallel 
to  Section  7.3.2,  knowledge  of  the  effect  of  the  speckle  return  as  the  low-energy  laser  migrates 
over  the  plume/hardbody  interface  would  enhance  the  speckle  measurement  model.  Moreover, 
with  the  presence  of  the  plume’s  speckle  reflectance,  data  regarding  the  speckle  return  as  it 
traverses  from  the  plume  to  the  hardbody  may  provide  more  modeling  insight 

7.3.7  Bayesian  Approach  to  the  Plume  Speckle  Reflectance  and  MMAF.  In  this  study, 
the  speckle  reflectance  emanating  from  the  plume  of  a  solid-propellant  rocket  moter  is  set  to  a 
nonunal  value  of  25  meters.  Although  sufficient  for  a  first-cut  model,  the  plume  speckle 
reflectance  model  can  be  enhanced  further  by  modeling  the  length  of  the  bias  as  Gaussian 
distributed  values  that  range  from  0  to  30  meters.  Moreover,  a  bias  equal  to  0  meters  would 
represent  instances  of  no  plume  speckle  reflectance  and  would  therefore  reflect  the  bias’s  non- 
appearence  percentage  during  boost  time. 
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Similarly,  the  estimation  process  of  the  two-state  MMAF  may  be  performed  in  a  Bayesian, 
rather  than  MAP,  manner.  As  noted  in  the  analysis  of  Chap  VI  and  the  performance  plots  in 
Appendices  E  and  F,  the  two-state  Modified  MAP  MMAF  occasionally  produced  the  wrong  state 
estimate.  When  the  parameters  of  wavelength,  SNR,  and  P„  were  varied,  the  instances  of 
incorrect  estimates  became  more  frequent  and  sucessive.  This  is  a  dominant  factor  in  the  increase 
of  the  time-averaged  error  standard  deviations.  With  a  Bayesian  MMAF,  the  state  estimate  would 
be  a  "blended",  probabilistically  weighed  summed  estimate.  The  instances  of  incorrect  estimates 
may  diminish  and  thus  reduce  the  error  standard  deviations. 
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The  performance  of  the  Kalman  fitters  used  in  this  thesis  is  evaluated  using  ten  Monte 
Carlo  runs.  A  Monte  Carlo  analysis  involves  collecting  statistical  information  generated  from 
simulating  samples  of  stochastic  processes  [17].  Although  ten  Monte  Carlo  runs  .are  generally 
sufficient  to  converge  to  the  actual  statistics  that  would  result  from  an  infinite  number  of  runs 
[6,20],  the  analysis  of  the  two-state  Modified  MAP  MMAF’s  performance  showed  a  need  for 
more  than  ten  runs. 

For  the  simulation,  the  truth  model  creates  an  environment  to  provide  a  realistic  target 
plume  representation  as  it  propagates  through  inertial  space.  The  FLIR  filter  attempts  to  track  the 
target  plume  using  its  internal  dynamics  model  and  periodic  measurements  from  the  enhanced 
correlator  algorithm.  The  truth  model  also  simulates  the  location  of  the  hardbody  center-of-mass 
as  an  fit  priori  offset  distance  from  the  plume's  intensity  centroid  on  the  FLIP  image  plane.  The 
center-of-mass  filters  estimate  the  offset  distance  upon  acquiring  low-energy  laser  return 
measurements. 

After  collecting  N  samples  of  truth  model  and  filter  model  data  for  ten  separate  Monte 
Carlo  runs,  the  true  error  statistics  can  be  approximated  by  computing  the  sample  mean  error  and 
error  variance  for  the  ten  runs.  The  sample  mean  error  and  error  variance  are  computed  by; 


1  ^ 
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where 


(A.2) 


E(,t^ )  s  sample  mean  of  the  error  of  interest  at  time  t, 

a^Oi )  s  sample  error  variance  at  time  t, 

“  huth  model  value  of  the  variable  of  interest  at  time  t,  during 
simulation  n 
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^fiutrf.(fi )  ®  filter  estimate  of  the  variable  of  interest  at  time  t,  during 
simulation  n 

N  »  number  of  Monte  Carlo  runs 

The  variable  of  interest  for  this  study  is  the  offset  distance  along  the  estimated  velocity 
of  the  intensity  centroid  on  the  FLIR  image  plane.  The  performance  evaluation  of  the  center-of- 
mass  filters  and  the  conclusions  drawn  from  the  sensitivity  analysis  are  based  upon  the  error 
statistics  of  the  offset  distance  estimates.  The  statistics  are  calculated  before  the  measurement 
update  at  (/,  )  and  after  the  update  at  (//).  They  are  reduced  further  to  obtain  average  scalar  values 
over  the  time  of  the  run,  by  temporally  averaging  the  mean  error  and  standard  deviation  (o)  time 
histories  over  the  last  eight  seconds  of  the  ten  second  simulation.  The  first  two  seconds  are  not 
used  to  ensure  that  the  data  reflects  only  steady  state  performance  [6].  The  errors  are  measured 
in  units  of  pixels,  where  a  pixel  is  13  prad  on  a  side  (approximately  30  meters  at  a  distance  of 
2,000  km). 
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Two  different  types  of  data  plots  are  presented  in  Appendices  C  through  F  to  assess  the 
performance  of  the  center-of-mass  filters  employed  in  this  thesis.  The  first  type  of  plot,  shown 
in  Figure  B.l,  provides  filter  tuning  information  by  illustrating  the  relationship  between  the  actual 
RMS  errors  in  the  estimates  of  the  variables  of  interest,  committed  by  the  filter,  with  the  filter- 
computed  RMS  errors,  i.e.,  the  filter's  own  representation  of  its  errors.  The  second  type  of  plot, 
shown  in  Figure  B.2,  provides  a  measure  of  the  tracking  peformance.  The  plot  shows  the  sample 
mean  filter  error,  averaged  over  the  ten  Monte  Carlo  runs,  for  a  state  or  variable  of  interest.  In 
addition,  this  type  of  plot  displays  the  la  (standard  deviation)  through  the  mean  ±  la  curves  that 
surround  the  mean  curves,  either  just  before  a  measurement  is  generated  at  r/,  or  after  a 
measurement  is  generated  at  t*.  The  offset  values  at  t,'  are  used  as  control  signals  for  the  FXIR 
sensor  controller  in  between  measurements  and  are  crucial  for  tracking  the  hardbody  effectively. 
Futhermore,  the  quality  of  the  la  values  at  r,  provides  the  basis  for  the  analysis  and  performance 
evaluation  of  the  center-of-mass  filters. 
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FILTER  VS  actual  ERROR  (CM  OFFSET) 

FON  O.JOO/F.MN  0  .  0  0  0  1  7  8 /T  MN  0  .  0  0  0  I  6  /  0  F  F  U7/PC  15/Run  t074 

')  3 - - - - — - - - - - — - - - - - - — - — _ _ _ 


Actual  RMS  Error 


Figure  B.l  Example  of  Time  History  Plot  of  Filter  vs,  Actual  errors 


ESTIMATED  OFFSET-MINUS  POSITION  {■*■/-)  SIGMA 

FD.N  0.3  0  0  /FMN  O.OOOITB/TMN  0.000  1  7  8/OFF  87/PC  1  5  z  R  u  n  »  0  4 
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OW'^State  Center*of‘Mass  Filter 
'  \  "  with 
Doppler  Return  Measurements 
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This  appendix  contains  the  true  offset  error  plots  for  the  one-state  center-of-mass  filter  that 
receives  measurements  derived  from  low-energy  laser  Doppler  measurements.  The  plots  show  the 
errors,  in  units  of  pixels,  between  the  filter’s  estimated  and  true  offset  distance  in  the  FLIR  image 
plane.  The  plots  represent  a  sample  of  the  sensitivity  analysis  that  was  conducted  with 
wavelength,  signal-to-noise  ratio,  and  probability-of-miss  parameters.  This  appendix  is  divided 
into  the  following  sub-appendices: 


Sub-Aooendix 

Categorv 

C.l 

0.53  pm  Wavelength,  SNR  =  10 

C.2 

0.53  pm  Wavelength,  SNR  =  4 

C.3 

2.01  pm  Wavelength.  SNR  »  lO 

C.4 

2.01  pm  Wavelength,  SNR  »  4 

C.5 

10.5  pm  Wavelength,  SNR  =  10 

C.6 

10.5  pm  Wavelength,  SNR  s  4 

Each  sub-appendix  contains  three  sets  of  three  plots,  for  a  total  of  nine  plots.  Each  set 
corresponds  to  a  particular  value  of  P„  equal  to  0.0, 0.03,  and  0.30,  respectively.  The  three  types 
of  plots  for  each  value  of  show:  1)  the  filter-computed  versus  true  RMS  errors,  2)  true  mean 
error  ±1  sigma  at  r/.  and  3)  true  mean  error  ±1  sigma  at  t*.  An  explanation  of  the  plot  symbology 
can  be  found  in  Appendix  B. 
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Appendix  C.l 


Om-State  Center-of-Mim  Filter 
with 

0,5S  )4w  Doppler  Return  Measurements 


ESTIMATED  OFFSET-PLoj  POSITION  (+/-)  SIGMA 
^^''  FDN  0.3  0  0/FMN  0.0  0  0  1  7  B/TMN  0.00017e/OFF  87/PC  IS/Run  1038 


Figure  C.1.3  0.53  jun  Doppler  Return  One-State  Filter  Offset  Error  at  t,*,  SNR- 


10,  P, 
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FILTER  VS  ACTUAL  ERROR  (CM  OFFSET) 

FDN  0.300/FMN  0.00Q178/TMN  0.00017B/OFF  87/PC  15/Run  1034 


4  e 

TIME  IN  SECONDS 


Figure  C.1.4  0.53  jim  Doppler  Return  Onc-Statc  Filter  Offset  RMS  Error,  SNR- 10,  P„-0.05 

ESTIMATED  OFFSET-MINUS  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.00017e/0tr  B7/PC  15/Run  1034 


Figure  C.1.5  0.53  pm  Doppler  Return  One-State  Filter  Offset  Error,  SNR- 10,  F,„-0.05,  at 
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ESTIMATED  OFFSET-PLUS  POSITION  ( +/- )  SIGMA 
FDN  0.3  0  0/FMN  0.0001  7  e/THN  O.OOOnS/OFF  B7/PC  15/Run  *034 


FILTER  VS  ACTUAi.  ERROR  (CM  OFFSET) 

FDN  0.302/FMN  0 . 0 0 0 1 7 8 / TMN  0.00017e/OFF  SV/PC  15/Run  1364 


ESTIMATED  OFFSET-PLbj  POSITION  (+/-)  SIGMA 


Figure  C.1.9  0.53  nm  Doppler  Return  One-State  Filter  Offset  Error,  SNR- 10,  P^-0.30,  at  /, 
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One-State  Center-of-Mass  Filter 

0.5^  pm  Ooppler  Return  Measurements 


FILTER  VS  ACTUJi-  ERROR  (CM  OFFSET) 

FDN  0.300/rMN  0.000178/TMN  0.00017B/OFF  B7/PC  15/Run  *066 


TIME  IN  SECONDS 


Figure  C.2.4  0.53  jun  IX)ppler  Return  One-State  Filter  Offset  Error,  SNR  -  4,  -  0.05 

ESTIMATED  OFFSET-MIN.  ..  POSITION  ( +/- )  SIGMA 


FDN  0,300/FMN  0.000170/TMN  0.00017B/OFF  87/PC  15/Run  «066 
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ESTIMATED  OFFSET-PL^o  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  0.00017B/TMN  0.00017B/OFF  B7/PC  15/Run  1066 
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Figure  C.2.6  0.53  (im  Doppler  Return  One-Sute  Filter  Offset  Error,  SNR-4,  -  0.05,  at  t* 
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ESTIMATED  OFFSET-PLt_  POSITION  (+/-)  SIGMA 
FDN  0.302/PMN  0.000178/TMN  0.000176/OFF  87/PC  15/Run  1373 


I  I  ^  ^  ^  I  ,  I  .  I 

0  3  4  6  *  10 

TINE  IN  SECONDS 

Figure  C.2.9  0.53  iim  Doppler  Return  One-State  Filler  Offset  Error,  SNR-4,  -  0.30 
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One-State  Center-df-Ma^  Filter  71 

i2,0]  :]m  Doppler  Retia^n  Measuretttents 
at  sm  ^  10 
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FILTER  VS  ACTUAL  ERROR  (CM  OFFSET) 

FDN  0,302/FHN  0.00017R/TMN  0.00017B/OFF  B7/PC  15/Run  1215 


TIME  IN  SECONDS 


Figure  C.3,1  2.01  4m  Doppler  Return  One-State  Filter  Offset  Error  with  SNR  -  10,  P.  -  0.0 


ESTIMATED  OFFSET-MINUS  POSITION  (+/-)  SIGMA 
FDN  0.302/PMN  0.000178/TMN  0.00017B/OFP  87/PC  15/Run  1215 


TIME  IN  SECONDS 


Figure  C.3.2  2.01  pni  Doppler  Return  One-State  Filter  Offset  Error,  SNR  -  10,  P„  -  0.0  at  t- 
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ESTIMATED  OFFSET-PLUS  POSITION  (+/->  SIGMA 


FDN  0.3  0  2  /FMN  0,Oa0178/TMN  O.OOOnB/OFF  87/PC  15/Run  1215 


Figure  C.3.3  2.01  |im  Doppler  Return  One-State  Offset  Filter,  with  SNR  -  10, 


FILTER  VS  ACTUAL  ERROR  (CM  OFFSET) 


FDN  0.302/FMN  0.000178/TMN  0.00017B/OFF  B7/PC  15/Run  I22C 


TIME  IN  SECONDS 

Figure  C.3.4  2.01  |ini  Doppler  Return  One-Sute  Filter  Offset  Error,  SNR  -  10,  -  0.05 

ESTIMATED  OFFSET-MINUS  POSITION  (+/-)  SIGMA 
FDN  0.302/FMN  0.000178/TMN  0.000178/OFF  87/PC  15/Run  1220 


TIME  IN  SECONDS 


Figure  C.3.5  2.01  pm  Doppler  Return  One-State  Filter  Offset  Error,  SNR-10,  P^  -  0.05,  at  // 


ESTIMATED  OFFSET-PLUS  POSITION  (+/“)  SIGMA 
FCN  0.302/FMN  0.000178/TMN  0.0O017e/0FF  e7/PC  I5/Run  1220 


TIKE  IN  SECONDS 

Figure  C.3.6  2.01  fun  Doppler  Return  One-State  Filter  Offset  Error,  SNR- 10,  P.-O.OS,  at  t* 
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FILTER  VS  actual.  tlRROR  (CM  OFFSET) 

FDN  0.300/FMN  0.000178/TMN  O.OOOIVB/OFF  87/PC  15/Run  1235 


ESTIMATED  OFFSET-PLD^  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  0.000178/THN  0.00017B/OrF  87/PC  15/Run  1225 
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Figure  C.3.9  2.01  Doppler  Return  One-State  Filter  Offset  Error,  SNR- 10,  P^-O.SO,  at  t* 
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One-State  Center-opMass  Filter 

iMJ  pjn  Ot^pler  Return  Memurememts 

J,  /';  atSm^4 
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ESTIMATED  OFFSET-PLo..  POSITION  (+/-)  SIGMA 

_FDM  0.300/rKN  0.00017B/TMN  0.000178/OFF  B7/PC  15/RUn  1250 
3  I  "  '  '  I  I  ■  -I  ■.11^1 1  ..  ■ 


ESTIMATED  OFFSET-PL»--  POSITION  ( +/- )  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  87/PC  15/Run  1253 


TINE  IN  SECONDS 

Figure  C.4.9  2.01  jim  Doppler  Return  One-State  Filter  Offset  Error,  SNR-4,  -  0.30,  at  t* 
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One-Stm  Center-oS'Mm  Filter ,  ; 


with 


10, S  lim  Doppler  Return  Measurements 
at  srn  «  JO 
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TIME  IN  SECONDS 

Figure  C.5.2  10.5  nm  Doppler  Rctuni  One-State  Filter  Offset  Error,  SNR  ■«  10,  P, 
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FILTER  VS  ACTUAju  ERROR  (CM  OFFSET) 
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Figure  C.5.7  10.5  )un  Doppler  Retunk  One-State  Filter  Offset  Brroi-,  SNR  ••  10,  «  0.30 

ESTIMATED  OFFSET-MINL-  POSITION  (+/-)  SIGMA 
FDN  0,30  2/FMN  0.000178/TMH  0.0001  78/0PF  8V/PC  15/Run  1.18  8 


Figure  C.‘'.8  10.5  )un  Doppler  Renim  One-State  Filter  Offset  Error,  SNR- 10,  P„  -  0.30,  at  r, 
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ESTIMATED  OFFSET-PLL-  POSITION  (+/-)  SIGMA 


FDN  0.303/FHN  0.00017a/TMM  O.OOOl/S/OrF  S7/PC  IS/Run  MSB 
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Figure  C.5.9  10,5  Doppkr  Return  One-State  Filter  Offset  Error,  SNR- 10,  -0.30,  at  t 
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One-.Swe  Center-ofMms  filter  , 
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Figure  C.6.3  10,5  Doppler  Return  One-State  Filter  Offset  Error,  SNR  -  4,  P, 


ESTIMATED  OFFSET-PLUv^  POSITION  ( )  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.00017i/OFr  »7/PC  15/Run  1196 


TIME  IN  SECONDS 

Figure  C.6.6  10.5  jim  Doppler  Return  One-State  Filter  Offset  with  SNR  -  4,  -  0.05,  at  t* 
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ESTIMATED  OPPSET-PLUS  POSITION  (+/-)  SIGMA 
FDR  0.30S/FMN  0.00017e/TMN  O.OOOl78/OPr  S7/PC  IS/Run  1397 


Figure  C.6.9  10.5  nm  Doppler  Return  One-State  Filter  Offset  Error,  SNR-4,  -  0.30,  at  t* 
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This  appendix  contains  the  offset  error  plots  that  resulted  ffom  3  of  the  1 1  tuning  runs  for 
the  two-state  Modified  MAP  MMAF.  For  each  tuning  run,  there  are  two  sets  of  plots  that  are 
respectively  associated  with  the  two  states  (the  offset  distance  state  and  the  plume  speckle 
reflectance  bias  state).  With  each  set,  there  are  the  two  types  of  plots,  as  discussed  in  Appendix 
B.  Table  D.l  lists  the  different  values  for  the  dynamics  noise  variances  q^fx^  and  that  were 
explored  during  the  tuning  efforts.  For  the  initial  tuning  values,  the  filter  dynamics  variances  were 
set  equal  to  the  values  mentioned  in  Sections  5.33.2  and  5.3.3.4  for  each  one-state  filter.  The 
covariance  of  the  discrete-time  white  Gaussian  noise  w^,  given  by  of  Equation  (5-39),  is: 

(D.l) 

where 


^dfn  0-0 
0.0 


q^fxx  =  offset  dynamics  noise  variance 
q^22  -  dynamics  noise  variance 


From  Figure  D.l,  it  can  be  seen  that  these  original  tuning  values  were  overly  conservative.  The 
variances  were  gradually  decreased  by  an  order  of  magnitude  until  the  overall  time  histories  of 
rms  errors  and  the  filter  computed-rms  error  matched  well.  As  seen  in  Table  D.  1,  decreasing  the 
dynamics  noise  strengths  q^xi  Sind  q^2i  produced  negligible  differences  in  performance;  however, 
the  last  entry  was  chosen  based  upon  its  performance  plot  in  Figure  D.25. 

Referring  back  to  Equation  (5-56),  the  two-state  modified  MAP  MMAF  dynamics  noise 
covariance  Q^,  in  units  of  pixels^  is  given  by: 


0.03 


0.0 

0.001 


(D.2) 
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Table  D.l  Tuning  Values  for  Dynamics  Noise  Variances  (in  Pixels’) 


(pixels’) 

(pixels’) 

RMS  eiTors,  t; 
(pixels) 

RMS  errors,  t* 
(pixels) 

Figure  No. 

0.7 

0.7 

0.1491 

0.0032 

D.1-.6 

0.7 

0.07 

0.1491 

0.0032 

D.7-.12 

0.7 

0.007 

0.1491 

0.0032 

NA 

0.7 

0.01 

0.1491 

0.0032 

NA 

.07 

0.07 

0.1491 

0.0032 

NA 

0.07 

0.01 

0.1491 

0.0032 

NA 

0.07 

0.007 

0.1491 

0.0032 

D.13-.18 

0.007 

0.0007 

0.1489 

0.00319 

D.19-.24 

0.01 

0.001 

0.1490 

IIQ^QIIIf 

NA 

0.02 

0.001 

0.1490 

0.00319 

NA 

0.03 

0.001 

0.1490 

0.00319 

D.25-.30 
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Figure  D.l  Two-State  Modified  MAP  MMAF  Offset  Error,  q^,,  »  0.7.  q^, 

ESTIMATED  OFFSET-MINL„  POSITION  (+/-)  SIGMA 
F  D  S  .  3  0  0  /'  F  M  N  0  .  0  0  0  I  '  3  T  M  M  )  .  5  0  0  L  “  9  •'  0  F  F  8  "  -  P  C  1  5  /  R  o  n  * 


TIME  : N  SECONDS 

Figure  D.2  Two-State  Modified  MAP  MMAF  Offset  Error  at  t,\  qjf 
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Figure  D.4  Two-State  Modified  MAP  MMAF  Bias  Error,  <7^,;  ■«  0,7,  <7^,2  =*  0.7 


ESTIMATED  BIAS-..INUS  (*/-)  SIGMA 
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Figure  D.3  Two-State  Modified  MAP  MMAF  Bias  Error  at  t,'.  *  0.7,  *  0.7 


D-6 


ESTIMATED  BIAS".l,US  ( +/- )  SIGMA 


FDN  0.200/FMN  0  ,  0  0  0  1  7  0  /  TMN  0.000  1  7  8  /OFF  07/PC  15/Run  *1111113 


TIME  IN  SECONDS 

Figure  D.6  TwoStitt  Modified  MAP  MMAF  Bias  Error  at  t,\  q^„  ■  0.7,  *  0  7 
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Figure  D.7  Two-State  Modified  MAP  MMAF  Offset  Error,  q^,,  *  0.7, 

ESTIMATED  OFFS  ET -MI  N.. ..  POSITION  (*/-)  SIGMA 
fDN  0.3:O  FMN  0.C00l*'3/T.«N  ).OOOl?8/OFF  8'^/PC  15. 'Run  -c 


TIMfv  IN  SECONDS 


Figure  D.8  Two-State  Modified  MAP  MMAF  Offset  Error  at  t;,  q^„  ■  0.7,  <7^^^  -  0.07 
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Figure  D.IO  Two-State  Modified  MAP  MMAF  Bias  Error.  <7^;;  ■  0.7,  "  0.07 


ESTIMATED  3IAS-..INUS  ( +/"  )  SIGMA 
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Figure  D.ll  Two-State  Modified  MAP  MMAF  Bias  Error  at  r,',  q^,i  •  0.7.  <7^^^  ■  0  07 
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FILTER  VS  actual.  ^RROR  (CM  OFFSET) 
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Figure  D.13  Two-State  Modified  MAP  MMAF  Offset  Error,  »  0.07,  » 

ESTIMATED  OFFSET-MINI,.-  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  O.OOOI?8/TKN  0.000178/OFF  97/pc  15/Run  *cm8 
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Figure  D.14  Two-State  Modified  MAP  MMAF  Offset  Eiror  at  t,\  q^,,  -  0.07,  q^2i  "  0  007 
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Figure  D.19  Two-State  Modified  MAP  MMAF  Offset  Error,  q^„ 

ESTIMATED  OFFSET-MIN.j  POSITION  ( +/ 
FDN  0.300/FMN  0.000178/TMN  0.00017B/OFF  87/PC 


■  0.007,  q^22  -  0.1 

)  SIGMA 
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Figure  D.25  Two-Staie  Modified  MAP  MMAF  Offset  Error,  ■  0.03,  q^22  *  0  001 

ESTIMATED  OFFSET-MIN-j  POSITION  (+/-)  SIGMA 


TON  0.300/FMN  0.000178/TMN  0.00017e/OFF  87/PC  15/Run  IC14 
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Figure  D.26  Two-Sute  Modified  MAP  MMAF  Offitet  Eiror  it  t;,  q^„  ■  0.03,  <7^22  **  0-001 
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Figure  D.27  Two-Suie  Modified  MAP  MMAF  Offset  Error  at  f/,  -  0.03,  q^22  "  C 


0 


I 

4 


1 


10 


XIM£  IH  SECONDS 

Figure  D.28  Two-State  Modified  MAP  MMAF  Bias  Error.  q^,i  ■  0.03.  ■  0.001 

ESTIMATED  BIAS  .tlNUS  ( +/- )  SIGMA 
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ESTIMATED  BIAS  . LUS  (+/-)  SIGMA 
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Figure  D.30  Two-State  Modified  MAP  MMAF  Bias  Error  at  t*,  ■  0.03,  7^22  ■  0001 
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Appendix  E 


TwO‘Sv^e€0t^r-ofMa$5 


Case  I 


This  Appendix  contains  the  error  plots  of  the  two-state  center-of-mass  Modified  MAP 
MMAF,  wherein  the  probability-of-miss,  P„,  impacts  both  the  low-energy  specHe  return  and 
Doppler  return.  In  this  case,  the  "miss"  signifies  those  circumstances  in  which  the  low-energy 
laser  return  does  not  exist  due  to  bending  of  the  return  signal  as  it  propagates  through  the  2000 
Ion  range,  or  due  to  noises  in  the  receiving  equipment.  The  Appendix  is  divided  into  sub¬ 
appendices  that  correspond  to  different  values  of  low-energy  laser  wavelength  and  SNR.  Each 
wavelength  with  a  given  SNR,  is  further  separated  into  three  values  of  Probability-of-Miss,  P„. 
The  plots  show  the  relationship,  in  error  mean  ±1  standard  deviation  values  (in  pixels),  of  the 
errors  between  the  filter  estimated  and  true  offset  distance  from  the  intensity  centroid  to  the 
hardbody  center-of-mass,  and  errors  between  the  filter’s  estimate  and  the  true  bias  caused  by  the 
plume’s  specWe  reflectance.  This  appendix  is  divided  into  the  following  sub-appendices: 


Sub-Aonendix 

Category 

E.l 

0.53  pm  Wavelength,  SNR 

E.2 

0.53  pm  Wavelength,  SNR 

E.3 

2.01  pm  Wavelength,  SNR 

E.4 

2.01  pm  Wavelength,  SNR 

E.5 

10.5  pm  Wavelength,  SNR 

E.C. 

10.5  pm  Wavelength,  SNR 
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FILTER  VS  ACTUA.  ERROR  (CM  OFFSET) 


FDN  0.300/FMN  0.000178/TMN  0.00017B/OrF  87/PC  15/Run  loOl 


TIME  IN  SECONDS 


Figure  E.1.1  0.53  \im  Two-Siatc  Modified  MAP  MMAF  Offset  EiTor,SNR-10,P.-0.0 

ESTIMATED  OFFSET-MIN.j  POSITION  ( +/- )  SIGMA 
FDN  0,300/FMN  0 . 0  0  0  1  7  8  /  TMC  0.00017B/OPF  87/PC  15/P.un  loOl 


tIKE  IN  SECONDS 


Figure  E1.2  0.S3  Two-State  Modified  MAP  MMAF  Offset  Error,SNR*10J^.«0.0,  at  t; 
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ESTIMATED  OFFSET-PL>.  _  POSITION  ( +/“  )  SIGMA 


FDN  0.300/FMN  0.00017B/TMN  0.00017e/OFF  B7/PC  15/Run  IcOl 


TIME  IM  SECONDS 


Figure  E.  1.3  0.53  fim  Two-State  Modified  MAP  MMAF  Offset  EiTor,SNR-10^,-0.0,at  t; 

FILTER  VS  ACa.rtL  ERROR  (BIAS) 


FDN  0.300/FMN  0.00017e/TMN  0.000178/OFF  B7/PC  i5/Run  ICOl 


TIME  IK  SECONDS 


Figure  E.1.4  0.53  pm  Two-State  Modified  MAP  MMAF  Bias  RrTor,SNR-10,P.-0.0 


ESTIMATED  BIAS  -.INUS  (+/-)  SIGMA 
PDN  0.300/FMN  0.000178/TMN  0.000178/OFF  87/PC  15/Run  IcOl 


TIKE  IN  SECONDS 

Figure  E.1.5  0.53  jim  Two-State  Modified  MAP  MMAF  Bias  Error.SNR-lO^^-O.O,  at  t; 


ESTIMATED  BIAS  .•'LUS  ( +/- )  SIGMA 
FDN  0.300/FMN  0. 0  0017  8/TMN  0.00017e/OFF  B7/PC  15/Run  IcOl 


TIME  IN  SECONDS 


Figure  E.1.6  0.53  (un  Two-State  Modified  MAP  MMAF  Bias  Error,SNR«-10^„-0.0,ai  t,* 
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ESTIMATED  OFFSET-PLt-  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  0.00017B/TMN  0.00017B/OFF  07 /PC  15/Run  Ic06 


TIME  IN  SECONDS 


Figure  E.1.9  0.53jim  Two-State  Modified  MAP  MMAF  Offset  EiTOr,SNR-10^,-0.05,at  t; 

FILTER  VS  ACTL..1.  ERROR  (BIAS) 

FDN  O.JOO/FMN  0.00017B/TMN  0.00017B/OrF  87/PC  15/Bun  Ic06 


TIME  IN  SECONDS 


Figure  El.  10  0.53  fim  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  -  10,  P„  -  0.05 


ESTIMATED  BIAS  xNUS  (+/-)  SIGMA 


FDN  0.300/FMN  0.00017B/TMN  0.0O017e/0FF  B7/PC  15/Run  Ic06 


TIME  IN  SECONDS 


Figure  E.  1. 1 1  0.53  Two-State  Modified  MAP  MMAF  Bias  Error, SNR- 10/*,  -0.05, at  t,' 

ESTIMATED  BIAS  .i^US  ( +/- )  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  87/PC  15/Run  Ic06 


tIME  IN  SECONDS 

Figure  El. 12  0.53nm  Two-Sute  Modified  MAP  MMAF  Bias  EiTor,SNR-10/*,-0.05,at  t; 


E-9 


o  cc 


ESTIMATED  OFFSET-PLi,^  POSITION  (+/-)  SIGMA 


FILTER  VS  ACTL...iy  ERROR  (BIAS) 


ESTIMATED  BIAS-.-iINUS  (+/-)  SIGMA 
FDN  0.300/FMN  O.OOOnS/TMN  O.OOO170/OFF  87/PC  15/Bun  Ic09 


Figure  E. i.i8  0.53nJti  Two-Slate  Modified  MAP  MMAF  Bias  Error,SNR"10,P„-0.30,at  f. 


Appendix  E,2 


TiVO'Suite  Center-of-Mass 


UodiSiedMAFUmF 


w!-S*  w?-i<5-’‘K'’-S-:5-:w: : 

0,5S  pm  Doppler  Return  Measurements 
at  SNR  ^4 


E-13 


Figure  E2.1  0.53  pm  Two-State  Modified  MAP  MMAF  Offset  Error, SNR-4.P. -0.0 


ESTIMATED  OFFSET-MIN..  .  POSITION  ( +/- )  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  87/PC  15/Run  |C28 


TIME  IN  SECONDS 


Figure  E.2.2  0.53  jun  Two-State  Modified  MAP  MMAP  Offset  Error, SNR-4,Pg  -0.0,  at  r/ 
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TIME  IN  SECONDS 

Figure  E.2.3  0.53  ^un  Two-State  Modified  MAP  MMAF  Offset  Error.SNR-4^. -O.O.at  r; 

FILTER  VS  ACT^  .L  ERROR  (BIAS) 

FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  B7/PC  15/Run  Ic28 


TIME  IN  SECONDS 


Figure  E.2.4  0.53  [un  Two-State  Modified  MAP  MMAF  Bias  Error, SNR-4^, -0.0 


E-15 


ESTIMATED  BIAS  ..INUS  ( +/"  )  SIGMA 
FDN  0,300/FMN  0.00017B/TMN  0.00017B/OFF  B7/PC  15/Run  lc2B 


TIME  IN  SECONDS 


Figure  E2.5  0.53  pm  TwoStatc  Modified  MAP  MMAF  Bias  Error, SNR-4>P„ -0.0,  at  t, 


ESTIMATED  BIAS-.LUS  (+/“)  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.00017B/OFP  B7/PC  15/Run  lc2B 


TIKE  IN  SECONDS 


Figure  E.2.6  0.53  >mi  Two-State  Modified  MAP  MMAF  Bias  Error ,SNR-4J®. -0.0,at  t* 
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FILTER  VS  ACTUAi.  ERROR  (CM  OFFSET) 
rON  0.300/FHN  0.000178/THN  O.OOOIVB/OFF  87/PC  15/Run  Ic33 


TIME  XN  seconds 

Figure  E.2.8  0.53  \m  Two-State  Modified  MAP  MMAF  Offset  Error, SNR-4^^ -0.05, at  t; 


E-17 


ESTIMATED  OFFSET-PL. .  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  0,00017a/THN  0.00017B/OFF  e7/PC  15/Run  Ic33 


TIME  IN  SECONDS 


Figure  E.2.9  0.53|iin  Two-State  Modified  MAP  MMAF  Offset  Eiror,SNR-4^, -O.OS.at  t; 


FILTER  VS  ACTL..L  ERROR  (BIAS) 

FDN  0,300/FHN  O.OOOI78/TMN  0.OO0178/OFF  87/PC  15/Run  *033 


TIME  IN  SECONDS 


Figure  E.2.10  0.53  jim  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  -  4,  P„  -  0.05 
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ESTIMATED  BIAS  -INUS  (+/-)  SIGMA 
FDN  0.300/PkN  0.000178/TMN  0.0O0178/0FF  87/PC  15/Run  #c33 


TIME  IN  SECONDS 


Figure  E2.1 1  0.53  fun  Two-Stotc  Modified  MAP  MMAF  Bias  Error, SNR-4^, -0.05, at  t; 


ESTIMATED  BIAS  . LUS  (+/-)  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  B7/PC  15/Run  lo33 


TIME  IN  SECONDS 


Figure  E2.12  0.53jim  Two-Sutc  Modified  MAP  MMAF  Bias  Enror,SNR-4/», -0.05,at  t* 
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Figure  E.2,13  0.53^lm  Two-State  Modricd  MAP  MMAF  Offset  Error,  SNR  -  4,  P,  -  0.30 

ESTIMATED  OFFSET-MIN^-  POSITION  (+/-)  SIGMA 
FDN  0.300/FKN  0.000178/TMN  0.000178/OrF  87/PC  15/Run  »c36 
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ESTIMATED  OFFSET-PLl-  POSITION  (+/-)  SIGMA 
FDN  0.300/FMH  0.00017e/TMN  0.00017e/OFF  e7/PC  15/Bun  Ic36 


0  J  «  6  «  10 

TIME  IN  SECONDS 


Figure  E.2.15  0.53pun  Two-State  Modified  MAP  MMAF  Offset  Error, SNR-4^, -0,30, at  t* 

FILTER  VS  ACTU..D  ERROR  (BIAS) 

FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  87/PC  15/Run  IcSS 
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Figure  E.2.16  0.53jim  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  -  4,  -  0.30 
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Figure  E.2.17  0.534m  Two-State  Modified  MAP  MMAF  Bias  Error, SNR-4^, -^.30,  at  t’, 


ESTIMATED  BIAS'. DUS  (+/-)  SIGMA 
FDN  0.300/FMN  0.000178/THN  0.00017e/OPF  e7/PC  15/Bun  fc36 


TIME  IN  SECONDS 

Figure  E.2.18  0.534m  Two-State  Modified  MAP  MMAF  Bia.s  Error, SNR-4/', -0.30, at  t* 
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FILTER  VS  ACTUAi.  ERROR  (CM  OFFSET) 


FDN  0.300/FMN  0.000178/TMN  O.000178/OFF  87/PC  15/Run  8073 


TIME  IN  SECONDS 


Figure  E.3.1  2.01  Two-State  Modified  MAP  MMAF  Offset  EiTor,SNR-10»P*^).0 


ESTIMATED  OFFSET-MINb-.  POSITION  ( +/- >  SIGMA 
FDN  0.300/FMN  0.000178/TMN  O.OOO170/OFF  87/PC  15/Run  «c73 


TIME  IN  SECONDS 


Figure  E.3.2  2.01  (un  Two-State  Modified  MAP  MMAF  Offset  Error, SNR- 10, P.-O.O,  at  i/ 


E-24 


ESTIMATED  OFFSET-PLUw  POSITION  (+/")  SIGMA 


FDN  0.300/FMN  0.00017B/TMN  0.000178/OFF  07/PC  IS/Run  Ic73 


TIME  IN  SECONDS 


Figure  E.3.3  2.01  nm  Two-State  Modified  MAP  MMAF  Offset  Error,SNR-10,P„-0.0,at  t; 

FILTER  VS  ACTLrtL  ERROR  (BIAS) 

FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  87/PC  15/Fun  Ic73 


- , - 1 - , - 1  ^  ^  .  I  I  I 

0  }  4  «  •  10 

TIME  IN  SECONDS 


Figure  E.3.4  2,01  tun  Two-State  Modified  MAP  MMAF  Bias  Error,SNR-10,P„-0.0 


E-25 


TIME  IN  SECONDS 


Figure  E.3.5  2.01  jun  Two-State  Modified  MAP  MMAF  Bias  Error, SNR- 10^^ -0.0,  at  t,' 


ESTIMATED  BIAS-.lUS  {+/-)  SIGMA 
FDN  0.300/FMN  0.000170/THN  0.00017e/OFF  87/PC  15/Run  Ic73 


TIME  IN  SECONDS 


Figure  E.3.6  2.01  Two-State  Modified  MAP  MMAF  Bias  Error, SNR-10,P„-^.0, at  t* 


E-26 


FILTER  VS  ACTUAL  ERROR  (CM  OFFSET) 
rOM  0.300/FMH  0.00017e/TMN  0.00017a/OFF  B7/PC  15/Run  »c78 


TIME  IN  SECONDS 


Figure  E.3.7  2.01  [im  Two-State  Modified  MAP  MMAF  Offset  Error,  SNR  -  10,  P 

ESTIMATED  OFFS ET-MI NL ..  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.00017B/OFF  B7/PC  15/Run  *c7B 


llliimi'l 


TIME  IN  SECONDS 


Figure  E.3.8  2.01  tim  Two-State  Modified  MAP  MMAF  Offset  Error,SNR-10,P„-0.05,at  t; 


E-2 


ESTIMATED  OFFSET-PLLj  POSITION  (+/-)  SIGMA 


FILTER  VS  ACTLoij  ERROR  (BIAS) 


Figure  E.3. 10  2.01  urn  Two-Stale  Modified  MAP  MMAF  Bias  Error,  SNR 


10.  P.  -  r 


Hi] 


ESTIMATED  BIAS-..iNUS  (+/-)  SIGMA 
FDN  0.300/FMN  0.00017B/TMN  0.000178/OFF  87/PC  15/Run  Ic7e 


TIKE  IN  SECONDS 

Figure  E.3.H  2.01  nm  Two-State  Modified  MAP  MMAF  Bias  Error,SNR-10/'„ •*0.05,at  t; 


ESTIMATED  BIAS-.LUS  ( +/- )  SIGMA 
FDN  0.300/FMN  0,000178/TMN  0.00017B/OFF  B7/PC  15/Run  »c78 


TIME  IN  SECONDS 


Figure  E.3.12  lOljim  Two-State  Modified  MAP  MMAF  Bias  ErTor,SNR-10,P„-0.05,at  t; 


FILTER  VS  ACTUAL  liRROR  (CM  OFFSET) 

FDN  0.300/FMN  0  .  0 0 0  1  3 8 /TM N  0.00017B/OFF  e7/PC  15/Run  IcBl 


TIME  IN  SECONDS 

Figure  E.3.13  2.01  jim  Two-Statc  Modified  MAP  MMAF  Offset  Error,  SNR  -  10,  P 


ESTIMATED  OFFS ET-M I NL POSITION  (+/->  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.00017B/OFF  87/PC  15/Run  »cBl 


TIKE  IN  SECONDS 

Figure  E.3.14  2.01  iim  Two-Statc  Modified  MAP  MMAF  Offset  Error,SNR-10,P.-0.30,  at  t, 


Q] 


ESTIMATED  OFFSET-PLu.  POSITION  (+/“)  SIGMA 
FDN  0.300/FMN  0.000170/TMN  0.00017B/OFF  B7/PC  IS/Run  IcSl 


TIME  IN  SECONDS 


Figure  E.3.15  2.01jim  Two-State  Modried  MAP  MMAF  Offset  Error, SNR- -0.30, at  r, 

FILTER  VS  ACTl...!.  ERROR  (BIAS) 

FDN  0.300/FMN  0.00017e/TMN  0.00017B/OFF  B7/PC  15/Run  IcBl 


TIME  IN  SECONDS 


Figure  E.3.16  2.01fim  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  -  10,  P 


ESTIMATED  BIAS-..INUS  (+/-)  SIGMA 
FDN  0.30  0/FMN  O.OOOn9/TMN  0.00017  0/OFF  e7/PC  15/Run  InOl 


T  T  Mp  t  M  c  rr  nwnti 


Figure  E.3.17  2.01|im  Two-State  Modified  MAP  MMAF  Bias  Error,SNR-10^^-0.30,  at  t; 


ESTIMATED  BIAS'. uUS  (-*•/-)  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  B7/PC  15/Run  IcBl 


TIME  IN  SECONDS 

Figure  E.3.18  2.0l)im  Two-State  Modified  MAP  MMAF  Bias  Error,SNR-10,P„ -0.30,at  f, 


E-32 


Appendix  E.4 


Two-State  Center-of-Mass 
Modified  MAT  MHAF 

with"  ?  :'''" 

•  •  •  •••:•-•:  :•  •>  •  •*.  .••  .*••  .•.••  .•  .•  •  .••  •  •■  •••.  •  .•/  .•.•••..•■>....•*.■.*•.■  t.v.'.v.-.-  ••■.  .•■ .  .•••.•.v .•.*.•/  •.•..•.•.••.  .v.s •■•.•  . 

■  :’■•  A- •••■:■■.■■•  •  -.I.'’  '■•■.-:•••■•’•■.“■•  ’'t-"-:  "  : 

2.01  jwn  Doppler  Return  Measurements 
at  SNR  4 


i 


E-33 


FILTER  VS  actual.  ERROR  (CM  OFFSET) 

FON  0.3  0  0/FMN  O.OOOnB/THN  0.00017  B/OFF  87/PC  15/Run  IclOO 


TIME  IM  SECONDS 

Figure  E.4.1  2.01  pun  Two-State  Modified  MAP  MMAF  Offset  Error, SNR-4 -0.0 


ESTIMATED  OFFSET-MINl.  -  POSITION  (+/-)  SIGMA 
FDN  0.300/PMN  0.00017B/TMN  0.00017B/OFF  87/PC  15/Run  IclOO 


TIME  IN  SECONDS 

Figure  E.4.2  2.0!  4m  Two-State  Modirted  MAP  MMAF  Offset  ]^or,SNR-4,P,, -0.0,  at  t 


E-34 


TIME  IN  SECONDS 


ESTIMATED  BIAS-..INUS  (+/-)  SIGMA 
FDN  0.300/FHN  0,00017B/TMN  0.00017B/OFF  07/PC  15/Run  (clOO 


TIKE  IN  SECONDS 


Figure  E.4.6  2,01  pm  Two-State  Modified  MAP  MMAF  Bias  Error,SNR-4,P. -O.O.at  r, 


FILTER  VS  ACTUAL  ERROR  (CM  OFFSET) 

FDN  0.300/FMN  0.000178/THN  0.00017e/OFF  87/PC  15/Run  « c 1 0 5 


0.  J 


TIME  IN  SECONDS 

Figure  E.4.7  2.01  m  TwoStatc  Modified  MAP  MMAF  Offset  Error,  SNR  -  4,  -  0.05 

ESTIMATED  OFFSET-MINL„  POSITION  (+/-)  SIGMA 
FDN  0,300/FMN  0.000178/TMN  0.00017B/OFF  B7/PC  15/Run  IclOS 


0.4 


E 

R 

R 

0 

R 

I 

N 

P 

I 

X 

E 

L 

S 


c.o 


-0.  J 


-0.4 


-0.« 


TIME  IN  SECONDS 

Figure  E.4.8  2.01  \un  Two-State  Modified  MAP  MMAF  Offset  Error, SNR-.4,P. -0.05, at  t; 


E-37 


ESTIMATED  OFFSET-PLb^  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  O.OOOITB/TMN  0,00017B/OFF  B7/PC  15/Run  IclOB 


TIME  IN  SECONDS 


Figure  E.4.9  2.01  pm  Two-State  Modricd  MAP  MMAF  Offset  Error, SNR-4^^ -0.05, at 

FILTER  VS  ACTu.-i,  ERROR  (BIAS) 

FDN  0.300/FMN  0.000178/TMN  0.00017B/OFr  87/PC  15/Run  Icl05 


TIME  IN  SECONDS 


Figure  E.4.10  2.01  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  -  4,  P 


ESTIMATED  BIAS'  ..iNUS  (•«■/-)  SIGMA 
FDN  0.300/FMN  0.000178/TMM  0.00017B/OFF  07/PC  15/Run  lolOS 


TIME  IN  SECONDS 


Figure  E.4.1 1  2.01  jim  Two-State  Modified  MAP  MMAF  Bias  Error, SNR«-4^^ -0.05, at  f,‘ 


ESTIMATED  BIAS-^IjUS  (■+/“)  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.00017B/OFF  B7/PC  15/Run  »Cl05 


TIME  IN  SECONDS 


Figure  E.4.12  2.01  tim  Two-State  Modified  MAP  MMAF  Bias  Error, SNR-4/*„ -0.05, at  t* 


E-39 


ESTIMATED  OFFSET-PLl-  POSITION  ( +/" )  SIGMA 


FILTER  VS  PiCTl-.u  ERROR  (BIAS) 

KDN  0.300/FMN  0.000178/TMN  0.OOO178/OFF  B7/PC  15/Run  »cl08 


E-41 


ESTIMATED  BIAS’. .INUS  (+/-)  SIGMA 
FDN  0.300/FMN  0,00017B/TMN  0.000178/OFF  87/PC  15/Run  Icl08 


Figure  E.4.17  2.01^in  Two-Sutc  Modified  MAP  MMAF  Bias  Error, SNR-4^^  ■^).30,  at  t; 


ESTIMATED  BIAS-.i.US  (+/-)  SIGMA 
FDN  0.300/FMN  O.OOOnS/TMN  0.00017B/OPF  e7/PC  15/Run  »ClOB 


E-42 


Appendix  E,5 


Two^State  Center^of-Mass 
Modified  MAP  MMAF 

10,5  im  Doppler  Return  Measurements 

•:w^-:;’v-:!(5>::’|S::::;:!%1|r;;x:|:gj::j;^i'i:t;:‘jv=^l;^j:;h:i:tift-Av 

at  SNR  "  10 


E-43 


FILTER  VS  ACTUAi.  ERROR  (CM  OFFSET) 


FDN  0.300/FMN  0.00017B/TMN  O.OOOIVS/OFF  B7/PC  15/Run  Ic64 


TIME  IM  SECONDS 


Figure  E.3. 1  10.3  nm  Two-State  Modified  MAP  MMAF  Offset  EiTor,SNR»10,F*  “0.0 


TIME  IN  SECONDS 


Figure  E.3.2  10.3  iun  Two-State  Modified  MAP  MMAF  Bias  Enor,SNR-10J»,-0.0,  at  t, 


E-44 


ESTIMATED  OFFSET-PLt^  POSITION  ( +/- )  SIGMA 
FDN  0.300/FMN  0,000178/TMN  O.OODl7e/OFF  07/PC  15/Run  Ic37 


TIME  IN  SECONDS 

Figure  E.5.3  10.5  \xm  'I'wo-Statc  Modified  MAP  MMAF  Offset  Enror.SNR-lO^^-O.O.at  t; 


FILTER  VS  ACTt..L  ERROR  (BIAS) 

FDN  0 ,  3  0  0/FMN  0,000178/TMN  0.000  17  8/OFF  07/PC  15/Rui)  Ic37 


I  , . I , I , I 

7  «  «  t  10 

TIME  IN  SECONDS 


Figure  E.5.4  10.5  jiiTi  Two-State  Modified  MAP  MMAF  Bias  Error, SNR- 10^, -0.0 

E-45 


FILTER  VS  ACTUAi.  ERROR  (CM  OFFSET) 

FDN  0.300/rMN  0 . 0 0 0 1 T 8 /TMN  0.D0O178/OFF  87/PC  15/Run  Ic42 


TIME  IN  SECONDS 


Figure  E.5.7  10.5  jim  Two-State  Modified  MAP  MMAF  Offset  Eror,  SNR  -  10,  P.  -  0.05 

ESTIM.ATED  OFFSET-MINc  _  POSITION  (+/-)  SIGMA 
FDN  0.30  0/FMN  0  .  0  00 1  ■>  8/TMN  O.OOOIVB/OFF  87/PC  15/Run  Ic42 


IW.I 


TIME  IN  SECONDS 


Figure  E.5.8  10.5  txm  Two-Sutc  Modified  MAP  MMAF  Offset  Error, SNR-10/’„-0.05,at  f, 


TI«E  TN  SECONDS 


Figtjrc  E.5.10  10.5  |im  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  -  !0,  F, 


0.05 


U 


ESTIMATED  BIAS-..INUS  (+/-)  SIGMA 
< DN  0.300/FMN  0.000178/TMN  0,000178/OFF  87/PC  Ib/Run  Ic42 


ESTIMATED  BIAS-.uUS  (+/-)  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  e7/PC  15/Run  »C42 


TIKE  IN  SECONDS 

Figure  E.5.12  lO.Spim  Two-State  Modified  MAP  MMAF  Bias  Error,SNR-10^.-0.05,at  C 


E-49 


FILTER  VS  ACTUAi.  ERROR  (CM  OFFSET) 

FDN  0.300/FMN  0.000178/TMN  0.000178/OFF  e7/PC  15/Run  1045 


TIME  IN  SECONDS 


Figure  E.5.13  10.5)im  Two-State  Modified  MAP  MMAF  Offset  Error,  SNR  -  10,  P,  -  0.30 


ESTIMATED  OFFSET-MINu -  POSITION  (+/-)  SIGMA 
FDN  0.300/FMN  0.000178/TKN  O.OOOi78/OFF  B7/PC  15/Run  «c45 


TIME  IN  SECONDS 


Figure  E.5.14  lO.Sjim  Two-State  Modified  MAP  MMAF  Offset  Error,SNR-10P.-4).30,  at  t; 


E-50 


TIME  IN  SECONDS 


Figure  E.5.15  lO.S^m  Two-State  Modified  MAP  MMAF  Offset  Em>r,SNR-10^*  -C.30,at  V 

FILTER  VS  ACTU..L  ERROR  (BIAS) 

FDN  0.300/rMN  0,00017e/TMN  0.00017B/OFF  B7/PC  15/Run  IcHS 


TIME  IN  SECONDS 


Figure  E.5.I6  JO.Sum  Two-State  Moditkd  MAP  MMAF  Bias  Error,  SNR  -  10,  P„  -  0.30 


E-51 


TIME  )  ;<  SECONDS 


Figure  E.5.I8  lO.S^m  Two-State  Modified  MAP  MMAF  Bias  Error.SNR-10^,-0.30,ai  t; 


E-52 


Appendix  E:6 


,  ; '  fwo-Stdie  Center-of-Mass 
Modified  MAP  MMAF 
with  : ; 

JfO.5  |im  Doppler  Return  Measurements 

at  SNR  ^4  >  :  ,;  =  ~! 


E-53 


FILTER  VS  actual  ERROR  (CM  OFFSET) 

FDN  0.300/rMN  O.OOOne/TMN  0.O0O178/OFF  87/PC  15/Ru:i  Ic37 


111 


■II 


TIME  IN  SECONDS 


Figure  E.6.I  10.3  lira  Two-State  Modified  MAP  MMAF  Offset  Error, SNR-4^„  -0.0 

ESTIMATED  OFFSET-MIN^-  POSITION  (+/-)  SIGMA 
o  ./DN  0 ■ 300/FHN  0 . 0 0 0 1 7 8 /VMM  O.OO0178/OFF  87/PC  15/Run  »c37 


111 


TIME  IN  SECONDS 


Figure  E.6.2  10.3  jim  Two-State  Modified  MAP  MMAF  Offset  Error, SNR-47»,» -0.0,  at  t, 


E-: 


TIME  IN  SECONDS 


Figure  E.6.3  10.5  4m  Two-State  Modified  MAP  MMAP  Offset  Error, SNR-4 -0.0, at  r,* 

FILTER  VS  ACTl.,.!.  ERROR  (BIAS) 


FDN  0.3  00/FMN  0,0  00  1  7  8/TMN  O.OOOnO/OFF  87/PC  15/Kun  II C  6  4 


TIME  IN  SECONDS 

Figure  E.6.4  10.5  jim  Two-State  Modified  MAP  MMAF  Bias  EiTor,SNR-4,F„  "0.0 


E-55 


ESTIMATED  BIAS-..INUS  (+/-)  SIGMA 
FDN  0.300/FMN  0.00017e/TMN  0.00017B/OFF  07/PC  15/Run  »c64 


TIME  IN  SECONDS 

Figure  E.6.5  10.5  pm  Two-State  Modified  MAP  MMAF  Bias  Error, SNR-4^,  -0.0,  at  /, 

ESTIMATED  BIAS-.LUS  <+/-)  SIGMA 
FDN  0.300/FMN  0.000l7e/TMN  0.000178/0FF  B7/PC  15/Run  «c64 


4  6 

TIME  IN  SECONDS 


Figure  E.6.6  10.5  pun  Two-State  Modified  MAP  MMAF  Bias  Error, SNR-4,P„  -0.0, at  t* 


E-56 


Figure  E.6.9  lO.S^m  Two-Staic  Modified  MAP  MMAF  Offset  Error, SNR-4^^  »0.05, at  t; 


till 
)  3  4  6 

TIME  IN  SECONDS 

Figure  E.6.1 1  10.5  4111  Two-State  Modified  MAP  MMAF  Bias  Error, SNR-4, P, -0.05, at  t; 


ESTIMATED  BIAS-,LUS  (+/“)  SIGMA 
FDN  0.300/F'MN  0.0001  T8/TMF  0.000  17e/OFF  B7/PC  15/Run  *c69 


E-59 


FILTER  VS  ACTUAi.  ERROR  (CM  OFFSET) 


FDN  0.300/FMN  0.000178/TMN  0.00017B/OFF  07/PC  15/Run  « c 7 2 


TIME  IN  SECONDS 


Figure  E.6.13  lO.Sum  Two-State  Modified  MAP  MMAF  Offset  Error,  SNR  -  4,  P.  -  0.30 

ESTIMATED  OFFSET-MINu-  POSITION  (+/-)  SIGMA 


FDN  0.300/FMN  0.00017a/TMN  0.000178/OFF  87/PC  15/Run  Ic72 


TIME  IN  SECONDS 

Figure  E.6.14  lO.Sfim  Two-Sute  Modified  I.IAP  MMAF  Offset  Error,SNR-4,P^ -0.30,  at  t; 


E-60 


ESTIMATED  OFFSET-PLu-  POSITION  (+/-)  SIGMA 

FDN  0.300/FMN  0.00017e/TMN  0.00017B/OFF  67/PC  15/Run  »c72 


TIME  IM  SECONDS 

Figure  E.6.18  lO.Sfxm  Two-State  Modified  MAP  MMAF  Bias  Error, SNR-4,P„ -0.30,31  /, 


E-62 


Appendix  F 


Mo^d-I^MMAF. 


IH^^S 


2 


F-1 


This  Appendix  contains  the  error  plots  of  the  two-state  center-of-mass  Modified  MAP 
MMAF,  wherein  the  iow-energy  speckle  return  is  continuously  received  when  the  hardbody- 
induced  Doppler  return  is  indetectable.  The  Appendix  is  divided  into  sub-appendices  that 
correspond  to  different  values  of  low-energy  laser  wavelength  and  SNR.  Each  wavelength  with 
a  given  SNR,  is  further  separated  into  three  values  of  Probability-of-Miss,  P„.  The  plots  show 
the  error  relationsliip,  in  error  mean  ±1  standard  deviation  values  (in  pixels),  of  the  true  eirors 
between  the  filter  estimated  and  true  offset  distance  from  the  intensity  centroid  to  the  hardbody 
center-of-mass,  and  the  true  errors  between  the  filter’s  estimate  and  the  tme  bias  caused  by  the 
plume's  speckle  reflectance.  This  appendix  is  divided  into  the  following  sub-appendices; 


Sub-Aooendix 

Category 

F.l 

0.53  pm  Wavelength.  SNR  10 

F.2 

0.53  pm  Wavelength,  S^,•R  «  4 

F,3 

2.01  pm  Wavelength,  SNR  =  10 

F.4 

2.01  pm  Wavelength.  SNR  =  4 

F.5 

10.5  pm  Wavelengtli,  SNR  s  10 

F.6 

10.5  pm  Wavelength,  SNR  =  4 

F-2 


Appendix  F.l  , 

'Pwo-Stcite  Center-opMdss 
Modified  MAP  MMAP 
with 

0.53  Jim  Doppler  Return  Measut^tHents 


FILTER  VS  ACTUA_  ERROR  (CM  OFFSET) 

FDN  0.300/FMN  0.000  1  7e/TMN  0.00017  B/01P  B7/1'C  15/Run  IcrOl 


TIME  IN  SECONDS 

Figure  F.1.2  0.53  fin.  Two-State  Modified  MAP  MMAF  Bias  Error,SNR-10,J“„»0.0,  at  t 


F-4 


ESTIMATED  BIAS  ..INUS  (+/-)  SIGMA 
FDN  0,300/FMN  0.00017B/TMN  0.00017B/OFF  87/PC  15/Run  lorOl 


TIME  IK  SECONDS 


Figure  F.1.5  0.53  jim  Two*Statc  Modified  MAP  MMAF  Bias  Error, SNR- 10^,  -0.0,  at  I, 

ESTIMATED  BIAS  . LUS  {+/-)  SIGMA 
FDN  0,300/FMN  0.00017e/TMN  0. 000178/OFF  87/PC  15/Run  IcrOl 


TIME  IN  SECONDS 


Figure  F.1.6  0.53  jim  Two-Swte  Modified  F4AP  MMAF  Bias  Error,SNR-10J*^-0.0,at  f, 


FILTER  VS  ACTUA-  ERROR  (CM  OFFSET) 

FDN  0.300/FMN  0.0001  7e/TMN  0.00017B/OFF  87/PC  15/Run  Ilcr06 


■I"  I  !!  i'l 


TIME  IN  SECONDS 


Figure  F.1.7  0.53  m  Two-State  Modified  MAP  MMAF  Offset  Error,  SNR  -  10,  P„  -  0.05 

ESTIMATED  OFFSET-MIN.^  POSITION  ( +/- )  SIGMA 
FDN  0.300/FMN  0.00017B/TMN  0.00017B/OPF  87/PC  15/Run  HcrOS 


TIME  IN  SECONDS 


Figure  F,1.8  0.53  jun  Two-State  Modified  MAP  MMAF  Offset  Error  .SNR- 10, P„-0.05,at  i- 


ESTIMATED  OFFSET-PL. POSITION  ( +/- )  SIGMA 
FDN  0,30  0/FHN  O.OOOna/TMM  0.000  17  B/OFF  B7/PC  15/Bun  Icr06 


TIME  IN  SECONDS 


Figure  F.1.9  0.53Mm  Two-Siatc  Modified  MAP  MMAE  Offset  ErTor,SNR-10^„-0.05,at  t; 


FILTER  VS  ACT»..L  ERROR  (BIAS) 

FDN  0,300/FMN  0  000178/THN  0.000178/OFF  B7/PC  15/BUn  lcr06 


TIME  IN  SECONDS 


Figure  F.1.10  0.53  jim  Two-State  ModiOed  MAP  MMAF  Bias  Error,  SNR  -  10,  P,,  - 


ESTIMATED  BIAS  ..INUS  (+/-)  SIGMA 
FDN  0.300/FMN  0.000178/TMN  0.00017B/OFF  87/PC  15/Run  »or06 


TIME  IN  SECONDS 


Figure  F.  1 . 1 1  0.53  niri  Two-Suic  Modified  MAP  MMAF  Bias  Error, SNR-10, -0.05,at  t,' 
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Figure  F.2.10  0.53  |iin  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  -  4,  -  0.05 
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Figure  F.4.15  2.0l|im  Two-State  Modified  MAP  MMAE  Offset  Error, SNR~4/’^ -0.30, at  r,'*' 
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Figure  F.4.16  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  -  4,  -  0.30 
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Figure  F.5.9  lO.Sfim  Two-State  Modified  MAP  MMAE  Offset  EiTOr,SNR-10^,-0.05,at  t; 
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Figure  F,6. 16  10.5^lm  Two-State  Modified  MAP  MMAF  Bias  Error,  SNR  4,  -  0.30 
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The  graphs  contained  in  this  appendix  plot  the  compiled  performance  results  of  the  sensitivity 
analysis  conducted  upon  the  one-state  Dopplet  filter  and  Case  1  and  2  of  the  two-state  Modified  MAP 
MMAF.  The  graphs  are  shown  in  two  sets:  one  set  presents  parametric  curves  that  give  RMS  errors,  in 
units  of  pixels,  as  a  function  of  probability-of-miss  (P„ ),  while  the  parametric  curves  in  the  second  set 
are  functions  of  signal-to-noise  ratio  (SNR).  This  appendix  is  partitioned  into  two  subappendices  in  the 
following  manner: 

Subappendix  Category 

G.  1  RMS  Errors  as  a  function  of  P„ 

G.2  RMS  Errors  as  a  function  of  SNR 

Each  subappendix  begins  with  the  RMS  errors  at  t*  to  present  the  performance  after  measurement,  and 
subsequently  illustrates  the  outcome  and  quality,  at  t.,  of  state  estimate  propagation.  The  reader  should 
note  the  difference  in  the  RMS  axis  (ordinate)  scale  when  transitioning  from  t*  to  t;. 


G-2 


Appendix  GJ: 

RMS  Erron  vmtss  Wmdm$th 
fora  I' 

Given  PrdbabiUfy-of-Miss 


G-3 


AM*  IMOM  AT  Tl  M.Ut  MA  Mr  •  M 

(a)  Onc-Statc  Doppler  Filter 


jjtfOjwWMAI*  MMM*  NO  RMCMLI 


WAVIliNOTH 

Rm  IWIOMSArnMU1lRO«IMi»»R 


(b)  Two-State  Modified  MAP  MMAF:  Case  1 


woomo  MAP  •MAP  •  »ncpif 


VAVniMOtN 

NMt  tNNONt  Af  n  PIM  FOA  Mr  ••lA 


(c)  Two-State  Modified  MAP  MMAF:  Case  2 


Figure  G.1.1  RMS  Errors  for  P„  -  0.0  at  t* 


G-4 


ntft  CfiMOM  AT  n  n.tf«  rod  i*«  •  •  *1 

(a)  Onc-Stalc  Doppler  Filter 


Mwmo  MU>  MWA#  NO  irMKlI 


WAvtitNoni 

pmM  tdnoM  AT  nnut'Od  !»•*•••) 


(b)  Two-State  Modified  MAP  MMAF:  Case  I 


MOONICO  MAf  MMAT  «  AdtCKU 


WAvfttHOTM 

dHs  f  ddont  AT  n  rod  i*M  • 


(c)  Two-Stale  Modified  MAP  MMAF:  Case  2 
Figure  G.  1.2  RMS  Errors  for  F„  =  0.01  at  r* 


G-5 


flMMtAiteiiftiiraii 


4M!  JMtl 


WAVCUMOTH 

MM  MPKMt  AT  Tl  fH  US  f  OM  Pm  ••  0  M 


(b)  Two-State  Mtxlificd  MAP  MMAF:  Case  1 


MOOtniOMAPIMUirw  SMCKil 


(c)  Two-State  Modified  MAP  MMAF:  Case  2 


Figure  G.1.3  RMS  Errors  for  =  0.05  at  t* 


G-6 
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(c)  Two-Slate  Modified  MAP  MMAF:  Case  2 
Figure  G.1.10  RMS  Eitois  for  =  0.10  at  t,' 
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(a)  One-State  Doppler  Filter 


(b)  Two-State  Modified  MAP  MMAF:  Case  1 
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(c)  Two-State  Modified  MAP  MMAF;  Case  2 


Figure  G.  1 . 1 1  RMS  Errors  for  P.  -  0.20  at  C 
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(b)  TwoStatc  Modified  MAP  MMAF:  Case  1 


(c)  Two-Stiitc  Modified  MAP  MMAF:  Case  2 


Figure  G.2.1  RMS  EiTors  for  SNR  =  10  at  t* 


G-17 


G-18 


I  M$m  Mom  jgMM  mtm  jmi  jmmii 

WA^tUlMDt 

Mtf  IMHOM  AT  n  HMKM  MM  •  • 


(a)  Onc-Staic  Doppler  Filter 


(c)  Two-State  Modified  MAP  MMAF:  Case  2 


Figure  G.2.3  RMS  Errors  for  SNR  =  6  at  r* 
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(a)  One-State  Doppler  Filter 


(b)  Two-State  Modified  MAP  MMAF:  Case  1 
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(c)  Two-State  Modified  MAP  MMAF;  Case  2 
Figure  G.2.4  RMS  Errors  for  SNR  =  4  at  r,* 
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(a)  One-Slate  Doppler  Filter 
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(b)  Two-State  Modified  MAP  MMAF:  Case  1 


(c)  Two-State  Modified  MAP  MMAF;  Case  2 


Figure  G.2.5  RMS  Emirs  for  SNR  =  10  at 
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(a)  One-State  Doppler  Filter 


B  MA#  MMtf  NO  tMOai 


#4M04 

WAVtimOTM 

MM  I WIOM  AY  in  IMNU*  HM  •  $ 


AOMt  J0MII 


(b)  Two-State  Modified  MAP  MMAF:  Case  1 


(c)  Two-State  Modified  MAP  MMAF:  Case  2 


Figure  G.2.6  RMS  Errors  for  SNR  »  8  at  // 
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(c)  Two-State  Mtxlified  MAP  MMAF;  Case.  2 


Figure  G.2.7  RMS  Errors  for  SNR  =■  6  at  t- 
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(a)  One-State  Doppler  Filter 


(b)  Two-State  Modified  MAP  MMAF:  Case  1 
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(c)  Two-State  Modified  MAP  MMAF:  Case  2 
Figure  G.2,8  RMS  Enors  for  SNR  -  4  at 
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This  appendix  contains  three  tables  that  list  the  results  of  the  respective  sensitivity  analysis 
performed  on  the  one-state  Doppler  filter  and  on  Cases  1  and  2  of  the  two-state  Modified  MAP 
MMAF.  The  tables  list  the  average  mean  errors  and  average  standard  deviations,  in  units  of 
pixels,  before  measurement  update  at  and  after  measurement  update  at  Note  that,  as  a  result 
of  the  output  format  of  the  Fortran-coded  simulation,  the  data  is  shown  with  five  significant 
figures.  In  actuality,  three  significant  figures  will  suffice  for  analyzing  the  data. 
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Table  H.l  One-State  Doppler  Filter  Offset  Error  Statistics  (in  Pixels) 


SNR 

P. 

niean(t,‘) 

meanC/,"^) 

la(0 

la(0 

0.53 

10 

0.0 

-0.30391E-04 

0.15079E-03 

0.14402E4<X) 

0.28674E-02 

,01 

-0.13320E-03 

0.14715E-02 

0.14436E+00 

0.12484E-01 

.02 

-0.35183E-03 

0.16988E-02 

0.14479E+00 

0.18428E-01 

.03 

-0.83223E-03 

0.9493  lE-03 

0.14461E+00 

0.29420E-01 

.04 

.0,44544E-03 

0.85601  E-04 

0.14509E+00 

0.36668E-01 

.03 

0.27381E-03 

0.64996E-03 

0.14478B+00 

0.39320E-01 

.10 

0.44882E-03 

0.30387E-03 

0.14477E+00 

0.70834E-01 

.20 

0,31482E-02 

0.39645E-02 

0.14495E400 

0.11249E+00 

.30 

0.30730E-02 

0.32894E-02 

0.14520E+00 

0.12629E+00 

8 

0.0 

-0.13813E-04 

0.16873E-03 

0.14400E+00 

0.32035E-02 

,01 

-0.12149E-03 

0.14870E-02 

0.14436E+00 

0.12800E-01 

.02 

-0.337 12E-03 

0.17176E-02 

0.14480B+00 

0.18733E-01 

.03 

-0.83849E-03 

0.961 13E-03 

0.14461E+00 

0.29670E-01 

.04 

-0.43344E-03 

0.97137E-04 

0.14509E+00 

0.36905E-01 

.03 

-0.59301E-04 

0.32913E-03 

0.14524E+00 

0.42879E-01 

.10 

0.45783E-03 

0.50925E-03 

0.14477E+00 

0.70968E-01 

.20 

0.31588E-02 

0.39730E-02 

0.14496E+00 

0.11253E+00 

.30 

0.308 16E-02 

0.32949E-02 

0.14520B+00 

0.12630E+00 

6 

0.0 

0.90539E.05 

0.19443E-03 

0.14400E+00 

0.36989E-02 

.01 

-0.10140E-03 

0.151 19E-02 

0.14436E400 

0.13258E-01 

.02 

-0.51895E-03 

0.17452E-02 

0.14482E+00 

0.19176E-01 

.03 

-0.81892E-03 

0.97926E-03 

0.14459Ef00 

0.30039E-01 

.04 

-0.41581E-03 

0.11512E-03 

0.14508E+00 

0.37255E-01 

.05 

-0.33936E-04 

0.34924E-03 

0.14526E+00 

0.43200E-01 

.10 

0.46960E-03 

0.51677E-03 

0.14477E+00 

0.71165E-01 

.20 

0.3173  lE-02 

0.399 16E-02 

0.14498E+00 

0.11259E+00 

.30 

0.30933E-02 

0.33013E-02 

0.14520E+00 

0.12631E+00 

4 

0.0 

0.51095E-04 

0.23792E-03 

0.14399E+00 

0.45304E-02 

.01 

-0.68101E-04 

0.15506E-02 

0.14437E+00 

0.14030E-01 

.02 

-0.48477E-03 

0.17917E-02 

0.14483E+00 

0.19918E-01 

.03 

-0.78556E-03 

0.101  lOE-02 

0.14457E+00 

0.30657E-01 

.04 

-0.38538E-03 

0.14446E-03 

0.14507E+00 

0.37841E-01 

.05 

0.46723E-05 

0.38337E-03 

0,14528E+00 

0.43738E-01 

.10 

0.494C5E-03 

0.53090E-03 

0,14477E+00 

0.71501E-01 

.20 

0.31985E-02 

0.40154E-02 

0.14501E+00 

0.11270E+00 

.30 

0.31100E-02 

0.33113E-02 

0.14521E+00 

0.12634E+00 

p. 

mean(0 

lc(r,-) 

loan 

0.0 

0.10966E-03 

0.3001  lE-03 

0.14399&f00 

0.57299E-02 

.01 

-0.18792E-04 

0.16088E-02 

0.14437E+00 

0.15143E-01 

.02 

■0.43944E-03 

0.18588E-02 

0.14490E400 

0.20993E-01 

,03 

-0.73669E-03 

0.10553E-02 

0.1445364^)0 

0.315506-01 

.04 

■0.34100E-03 

0.18836E-03 

0.14506E+00 

0.386906-01 

.05 

0.61238E-04 

0.43743E-03 

0.14532Ef00 

0.445216-01 

.10 

0.52479E-03 

0.54857E-03 

0.14476E+00 

0.719836-01 

.20 

0.32340E-02 

0.40506E-02 

0.14506E+00 

0.112856+00 

.30 

0.31360E-02 

0.33297E-02 

0.14521E+00 

0.126396+00 

0.0 

0.14194E-03 

0.33509E-03 

0.143996+00 

0.64031E-02 

.01 

0.86867E-03 

0.16399E-02 

0.144376+00 

0.15769E-01 

.02 

-0.40992E-03 

0.18991E-02 

0.14493E+00 

0.21599E-01 

.03 

-0.7098  lE-03 

0.10797E-02 

0.14452E+00 

0.32057E-01 

.04 

-0.31472E-03 

0.21480E-03 

0.145056+00 

0.391716-01 

.05 

0.95668E-04 

0.46626E-03 

0.14534E+00 

0.44960E-01 

.10 

0.54414E-03 

0.56194E-03 

0.14476E+00 

0.72260E-01 

.20 

0.32550e-02 

0.40729E-02 

0.14509E+00 

0.1 12946+00 

.30 

0.31499E-02 

0.3337  lE-02 

0.145226+00 

0.12642E+00 

0.0 

0.18916E-03 

0.38860E-03 

0.14399E+00 

0.739 15E-02 

.01 

0.46878E-04 

0.16886E-02 

0.14438E+00 

0.16686E-01 

.02 

-0.37135E-03 

0.19351E-02 

0.14496E+00 

0.22486E-01 

.03 

-0.67082E-03 

0.11159E-02 

0.14449E+00 

0.327986-01 

.04 

-0.278 18E-03 

0.25151E-03 

0.14504E+00 

0.39875E-01 

.05 

0.13868E-03 

0.50515E-03 

0.14553E+00 

0.45659E-01 

.10 

0.57420E-03 

0.58121E-03 

0.144766+00 

0,72665E-01 

.20 

0.32855E-02 

0.41035E-02 

0.14513E+00 

0.113086+00 

.30 

0.31693E-02 

0.33490E-02 

0.14523E400 

0.12646E+00 

0.0 

0.27054E-03 

0.47438E-03 

0.14399E+00 

0.90476E-02 

.01 

0.11542E-03 

0.17660E-02 

0.14439E+00 

0.18225E-01 

.02 

-0.30594E-03 

0.20457E-02 

0.14503E+00 

0,23970E-01 

.03 

-0.60589E-03 

0.11753E-02 

0,144456+00 

0.34044E-01 

.04 

-0.21550E-03 

0.30985E-03 

0.14502E400 

0,41059E-01 

.05 

0.21941E-03 

0.5801 3E-03 

0,14543E+00 

0.46695E-01 

.10 

0.61749E-03 

0.609 15E-03 

0.14476E+00 

0.73352E-01 

.20 

0.33364E-02 

0.41543E-02 

0,14521E+00 

0,113326+00 

.30 

0.32044E-02 

0.33708E-02 

0.14525E+00 

0.12655E+00 

p. 

niean(0 

mean(f*) 

la(0 

laiO 

0.0 

0.36007E-03 

0.56858E-03 

0. 143995+00 

0,10843E-01 

.01 

0.18846E-03 

0.18493E-02 

0.14439E+00 

0.19898E-01 

.02 

-0.23438E-03 

0.21442E-02 

0.145  lOE+00 

0.25584E-01 

.03 

■0.531 12E-03 

0.12396E-02 

0.14440B+00 

0.35400E-01 

.04 

-0.14913E-03 

0.37758E-03 

0.14500E+00 

0.42347E-01 

.05 

0.30485E-03 

0.65790E-03 

0.14549E+00 

0.47879E-01 

.10 

0.66959E-03 

0.64378E-03 

0.14476E+00 

0.74103501 

.20 

0.33901E-02 

0.421 20E-02 

0.14529E+00 

0.113595+00 

.30 

0.32428E-02 

0.33960E-02 

0.14523E+00 

0.126655+00 

0.0 

0.42186E-03 

0.63403E-03 

0.14399E+00 

0.12114E-01 

.01 

0.23947E-03 

0.19071E-02 

0.14440E+00 

0.21080E-01 

.02 

-0.18464E-03 

0.221 35E-02 

0.14515B+00 

0.26728E-01 

,03 

-0.47973E-03 

0.12874E-02 

0.14437E400 

0.36365E-01 

.04 

-0.10038E-03 

0.42364E-03 

0.14499E+00 

0.43262E-01 

.05 

0.36534E-03 

0.71350E-03 

0.14553B+00 

0.48721  E-01 

.10 

0.70537E-03 

0.66689E-03 

0.14476E+00 

0.74643E.01 

.20 

0.34280E-02 

0.42508E-02 

0.14535E+00 

0.11379E+00 

.30 

0.32698E-02 

0.341 30E-02 

0.14530E+00 

0.12673E-+00 

0.0 

0.51366E-03 

0.73359E-03 

0.144005+00 

0.13975E-01 

.01 

0.31640E-03 

0.19946E-02 

0.14442E+00 

0.228 16E-01 

msm 

-0.10962E-03 

0.23134E-02 

0.145225+00 

0.28401E-01 

-0.40409E-03 

0.13527E-02 

0.14433E+00 

0.37779E-01 

.04 

-0.263 14E-04 

0.49365E-03 

0.14497E+00 

0.44610E-01 

.05 

0.45673E-03 

0.79641E-03 

0.145595+00 

0.49958E.01 

.10 

0.75925E-03 

0.70374B-03 

0.14477E+00 

0.75444E-01 

mm 

0,34868E-02 

0.43103E-02 

0.145445+00 

0.11409E+00 

■1 

0.33089E-02 

0.34390E-02 

0. 145355+00 

0.12686E+00 

0.0 

0.66680E-03 

0.89720E-03 

0.144015+00 

0.17082E-01 

.01 

0.44352E-03 

0.21331E-02 

0.14444E+00 

0.257 13E-01 

.02 

0.17095E-04 

0.24826E-02 

0.14535E+00 

0.31197E-01 

.03 

-0.2795  lE-03 

0.14609E-02 

0.144265+00 

0.40153E-01 

.04 

0.92439E-04 

0.60917E-03 

0.144955+00 

0.46868E-01 

.05 

0.60920E-03 

0.93585E-03 

0.145695+00 

0.52037E-01 

.10 

0.84940E-03 

0.77198E-03 

0.14478E+00 

0.76803E-01 

.20 

0.35800E-02 

0.44078E-02 

0.143605+00 

0.114635+00 

.30 

0.33720E-02 

0.34791E-02 

0.145435+00 

0.12712E+00 

H-5 


X,pni  SNR 


4.00  10 


p. 

mean(/,) 

memOi*) 

la(0 

lo(//) 

0.0 

0.88503E-03 

0.11266E-02 

0.14405Ef00 

0.21422E-01 

.01 

0.61873E-03 

0.23269E-02 

0.14449E+00 

0.29768E-01 

.02 

0.19279E-03 

0.27151E-02 

0.14554E+00 

0.351  lOE-01 

.03 

-0.99467E-04 

0.16167E-02 

0.14419E+00 

0.43492E-01 

.04 

0.26297E-03 

0.77425E-03 

0.14494E+00 

0.50050E-01 

.03 

0.82315E-03 

0.11343E-02 

0.14385E+00 

0.34963E-01 

.10 

0.98073E-03 

0.87060E-03 

0.14483E+00 

0.78756E-01 

.20 

0.37164E-02 

0.45488E-02 

0.14384E+00 

0,11543E+<X) 

.30 

0.34632E^02 

0.35422E-02 

0.14560E+00 

0.12753E+00 

0.0 

0.10083E-02 

0.12613E-02 

0.14407E+00 

0  23892E-01 

.01 

0.72330E-03 

0.24353E-02 

0.14453E400 

0.32077E-01 

.02 

0.29406E-03 

0.28441E-02 

0.14365E+00 

0.37338E-01 

.03 

0.29633E-05 

0.17043E-02 

0.14416E+00 

0.45401  E-01 

.04 

0.36379E-03 

0.869 13E-03 

0.14495E+00 

0.51877E-01 

.03 

0.94634E-03 

0.12471E-02 

0.14594E+00 

0,56644E-01 

.10 

0.10556E-02 

0.93094E-03 

0.14487E+00 

0.79897E-01 

.20 

0.37955E-02 

0.463  lOE-02 

0.14600E+00 

0,11595E+00 

.30 

0.33150E-02 

0.35785E-02 

0,14571E+00 

0.12781E+(X) 

0.0 

0.11916E-02 

0.14537E-02 

0.14413EfOO 

0.27475E-01 

.01 

0.87399E-03 

0.25925E-02 

0.14439E+00 

0.35431E-01 

.02 

0.44414E-03 

0.30297E-02 

0.14582E+00 

0.40574E-01 

.03 

0.15307E-03 

0.18306E-02 

0.14413E+00 

0.48184E-01 

.04 

0.30964E-03 

0.10079E-02 

0.14496E400 

0.54545E-01 

.03 

0.11307E-02 

0.14170E-02 

0.14609EfOO 

0,59098E-01 

.10 

0.11680E-02 

0.10248E-02 

0.14494E+00 

0.81588E-01 

.20 

0.39087E-02 

0.475 16E-02 

0.14624E+00 

0.11671E+00 

.30 

0.35906E-02 

0.36329E-02 

0.14590E+00 

0.12825E+00 

0.0 

0.14979E-02 

0.17753E-02 

0.14427E+00 

0.33380E-01 

.01 

0.11244E.02 

0.28443E-02 

0.14474E+(X) 

0.40959E-0] 

.02 

0.69651E-03 

0.33354E-02 

0.14614E+00 

0.45913E-01 

.03 

0.40438E-03 

0.20375E-02 

0.14413E+00 

0.52800E-01 

.04 

0.73703E-03 

0.12430E-02 

0,14504E+00 

0.58981  E-01 

.05 

0.14392E-02 

0.17069E-02 

0.14636E+00 

0.63183E-01 

.10 

0.13569E-02 

0.11878E-02 

0.14513E+00 

0.84474E-01 

.20 

0.41007E-02 

0.49574E-02 

0.14669E+00 

0.11809E+00 

.30 

0.37231E-02 

0.373 18E-02 

0,14630E+{)0 

0.12910E+00 

H-6 


p. 

mean(0 

mean(/,^) 

la(0 

0.0 

0.14140E-02 

0.16854E.02 

0.14422E400 

0.31744E-01 

.01 

0,10339E-02 

0.27736E-02 

0.14470E+00 

0.39426E-01 

.02 

0.62434E.03 

0.325 16E.02 

0.14604E+00 

0.44433E-01 

.03 

0.33338E-03 

0.19815E-02 

0.14413E+00 

0.515 16E-01 

.04 

0.68899E-03 

0.11772E-02 

0,14502E+00 

0.57747E-01 

.05 

0.13332E-02 

0.16268E-02 

0.14628E400 

0.62046E-01 

.10 

0.13041E-02 

0.11411E-02 

0.14507E+00 

0.83661E-01 

.20 

0.40462E-02 

0.48994E-02 

0.14655E+00 

0.11769E+00 

.30 

0.36844E-02 

0.37010E-02 

0.14618EfOO 

0.12883E+00 

0.0 

0.16012E-02 

0.18818E-02 

0.14432E+00 

0.35301E-01 

.01 

0.12083E-02 

0.29272E-02 

0.14481E+00 

0.42756E-01 

.02 

0.77830E-03 

0.34334E-02 

0.14625E+00 

0.47651E-01 

.03 

0.48676E-03 

0.21050E-02 

0.14415E400 

0.543  lOE-01 

.04 

0,84140E-03 

0.13206E-02 

0.14508E+00 

0.60432E-01 

.05 

0.13433E-02 

0.18029E-02 

0.14646E+00 

0.64523E-01 

.10 

0.14205E-02 

0.12423E-02 

0. 14521 E+00 

0.85A39E-01 

.20 

0.41661E-02 

0.50278E-02 

0.14685E400 

0.11857E+00 

.30 

0.37653E-02 

0.37634E-02 

0.14645E+00 

0.12940E+00 

0.0 

0.18759E-02 

0.21697E-02 

0.14452E400 

0.40407E-01 

.01 

0,14338E.02 

0.31433E-02 

0.14301E+00 

0.47536E-01 

.02 

0.10032E-02 

0.36937E-02 

0.14658E+00 

0.52271E-01 

.03 

0.71164E-03 

0.22901E-02 

0.14424E400 

0.58336E-01 

.04 

0.10666E.02 

0.15307E-02 

0.14524E+00 

0.64322E-01 

.05 

0.18225E-02 

0.20654E-02 

0.14676E+00 

0.68108E-01 

.10 

0.15928E-02 

0.13997E-02 

0,14547E+00 

0.88070E-01 

.20 

0.43385E-02 

0.521 64E-02 

0.14733E+00 

0.11991E+00 

.30 

0.38356E-02 

0.38595E-02 

0.14692E+00 

0.13030E+00 

0.0 

0.23391  E-02 

0.265 14E-02 

0.14498E-K)0 

0.48659E-01 

.01 

0.18136E.02 

0.34963E-02 

0.14548E400 

0.5525  lE-01 

.02 

0.13823E-02 

0.41139E-02 

0.14724E+00 

0.59747E-01 

.03 

0.10865E-02 

0.25931E-02 

0.14454E-IO0 

0.64899E-01 

.04 

0.14460E-02 

0.18803E-02 

0.14563E+00 

0.70634E-01 

.05 

0.22959E-02 

0.251 15E-02 

0.14735B+00 

0.73976E-01 

.10 

0.188 11  E-02 

0.16687E-02 

0.14608E+00 

0.92525E-01 

.20 

0.46301 E-02 

0,55404E-02 

0.14827E+00 

0.12232EHO0 

.30 

0.40884E-02 

0.40281 E-02 

0.14788E+00 

0.13200E+00 

H-7 


X,pm  SNR 


8.00  10 


p. 

mean(V) 

mean(/,^) 

la(/;) 

0.0 

0.19439E-02 

0.22399E-02 

0.144.38E+00 

0.41636E.01 

.01 

0.14906E-02 

0.31961E-02 

0.14507E+00 

0.48686E-01 

.02 

0,10384E-02 

0.37586E-02 

0.14667EfO0 

0.33383E-01 

.03 

0,76491E-03 

0.23346E-02 

0.14427B+00 

0.593  lOE-01 

.04 

0.11208E-02 

0.15823E-02 

0.14528E+00 

0.6.3264E-01 

.03 

0.18910E-02 

0.21305E-02 

0.14684E+00 

0.68975E-01 

.10 

0.16342E-02 

0.14379E-02 

0.14555E+00 

0.88717E-01 

.20 

0.43800E-02 

0.32606E-02 

0.14743E+00 

0.12025E+00 

.30 

0.39126E-02 

0.38808E-02 

0.14705E+00 

0,13053E400 

0.0 

0.21938E-02 

0.25006E-02 

0.14482E+00 

0,461 30E-01 

.01 

0.16938E-02 

0.33873E-02 

0.14531E+00 

0.52889E-01 

.02 

0.12617E-02 

0.39878E-Q2 

0.14702E+(X) 

0.57456E-01 

.03 

0.969 14E-03 

0.2498  lE-02 

0.14443E+00 

0.62883E-01 

.04 

0.13278E-02 

0.17709E-02 

0.14549Ef00 

0.68726E-01 

.03 

0.21477E-02 

0.23705E-02 

0.14713E+00 

0.721 68E-01 

.10 

0.17912E-02 

0.15842E-02 

0.14587Ei<X) 

0.91132E-01 

.20 

0.45390E-02 

0.54383E-02 

0.14796E+00 

0,12155E+00 

.30 

0.40240E-02 

0.39739E-02 

0.14756E+00 

0.13145E+00 

0.0 

0.23648E-02 

0.28823E-02 

0.14527E+00 

0.32497E-01 

.01 

0.19985E-02 

0.36637E-02 

0.14576Ef00 

0,58836E-01 

.02 

0.13666E-02 

0.43169E-02 

0.14762Ef00 

0,63227E-01 

.03 

0.12653E-02 

0.27363E-02 

0.14175E+00 

0.67975E-01 

.04 

0.16331E-02 

0.20469E.02 

0,14389E+00 

0.73673E-01 

.05 

0.25264E-02 

0.27281E-02 

0.14769EKX) 

0.76737E-01 

.10 

0.20209E-02 

0.18025E-02 

0.14645E+00 

0.9468  lE-01 

.20 

0.4771  lE-02 

0.36986E-02 

0.14879E+00 

0.12354E+00 

.30 

0.41878E-02 

0.41133E-02 

0.14842E+00 

0.13289E+00 

0.0 

0.31902E-02 

0.35196E-02 

0.14630E400 

0.62580E-01 

.01 

0.25070E-02 

0.41203E-02 

0.14676Ef00 

0.68220E-01 

.02 

0.20732E-02 

0.48462E-02 

0.14882E+00 

0.72366E-01 

.03 

0.1761  lE-02 

0.31388E-02 

0.14557E+00 

0.761 15E-01 

.04 

0.21448E-02 

0.2501  lE-02 

0.14682E+00 

0.81610E-01 

.05 

0.31614E-02 

0.33303E-02 

0.14878E+00 

0.8408  lE-01 

.10 

0.24046E-02 

0.21738E-02 

0.14772Ef00 

0.l0060E-fOO 

.20 

0.51610E-02 

0.61399E-02 

0.13043E+00 

0.12707E+00 

.30 

0.44774E-02 

0.437 19E-02 

0.15014E+00 

0.13559E+00 

H-8 


p. 

mcan(i/) 

mean(//) 

lo(r/) 

lo(f;) 

0.0 

0.261 13E-02 

0.29295E-02 

0.14534E400 

0.53274E-01 

.01 

0.20358E-02 

0.36996E-02 

0.14583E+00 

0.39537E-01 

.02 

0.16022E-02 

0.43570E-02 

0.14770E+00 

0.63928E-01 

.03 

0.13037E-02 

0.27672E-02 

0.14480E+00 

0.68595E-01 

.04 

0.16703E-02 

0.20807E-02 

0.14594E+00 

0.742790-01 

.03 

0.2373  lE-02 

0.27723E-02 

0.14776E+00 

0.77298E-01 

.10 

0.20497E-02 

0.18295E-02 

0.14653E+00 

0.95123E-01 

.20 

0.47999E-02 

0.57305E-02 

0.14890E+00 

0,12380E+00 

.30 

0.42102E-02 

0.41334E-02 

0.14854E+00 

0.13309E+00 

0.0 

0.29443E-02 

0.32696E-02 

0.14586E+00 

0.58720E-01 

.01 

0.23072E-02 

0.39434E-02 

0.14633E+00 

0.64631E-01 

.02 

0.18730E-02 

0.46408E-02 

0.14832Ef00 

0.68865E-01 

.03 

0.15675E-02 

0.29808E-02 

0.14521E+00 

0.72986E-01 

.04 

0.19443E-02 

0.23233E-02 

0.14642E+00 

0.78556E-01 

.05 

0.291 13E-02 

0.30912E-02 

0.14833E+00 

0.81255E-01 

.10 

0.22554E-02 

0.20283E-02 

0.14718E+00 

0.98289E-01 

.20 

0.30071E-02 

0.5963  lE-02 

0.14975E400 

0.12567E+00 

.30 

0.43640E-02 

0.42693E-02 

0.14943E+00 

0.13450E+00 

0.0 

0.34352E-02 

0.37659E-02 

0.)4679E+00 

0,663 12E-01 

.01 

0,27089E-02 

0.42957E-02 

0.14723E400 

0.71686E-01 

.02 

0.22730E-02 

0.50484E-02 

0.14936E+00 

0.75751  E-01 

.03 

0.i9356E-02 

0.32947E-02 

0.14598E+00 

0.791 50E-01 

.04 

0.23476E-02 

0.26767E-02 

0,14727E+00 

0.84579E-01 

.05 

0.34120E-02 

0.35648E-02 

0.14928E+00 

0.86833E-01 

,10 

0.23333E-02 

0.23192E-02 

0.14831E+00 

0.10288E+00 

.20 

0.53125E-02 

0.63133E-02 

0.151 15E+00 

0.12851E^•00 

.30 

0.43938E-02 

0.44776E-02 

0.15090E+00 

0.13672E+00 

0.0 

0.4263  lE-02 

0.45982E-02 

0.14876E400 

0.78044E-01 

.01 

0.33884E-02 

0.48892E-02 

0.14910E+00 

0.82539E-01 

.02 

0.29406E-02 

0.57096E-02 

0.15147E+00 

0.86402E-01 

.03 

0.26006E-02 

0.38282E-02 

0.14766E+00 

0,88773E-01 

.04 

0.302 15E-02 

0.32559E-02 

0.14908E+00 

0.94020E-01 

.05 

0.42458E-02 

0.43537E-02 

0.15119E400 

0.95596E-01 

.10 

0.3054  lE-02 

0.28026E-02 

0.15063E+00 

0.11036E+00 

.20 

0.58285E-02 

0.69039E-02 

0.15386E+00 

0.13345E+00 

.30 

0.4993  lE-02 

0.48497E-02 

0.15375E400 

0.14073E+00 

H-9 


Table  H.2  Two-State  Modified  MMAF  Offset  Error  Statistics  (in  Pixels)  for  Case  1 


X,|jm 

SNR 

P. 

mean(r/) 

mean(0 

la(0 

lo(0 

0.33 

10 

0.0 

0,33822E-04 

-0.18678E-04 

0.14904E+00 

0.31943E-02 

.01 

-0.39903E-03 

0.32347E-03 

0.14932E+00 

0.12852E-01 

.02 

•0.8919  lE-03 

0.43935E-03 

0.14954E+00 

0.18845E-01 

.03 

-0.12107E-02 

-0.24677E-03 

0.14989E+00 

0.30205E-01 

.04 

-0.69277E-03 

-0.97808E-03 

0.14988E+00 

0.37895E-01 

.05 

-0.13571E-03 

■0.3833  lE-03 

0.15000Ei(X) 

0.444^18E-01 

.10 

0.27966E-03 

■0.35659E-03 

0.15038E+00 

0.72172E-01 

.20 

0.13996E-02 

0.2002  lE-02 

0.15063E+00 

0.ii733E+00 

.30 

0.13357E-02 

0.16175E-02 

0.1.5053E+00 

0.131 16E+00 

8 

0.0 

0.20463E-04 

-0.32822E-04 

0.14900E+00 

0.35950E-02 

.01 

-0.42603E-03 

0.29957E-03 

0.14930E+00 

0.13258E-01 

.02 

-0.91313E-03 

0.41181E-03 

0  14952E+00 

0.19215E-01 

.03 

-0.12392E-02 

-0.2857  lE-03 

0.14988E+00 

0.30532E-01 

.04 

-0.73057E-03 

-0.10223E-02 

0.14984E+00 

0.38217E-01 

.05 

-0.17422E-03 

-0.42909E-03 

0.14993E+00 

0.44729E-01 

.10 

0.25508E-03 

-0.38802E-03 

0.15035E+00 

0.72341  E-01 

.20 

0.13679E-02 

0.19653E-02 

0.15057E+00 

0.11734E+00 

.30 

0.13047E-02 

0.15885E-02 

0.15050E+00 

0.131 15E+00 

6 

0.0 

-0.13042E-05 

-0.52716E-04 

0.14895E+00 

0.41866E-02 

.01 

-0.47029E-03 

0.25518E-03 

0.14927E-(4)0 

0.13865E-01 

mm 

-0.94834E-03 

0.37 101 E-03 

0.I4949E-H00 

0.19772E-01 

-0.12849E-02 

-0.34905E-03 

0.14986E+00 

0.31022E-01 

.04 

-0.81988E-03 

-0.11022E-02 

0.14972E+00 

0.38708E-01 

.05 

-0.23537E-03 

-0.49898E-03 

0.14983E+00 

0.45154E-01 

.10 

0.2163  lE-03 

-0.43852E-03 

0.15030E+00 

0.72594E-01 

0.15713E~02 

0.19594E-02 

0.15054E+00 

0.11738E+00 

0.12517E-02 

0.15399E-02 

0.15044Ef00 

0.131 12E+00 

4 

0.0 

-0.13042E-05 

-0.527 16E-04 

0.14895E+00 

0.41866E-02 

.01 

-0.47029E-03 

0.255 18E-03 

0.14927E+00 

0.13865E-01 

.02 

-0.94834E-03 

0.37 101  E-03 

0.14949E+00 

0.19772E-01 

.03 

-0.12849E-O2 

-0.34905E-03 

0.14986E-MX) 

0.31022E-01 

.04 

-0.81988E-O3 

-0.1 1022E-02 

0.14972E+00 

0.38708E-01 

.05 

-0.23537E-03 

-0.49898E-03 

0.14983E+00 

0.45154E-01 

.10 

0.21631E-03 

-0.43852E-03 

0.15030E+00 

0.72594E-01 

.20 

0.15713E-02 

0.19594E-02 

0.13054E+00 

0.11738E+00 

.30 

0.12517E-02 

0.15399E-02 

0.15044E+00 

0.131 12E+00 

H-10 


A„pm  SNR 


mean(f,) 

mean(f/) 

-0.12165E-03 

-0.16674E-03 

0.14873B+00 

0.66393E-02 

-0.69267E-03 

0.31986E-04 

0.14919E+00 

0.16450E-01 

-0.11325E-02 

0.13841E-03 

0. 14941 E+00 

0.22165E-01 

-0.15199E-02 

-0.66019E-03 

0.14981EfOO 

0.331J3E-01 

-0.11580E-02 

-0,14696E-02 

0.14943E+00 

0.40837E-01 

-0.54761E-03 

-0.84976E-03 

0.14948E+00 

0.47023E-01 

0.87363E-06 

-0.71307E-03 

0.1301  lE^-00 

0.73743E-01 

0.13787E-02 

0.17138E-02 

0.13023E+00 

0.11748E+00 

0.98720E-03 

0.12974E-02 

0.15023EH00 

0.13102E+00 

-0.16676E-03 

-0.21153E-03 

0.14870E+00 

0.74330E-02 

-0.77630E-03 

-0.53336E-04 

0.14920B44X) 

0.17320E-01 

-0.12020E-02 

0.76889E-04 

0.14941  E+00 

0.22982E-01 

-0.16080E-02 

-0,77689E-03 

0.14981  E+00 

0.3389  lE-01 

-0.12853E-02 

-0.1 6061 E-02 

0.14940E+00 

0.41606E-01 

-0.66489E-03 

-0.97689E-03 

0.14940E+00 

0.47680E-01 

-0.81334E-04 

-0.81625E-03 

0.13007E+00 

0.74161E-01 

0.13067E-02 

0.16249E-02 

0.13017E+00 

0.11754E+00 

0.81920E-03 

0.11374E-02 

0.15026E+00 

0.13108E+00 

-0.2338  lE-03 

-0.277 15E-03 

0.14866E+00 

0.86228E-02 

-0.90322E-03 

-0.17720E-03 

0.14924B+00 

0.18588E-01 

-0.13033E-02 

-0.41636E-04 

0.14943E+00 

0.24183E-01 

-0.17400E-02 

-0.94986E03 

0.14983E+00 

0.34985E-01 

-0.14730E-02 

-0.181 17E-02 

0.14937E+00 

0.42718E-01 

-0.84016E-03 

-0.11702E-02 

0.14932E+00 

0.48658E-01 

-0.20327E-03 

-0.97369E-03 

0.13003EfOO 

0.7^793E-01 

0.11993E-02 

0.14881  E-02 

0.15008E+00 

0.11765E+00 

0.74260E-03 

0.10743E-02 

0.15039E+00 

0.13128E+00 

-0,34877E-03 

-0.388 13E-03 

0.14864E+00 

0.10517E-01 

-0.11124E-02 

-0.3881  lE-03 

0.14940E+00 

0.20652E-01 

-0.14801E-02 

-0.24482E-03 

0.14959E+00 

0.26163E-01 

-0.19370E-02 

-0.12408E-02 

0.14999E+00 

0.36808E-01 

-0.19036E-02 

-0.21304E-02 

0.14944E+00 

0.44372E-01 

-0.11325E-02 

-0.14852E-02 

0.14932E+00 

0.50310E-01 

-0.41163E-03 

-0.12404E-02 

0.15012E+00 

0.75902E-01 

0.10232E-02 

0.12622E-02 

0.13000E+00 

0.11792E+00 

0.49984E-03 

0.85359E-03 

0.15047E+00 

0.13146E+00 

H-11 


mean(0  | 

inean(/,^ 

la(/,‘) 

la(/;) 

-0.45957E-03 

-0.49394E-03 

0.14870E+00 

0.12443E-01 

■0.12408E-02 

-0.23304E-02 

0.14747E+00 

0.20557E-01 

■0.69788E-03 

-0.20630E-02 

0.14232EfOO 

0.26077E-01 

-0.10382E-02 

-0.89323E-03 

0.14823E+00 

0.37409E-01 

-0.49185E-03 

■0.13671E.-02 

0.14797E400 

0.45259E-01 

0.19771E-03 

0.37436E-03 

0.14733E+00 

0.49297E-01 

-0.17522E-02 

-0.12537E-02 

0.15180E+00 

0.76836E-01 

0.87361E-03 

0.875 18E-03 

0.15014E+00 

0.10868E+00 

0.18422E-01 

0.18320E-01 

0.15178E+00 

0.13439E+00 

-0.19404E-02 

-0.18046E-02 

0.14842E+00 

0.15828E-01 

-0.13023E-02 

-0.12213E-02 

0.14933E400 

0.23181E-01 

0.489 19E-03 

-0.874 13E-03 

0.14510E+00 

0.26764E-01 

-0.2143VE-02 

-0.24676E-02 

0.15656E+00 

0,43858E-01 

-0.31918E-03 

0.961 44E-03 

0.13921E+00 

0,45021E-01 

0.66977E-03 

-0.93208E-03 

0.14631E+00 

0,51428E-01 

-0.19856E-02 

-0.26873E-02 

0.14913E+00 

0,73590E-01 

-0.89986E-03 

-0.i2004E-02 

0.14635E+00 

0,10328E+00 

0.36289E-02 

0.46550E-02 

0.14528E+00 

0.12320E+00 

-0.80336E-03 

-0.83279E-03 

0.14900E+00 

0.16032E-01 

-0.16134E-02 

-0.27107E-02 

0.14786E+00 

0.23985E-01 

-0.13049E-02 

-0.261 19E-02 

0.14296Ef00 

0.29760E-01 

-0.13981E-02 

-0.13508E-02 

0.14854B+00 

0.39936E-01 

-0.71833E.03 

-0.15378E-02 

0.14836E+00 

0.47’'84E-01 

0.13491E-03 

0.27798E-03 

0.14738E+00 

0.31066E-01 

-0.23379E.02 

-0.19627E-02 

0.15209B+00 

0.78830E-01 

0.28728E-03 

0.31967E-03 

0.15101E+00 

0.11036E+00 

0.18175E-01 

0.181 12E-01 

0.15210E-IO0 

0.13519E400 

-0.32932E-02 

-0.31397E-02 

0.14971E+00 

0.228 19E-01 

-0.33141E-02 

-0.3229  lE-02 

0.15189E+00 

0.323 14E-01 

-0.98338E-03 

-0.13796E-02 

0.14561E+00 

0.31069E-01 

-0.40762E-02 

-0.42124E-02 

0.15748E+00 

0,51092E-01 

-0.32898E-03 

0.11863E-02 

0.13978E+00 

0.46989E-01 

0.301 16E-03 

-0.10566E-02 

0.14657E+00 

0.53971E-01 

-0.23768E-02 

-0.31636E-02 

0.14960E+00 

0.75933E-01 

-0.13304E.02 

-0.22255E-02 

0.14749E400 

0.10642E+00 

0.19264E-02 

0.31013E-02 

0.14733E+00 

0.12653E+00 

H-12 


mean(r;) 

niean(r,^ 

lo(0 

lait;) 

-0.41279E-02 

-0.38862E-02 

0.15473E^ 

0.29990E-01 

-0.75068E-02 

-0.88362E-02 

0.13366E+00 

0.43897E-01 

-0,28136E-02 

-0.43038E-02 

0.14534E+00 

0.38045E-01 

-0.45103E-02 

-0.48397E-02 

0.15271E+00 

0.51099E-01 

-0.19585E-02 

-0.26328E-02 

0.13067B+00 

0.54189E-01 

-0.24800E-02 

-0.23962E-02 

0.13075F^ 

0.60649E-01 

-0.96301E-02 

-0.94083E-02 

0.16138E+00 

0.97202E-01 

-0.42394E-02 

-0.36662E-02 

0.13759&f00 

0.]1937Er00 

0.13810E-0] 

0.13814E01 

0.15622E+00 

0.14008E+00 

-0.70734E-02 

-0.68968E-02 

0.155:,;5E+00 

0.36361  E-01 

-0.13339E-01 

-0.13245E-01 

0.16809E+00 

0.63618E-01 

-0.22060E-02 

0.26045E-02 

0.14699E400 

0.37809E-01 

-0.11865E-01 

-0.11970E-01 

0.16956E+00 

0.74304E-01 

-0.36950E-C2 

-0.3605  IE- 02 

0.l4885Ef00 

0.61 371  E-01 

-0.4661  lE-03 

-0.19872E-02 

0.14847E+00 

0.58303E-01 

-0.84825E-02 

-0.92342EC2 

0.I5935E+00 

0.92049E-01 

-0.26565E-02 

-0.35143E-C2 

0.15002E+00 

0.11089E+00 

-0.34331E-02 

-0.2125SE-02 

0.15654E+00 

0.13690E+00 

-0.9644  lE-02 

-0.93674E-02 

0.16439B+00 

0.485 18E-01 

-0.17947E-01 

■0.19290E-01 

0.17404E44X) 

0.76768E-01 

-0.83157E-02 

-0.94930E-02 

0.13351E+00 

0.54951E-01 

-0.83248E-02 

■•0,86749E-02 

0.15928E+00 

0,62879E-01 

-0.34886E-02 

-0.61132E-n2 

0.1.:i745E+00 

0.66854E-01 

-0.39164E-02 

•0.38618E-02 

0.15390C+00 

0.66793E-01 

-0.I1062E-01 

-0.10897E-0I 

0.163S3E+00 

0.i0155E+00 

-0.62229E-02 

-0.58621  E-02 

0.16249&f00 

0.12528E+00 

-0.62672E-01 

-0.62648E-01 

0.23357E400 

0.22484E+00 

-0.17437E-01 

-0.17239E-01 

0.17236Ei4)0 

0.667  lOE-01 

-0.20234E-01 

•0.20155E-01 

0.18135E+00 

0.86726E-01 

-0.79146E-02 

-0.83046E-C2 

0.15773E400 

0.57777E-01 

-0,28370E-01 

-0.28945E-01 

0.19790E+00 

0.12153E+00 

-0.11960E-0i 

-0.10371E-01 

0.15959E+00 

0.80043E-01 

-0.6408  8E-02 

-0.78721  E-02 

0.15824E+00 

0.74093E-01 

-0.10304E-01 

-0.11038E-01 

0.16254Bf00 

0.97456E-01 

-0.13379E-01 

-0.15761E-01 

0.17066E+00 

0.13527E+00 

-0.93830E-02 

■0.81853E-02 

0.16337E+00 

0. 14741  E-fOO 

H-13 


>„nir.  SNR 
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p. 

tnean(f/) 

mean(r/) 

lo(0 

la(/;) 

0.0 

-0.18991E-01 

-0.18695E-01 

0.17825E+00 

0.71339E-01 

.01 

-0.22457E-01 

-0.24065E-01 

0.18172Ef00 

0.88191E-01 

.02 

-0.11969E-01 

-0.13122E-01 

0.16289E+00 

0.66766E-01 

.03 

-0.89645E-02 

-0.91385E-02 

0.16028E+00 

0.65344E-01 

.04 

-0.59487E-02 

-0.685 17E-02 

0.15905Ef00 

0.70503E-01 

.05 

-0.40804E-02 

-0.4041 2E-02 

0.15446E+00 

0.68580E-01 

.10 

-0.14850E-01 

-0.15030E-0] 

0.17074E+00 

0.11227EfOO 

.20 

-0.11364E-01 

-0.10721E-01 

0.17206E+00 

0.13583E+00 

.30 

-0.66505E-01 

-0.66464E-01 

0.24236B+00 

0.23407E+00 

0.0 

•.0.17715E01 

-0.175 17E-01 

0.17294E+00 

0.67965E.01 

.01 

-0.20486E-01 

-0.20401E-01 

0.18211E+00 

0.88101E-01 

.02 

-0.80249E-1/2 

-0.841 23E-02 

0.15807E+00 

0.58721  E-01 

.03 

-0.28970E-01 

-0.29344E-01 

0.19888E+00 

0.12307E+00 

.04 

-0.12136E-01 

-0.10547E-01 

0.16011E+00 

0.81034E-01 

.05 

-0.65162E-02 

-0.79775E-02 

0.158.55Ef00 

0.74858E-01 

.10 

-0.10504E-01 

-0.11232E-01 

0.16286E+00 

0.981 18E-01 

.20 

-0.15561E-01 

-0.15953E-01 

0.17i30Ef0O 

0.13609E+00 

.30 

-0.16863E-01 

•■0.15943E-01 

0.!~764E+00 

0.16082E-f00 

0.0 

-0.20526E-01 

-0.20209E-01 

0.18213E+00 

0.78807E-01 

.01 

-0.23522E-01 

-0.25139E-0I 

0.i8520E+00 

0.94512E-01 

-0.18272E-01 

-0.19392E-01 

0.17<!62Ej*00 

0.85790E-01 

-0.95590E-02 

-0.97586E-02 

0.16169E+00 

0.69176E-ni 

.04 

-0.56784E-C2 

-0.65475E-02 

0,15976E+00 

0.73083E-01 

.05 

-0.42377E-02 

-0.42181E-02 

0.15527Bf00 

0.71452E-01 

.10 

-0.17393E-01 

-0.17656E-01 

0.17514E+00 

0.11929E+00 

-0.24955E-01 

-0.24581E-01 

0.19430E+00 

0.16261E+00 

Hi 

-0.72899E-01 

-0.72845E-01 

0.25577E-(4)0 

0.24806E+00 

0.0 

-0.21006E-01 

-0.20787E-01 

0.17848Ef00 

0.79447E-0.1 

.01 

-0.19391E-01 

-0.19473E-01 

0.18277E+00 

0.90248E-01 

.02 

-0.7083  8E-02 

-0.74465E-02 

0.15818E+00 

0.60103E-01 

.03 

-0.34144E-01 

-0.34523E-01 

0.20889Ef00 

0.13787E+00 

.04 

-0.14108E-01 

-0.12531E-01 

0.16443E+00 

0.89863E-01 

.05 

-0.70131E-02 

-0.84579E-02 

0.16014E+00 

0.79176E-01 

.10 

-0.11617E-01 

-0.12315E-01 

0.16438E+00 

0.10165E400 

.20 

-0.18172E-01 

-0.18f^06E-01 

0.17739E+00 

0.14312E+00 

.30 

-0.18061E-01 

-0.16836E-01 

0.18098E+00 

0.16470E+00 

H-i4 


mean(//) 

mean(r/)  | 

la(f,) 

loiO 

-0.20609E-01 

-0.20290E-01 

0.]8242&f00 

0.79447E-01 

-0.23616E-01 

-0.23236E-01 

0.18557E+00 

0.95226E-01 

-0.18380E-01 

-0.19498E-01 

0.17492&t00 

0.86390E-01 

-0.11481E-01 

-0.11707E-01 

0.16482E+00 

0.74676E-01 

-0.56622E-02 

-0.63277E-02 

0.15990E+00 

0.73302E-01 

-0.42490E-02 

-0.42284E-02 

0.15536E+00 

0.71805E-01 

■0.17566E-01 

-0.17838E01 

0.17339E+00 

0.11974E+00 

-0.25101E-01 

-0.24726E-01 

0.19471E-KX) 

0.16310Ef00 

-0.73388E-01 

-0.7333  lE-01 

0.25693E+00 

0.24929E+00 

-0.20793E-01 

-0.20573E-01 

0.17808E+00 

0.78392E-01 

-0.19472E-01 

-O.J9363E-01 

0.18232E+00 

0.89207E-01 

-0.70499E-02 

-0.742(X)E-02 

0.15797B+00 

0.59304E-01 

-0.31816E-01 

-0.32191  E-01 

0.20423E+00 

0.13073EKX) 

-0.14003E-01 

-0.12424E-01 

0.16404E+00 

0.8901  lE-01 

■0.69417E-02 

-0.83873E-02 

0.15989Ef00 

0.78453!i-01 

-0.11430E-01 

-O.12135E-0I 

0.16416E+00 

0.10108E+00 

-0.18087E-01 

-0.18515E-01 

0.17691E-K)0 

0.14248E400 

-0,17797E-01 

-O.165S4E-01 

0.18050E+00 

0.16412E+00 

-0.21056E.01 

-0.20723E-01 

0.18438E+00 

0.84098E-01 

-0.24733&-01 

■0.26361E-01 

0.18900E+00 

0.10204E+00 

-0.19094E-01 

-0.20181E-01 

0.17692E+(X) 

0.90708E-01 

-0.12669E-01 

-0.12909E-01 

0.16720E+00 

0.79998E-0I 

■0.16848E-01 

■0.17659E-01 

0.17993E+00 

0.103 14E+00 

-0.42565E-02 

-0.42459E-02 

0.15606Bf00 

0.74557E-01 

-0.19193E-01 

-C.19208E-01 

0.17692E+00 

0.12197E+00 

-0.26007E-01 

-0.25629E-01 

0.19739E400 

0,16646E+00 

-0.77297E-01 

-0.77223E-01 

0.2660 lE+00 

0.25866E+00 

-0.22166E-01 

-0.21940E-01 

0.18215E+00 

0.88066E-01 

-0.19984E-01 

-0,19832E-01 

0.18460E+00 

0.94965E-01 

-0.10321E-01 

-0.10330E-01 

0.16313E+00 

0.70090E-01 

-0.33183E-01 

-0.35342E-01 

0.21136E+00 

0.14233E400 

-0.13817E-01 

-0.12274E-01 

0.16499E+00 

0.92248E-01 

-0.73049E-02 

-0.8735  lE-02 

0.16132E+00 

0.82720E-01 

-0.12545E-01 

-0.13215E-01 

0,16538E-KX) 

0.10432E+00 

-0.30064E-01 

-0.30522E-01 

0.19777E+00 

0.16761&f00 

-0.19262E-01 

-0.17987E-01 

0.18292E+00 

0.1671  lE+00 

X„pin  SNR 


p. 

mean(<,) 

lad/) 

10(0 

0.0 

-0.21071E-01 

■0.20738E-01 

0.18448E+00 

0.84377E-01 

.01 

-0.16689E-01 

-0.15960E-01 

0.17880Ef00 

0.84537E-01 

-0.20723E-01 

-0.18649E-01 

0.18634Ef00 

0.97423E-01 

-0.17178E-01 

-O.J6382E-01 

0.17808E+00 

0,93890E-01 

.04 

-0.29128E-01 

~0.29388E-01 

0.19848Ef00 

0.13033E+00 

.03 

-0.26703E-01 

-0.27624E-01 

0.19660E+00 

0.13089E+00 

.10 

-0.26909E-01 

■0.27012E-01 

0.19716Ef00 

0.14193Ef00 

KB 

-0.26618E-01 

-0.261 12E-01 

0.20074Ef00 

0,17841Ef00 

mm 

-0.35108E-01 

-0.34632E-01 

0.21324E+00 

0.20015Ef00 

0.0 

-0.2113SE-01 

-0.20820E  01 

0.18516EfOO 

0.86216E-01 

.01 

-0.16794E-01 

-0.16067E-01 

0.17943E+00 

0.86262E-01 

.02 

’0.20868E-01 

-0.18780E-01 

0.18683E+00 

0.98344E-01 

.03 

-0.17274E-01 

-0.16466E-01 

0.17864E+00 

0.95353E-01 

.04 

*0.29407E'01 

-0.29676E-01 

0.19937Ef00 

0.13197E+00 

.05 

-0.26829E-01 

-0.27724E-01 

0.1974SB+00 

0.13234E+00 

.10 

-0.27096E-0I 

-0.27208E-01 

0.19800E+00 

0.14329E+00 

.20 

-0.26715E-0). 

-0.26209E-01 

0.201 74E+00 

0.179.i9E+00 

.30 

-0.33362E-01 

-0.34.886E-01 

0.21427E+00 

0.201 27E+00 

0.0 

-0.21197E-01 

-0.20854E-01 

0.18592E+00 

0.88489E-01 

.01 

-0.16881E-01 

-0.16156E-01 

0.18017E+00 

0,88395E-01 

.02 

-0.20967E-01 

-0.18881E-01 

0.18771E400 

0,10034E+00 

.03 

-0.17312E-01 

-0.16498E-01 

0.17928Ef00 

0,97158E-01 

.04 

-0.29710E-01 

-0.29983E-01 

0.20036E+00 

0.13391E+00 

.03 

-0.27667E-01 

-0.28184E-01 

0.19900E400 

0.13482E+00 

.10 

-0.27264E-01 

-0.27388E-01 

0.19896E+00 

0.14494B+00 

.20 

-0.3121315-01 

-0.307  lOE-Ol 

0.21020EtO0 

0.18897EfOC 

.30 

-0.355  llE-01 

-0.35046E-01 

0.21542EfOO 

0.20250E+00 

0.0 

-0.23786E-01 

-0.23439E-01 

0.19198Ef00 

0.99170E-01 

.01 

-0.16894E-01 

-0.16176E-01 

0.18136Ef00 

0,92106E  01 

.02 

-0.21026E-01 

-0.18947E-01 

0.18884Ef00 

0.10353EK)0 

.03 

-0.17262E~01 

-0.16431E-01 

0,18008EfOO 

0.99596E-01 

.04 

-0.32105E-01 

-0.32382E-0] 

0.20460E+00 

0.14033E+00 

.05 

-0.47341E-01 

-0.47771E-01 

0.23468E+00 

0.18452E+00 

.10 

-0.28438E-01 

-0.28269E-01 

0.20094E+00 

0.14764E+00 

.20 

-0.30184E-01 

-0.29689E-01 

0.20984E400 

0.18882E+00 

.30 

-0.35536E-01 

-0.35092E-01 

0.21675E+00 

0.20395E+00 

10.5  10 


Table  H.3  Two-State  Modified  MAP  MMAF  Offset  Error  Statistics  (in  Pixels)  for  Case  2 


A„pni 

SNR 

P. 

mean(r,‘) 

mean(r/) 

loit;) 

lo(t;) 

0.53 

10 

0.0 

0.33822E-04 

■0.18678E-04 

0.14904E+00 

0.31945E-02 

.01 

-0.10650E-03 

■0.25523E-03 

0.14831E+00 

0.53584E-02 

.02 

0.27202E-03 

0.11516E-03 

0.14269E+00 

0.795 14E-02 

.03 

■0.43156E-03 

-0.16704E-03 

0.14806E+00 

0.13082E-01 

.04 

■0.37338E-03 

-0.14840E-03 

0,14744Ef00 

0.15582E-01 

.05 

-0.11909E-03 

0.2064 lE-04 

0.14750E+00 

0.19875E-01 

.10 

■0.11103E-02 

-0.11407E-02 

0.15249E+00 

0.34393E-01 

.20 

0.56603E-04 

0.27481E-03 

0.14906E-K)0 

0.52569E-01 

.30 

-0.44194E-03 

-0.32322E-03 

0.14890E+00 

0.72982E-01 

3 

-0.253 16E-03 

-0.16467E-03 

0.14857E+00 

0.38003E-02 

-0.84196E-03 

-0.49823E-03 

0.14893E+00 

0.68223E-02 

.02 

0.55623E-03 

0.50270E-03 

0.14534E+00 

0.89088E-02 

.03 

-0.11046E-02 

-0.i0615E-02 

0.15570E-I-00 

0.15989E-01 

.04 

0.50046E-03 

0.10022E-02 

0.13875E+00 

0.15377E-01 

.05 

0.10049E-03 

0.23059E-03 

O.1460OEf0O 

0.208  lOE-01 

.10 

-0.20527E-02 

-0.17224E-02 

0.14874E+00 

0.33363E-01 

mm 

-0.23921E-02 

-0.24090E-02 

0.14549E+00 

0.5141  lE-01 

-0.11327E-02 

-0.98018E-03 

0.14389E+00 

0.73278E-01 

6 

0.0 

-0.13042E-05 

-0.527 16E-04 

0.14895E+00 

0.41866E-02 

.01 

-0.16196E-03 

-0.31161E-03 

0.14824E+00 

0.63403E-02 

.02 

0.16909E-03 

0.9877  lE-05 

0.14257E+00 

0.89130E-02 

.03 

-0.52300E-03 

-0.26268E-03 

0.14797E+00 

0.13945E-01 

.04 

-0.43809E-03 

■0.21380E-03 

0.14728E+00 

0.16331E-01 

.05 

-0.13451E-03 

0.633 15E-05 

0.14748E-K)0 

0.20473E-01 

.10 

-0.12692E-02 

-0.13008E-02 

0.15231E+00 

0.34963E-01 

.20 

-0.12043E-04 

0.2069  lE-03 

0.14901B+00 

0.52882E-01 

.30 

-0.58934E-03 

-0.47167E-03 

0.14873E+00 

0.73080E-01 

4 

0.0 

-0.424 14E-03 

•0.33754E.03 

0.14842E+00 

0.56773S-U2 

.01 

-0.91824E-03 

-0.575 12E-03 

0.14887Ef00 

0.82736E-02 

.02 

0.43942E-03 

0.38938E-03 

0.1451  lE+00 

O.lO-inE-Ol 

.03 

-0.12666E-02 

-0.1 2221 E-02 

0.15557E+00 

0.17398E-01 

.04 

0.41729E-03 

0.92052E-03 

0.13861B+00 

0.16539E-01 

.05 

0.58756E-04 

0.18977E-03 

0.14590E+00 

0.21870E-0! 

.10 

-0.21232E-02 

-0.17971E-02 

0.14866E+00 

0.341 61 E-01 

.20 

-0.26346E-02 

-0.26733E-02 

0.14541E+00 

0.52123E-01 

.30 

-0.13965E-02 

-0.12422E-02 

0.14380E-*-00 

0.73377E-01 

H-17 


niean(/i') 

mean(f*) 

la(0 

lo(0 

-0.12163E-03 

-0.16674E-03 

0.14873BfOO 

0.66395E.02 

-0.349 12E-03 

■0.49723E-03 

0.14806E+00 

0.8867  lE-02 

-0.14737E-03 

-0.30480E-03 

0.14229E+00 

0.11431E-01 

-0.80021E-03 

-0.34304E-03 

0.14777E+00 

0.16229E-01 

-0.633 13E-03 

-0.433 15E-03 

0.14686E+00 

0.18365E-01 

-0.18483E-03 

■0.45245E-04 

0.14741E+00 

0.21990E-01 

-0.17426E-02 

-0.1771  lE-02 

0.15183E+00 

0.36598E-01 

-0.31244E-03 

-0.9378  lE-04 

0.14882E+00 

0.53927E-01 

-O.lOlOlE-02 

-0.89500E-03 

0.14832E+00 

0.73539E-01 

-0.71891E-03 

-0.63264E-03 

0.14827E4O0 

0.84475E-02 

-0.97292E-03 

-0.63199E-03 

0.14890E+00 

0.10167E-01 

0.23637E-03 

0.18742E-03 

0.14480E+00 

0.12623E-01 

-0.13349E-02 

-0.I4946E-02 

0.15545E+00 

0.19506E-01 

0.27908E-03 

0.7792 lE-03 

0.13844E+00 

0.18273E-01 

-0.246 17E-04 

0.10774E-03 

0.14578E-H00 

0.23441  E-01 

-0.22549E-02 

-0.19340E-02 

0.14860E400 

0.35410E-01 

-0.304 17E-02 

-0.31100E-02 

0.14541E-HO0 

0.5342:E-01 

-0.181 17E-02 

-0.16346E-02 

0.14379E+00 

0.73699E-01 

-0.2338  lE-03 

■0.277 15E-03 

0.14866E+00 

0.86228E-02 

-0.52603E-03 

-0.67178E-03 

0,14800E+00 

0.10983E-01 

-0.44348E-03 

-0.60041  E-03 

0.14216E+00 

0.13609E-01 

-0.103 18E-02 

-0.79903E-03 

0.14768E+00 

0.18178E-01 

-0.86355E-03 

■0.64367E-03 

0.14660B+00 

0.20142E-01 

-0,23343E-03 

-0.95542E-04 

0,14738E+00 

0.23235E-01 

-0.21702E-02 

-0.21957E-02 

0.15154E+00 

0.381 18E-01 

-0.58375E-03 

-0.36472E-03 

0.14876EK)0 

0.54979E-01 

-0.13877E-02 

-0.12734E-02 

0.14809E+00 

0.74195E-01 

-0.11564E-02 

-0.10716E-02 

0.14833E+00 

0.12315E-01 

-C.11066E-02 

-0.76732E-03 

0.14890E+00 

0.12884E-01 

-0.722 16E-04 

-0.12204E-03 

0.14454E+00 

0.15686E-01 

-0,205 18E-02 

-U.20114E-02 

0.15520E+00 

0.22778E-01 

-0.45738E-04 

0.45359E-03 

0.13818E+00 

0.21080E-01 

-0.363 17E-04 

0.92692E-04 

0.14585E+00 

0.25364E-01 

-0.24608E-02 

-0.21501  E-02 

0.14866E+00 

0.37276E-01 

-0,36507E-02 

-0.37706E-02 

0.14372E+00 

0.55360E-01 

-0.24200E-02 

-0.22567E-02 

0.14406E+00 

0.74904E-01 

H-18 


SNR 

P. 

mean(//) 

mean(/*) 

la(f;) 

la(0 

2.01 

10 

0.0 

-0.45957E-03 

■0.49394E-03 

0.14870B4<X) 

0.12443E-01 

.01 

-0.86927E-03 

-0.10136E-02 

0.14819E+00 

0.15144E-01 

.02 

-0.10440E-02 

-0.12024E-02 

0.14232E+00 

0.17888E-01 

.03 

-0.18569E-02 

■0.16089E-02 

0.14759EfOO 

0.22171E-01 

.04 

■0.12858E-02 

-0.10667E-02 

0.14644E+00 

0.23761E-01 

.05 

-0.47967E-03 

-0.3461 7E-03 

0.14755EfOO 

0.26227E-01 

.10 

-0.30232E-02 

-0.3041  lE-02 

0.15131E+00 

0.41426E-01 

.20 

-0.11163E-02 

-0.89814E-03 

0.14899E+00 

0.57322E-01 

.30 

-0.21351E-02 

-0.20301E-02 

0.14803E+00 

0.75903E-01 

8 

0.0 

-0.16023E-02 

-0.15162E-02 

0.14880Ef00 

0.16390E-01 

.01 

-0.12362E-02 

-0.90166E-03 

0.14902Bf00 

0.15770E-01 

.02 

-0.39803E-03 

-0.44523E-03 

0.14456E+00 

0.18931E-01 

.03 

-0.23595E-02 

-0.2321 6E-02 

0.15544E400 

0.25607E-01 

.04 

-0.30890E-03 

0.18956E-03 

0.13828E+00 

0.23902E-01 

.05 

-0.11822E-03 

0.95353E-05 

0.14594E+00 

0.27696E-01 

.10 

-0.26857E-02 

-0.23840E-02 

0.14892E+00 

0.39394E-01 

.20 

-0.43041E-02 

-0.44778E-02 

0.14644E+00 

0.58025E-01 

.30 

-0.30664E-02 

-0.29006E-02 

0.14468E+00 

0.7656  lE-01 

6 

0.0 

-0.80556E-03 

-0.83279E-03 

0.14900E+00 

0.16032E-01 

.01 

-0.11027E-02 

-0.12479E-02 

0.14858Ef00 

0.18453E-01 

.02 

■0.20709E-02 

-0.22280E-02 

0.14346E+00 

0.22886E-01 

.03 

-0.23380E-02 

-0.20966E-02 

0.14801E+00 

0.25482E-01 

.04 

-0.15887E-02 

-0.13756E-02 

0.14664Ef00 

0.26683E-01 

.05 

-0.97454E-03 

-0.84237E-03 

0.14828Bt{X) 

0.2961  lE-01 

.10 

-0.44613E-02 

-0.44739E-02 

0.15175E+00 

0.46205E-01 

.20 

-0.18820E-02 

-0.16645E-02 

0.14965E+00 

0.59942E-01 

.30 

-0.27042E-02 

-0.26037E-02 

0.14833E+00 

0.77492E-01 

4 

0.0 

■0.23257E-02 

-0.22422E-02 

0.15023E+00 

0.22428E-01 

.01 

-0.20302E-02 

-0.16982E-02 

0.15005E+00 

0.21492E-01 

.02 

-0.10081E-02 

-0.10382E-02 

0.14491E+00 

0.23964E-01 

.03 

-0.4225  lE-02 

-0.4181  lE-02 

0.15707E+00 

0.33630E-01 

.04 

-0.61153E-03 

-0.11602E-03 

0.13876E+00 

0.27786E-01 

.05 

■0.40743E-n3 

■0.28042E-03 

0.14638E+00 

0.31682E-01 

.10 

-0.33908E-02 

-0.31044E-02 

0.14984E+00 

0.43704E-01 

.20 

-0.56010E-02 

-0.38369E-02 

0.14825E+00 

0.62616E-01 

.30 

-0.43593E-02 

-0.41875E-02 

0.14626E400 

0.79954E-01 

H-19 


mean(V)  mean(//) 


lo(0 


-0.41279E-02 

-0.39830E-02 

-0.32937E-02 

-0.41895E-02 

-0.17352E-02 

-0.30094E-03 

-0.38107E-02 

■0.72123E-02 

-0.61799E-02 


-0.62068E-02 
■0.34995E-02 
-0.33297E-02 
-0.93653E-02 
-0.4383  8E-02 
-0.99306E-02 
-0.71797E-02 
-0.12336E-01 
-0.15983E-01 


-0.96441E-02 

-0.11034E-01 

.0.17724E-01 

-0.12094E-01 

-0.40456E-02 

-0.52880E-03 

-0.79340E-02 

-0.10057E-01 

-0.71976E-02 


-0.13730E-01 

-0.10483E-01 

-0.13904E-01 

-0.16962E-01 

-0.54432E-02 

-0.16567E-01 

-0.27732E-01 

-0.17676E-01 

-0.28038E-01 


-0.38862E-02 
-0.61286E-02 
-0.54529E-02 
-0.396 13E-02 
-0.15234E-02 
-0.37906E-03 
-0.58123E-02 
-0.70033E-02 
-0.60901E-02 


-0.61190E-02 

-0.31770E-02 

-0.35883E-02 

-0.90617E-02 

-0.40901E-02 

-0.98313E-02 

-0.69079E-02 

-0.12641E-01 

-0.15821E-01 


-0.93674E-02 

-0.11182E-01 

-0.17881E-01 

-0.12130E-01 

-0.38360E-02 

-0.40847E-03 

-0.79309E-02 

-0.98537E-02 

-0.71139E-02 


-0.13637E-01 
-0.10169E-01 
-0.13976E-01 
-0. 16941 E-01 
-0.49586E-02 
-0.16455E-01 
-0.27497E-01 
-0.17996E-01 
-0.27885E-01 


0.15473E+(X) 

0.13502Ef00 

0.14770Ef00 

0.13032E+00 

0.14733E+00 

0.14810E-f<X) 

0.15343&tO0 

0.15876E+00 

0.13314E/+00 


0.15654E+00 

0.15612E4<)0 

0.14899E+00 

0.16508E+00 

0.14520E400 

0.16234E+00 

0.15527E+00 

0.15842E+00 

0.16467E+00 


0.16439E+00 

0.16472E+00 

0.16864E+00 

0.16260E+00 

0.15157E+00 

0.14846E+00 

0.13667Ef00 

0.16361E+00 

0.15464E+00 


0.16898E+00 

0.16586E+00 

0.16875E-i4)0 

0.17859E+00 

0.14783E-K)0 

0.17610E+00 

0.18944E+00 

0.16860E+00 

0.18670E+00 


0.29990E-01 

0.365O8E-OI 

0.35216E-01 

0.34296E-01 

0,313G8E-01 

0.32010E-01 

0.52470E-01 

0.75646E01 

0.86421E-01 


0.37625E-01 
0.35670E-01 
0.34865E-01 
0.49895E-01 
0.42412E-01 
0.60585E-01 
0.53335E-01 
0.79751  E-01 
0.10702E+00 


0.485 18E-01 
0.54421E-01 
0.72172E-01 
0.53640E-01 
0.40895E-01 
0.34730E-01 
0.59464E-01 
0.84425E-01 
0.89429E-01 


0.60593E-01 

0.54429E-01 

0.68328E-01 

0.74756E-01 

0.48900E-01 

0.82419E-01 

0.10966E+00 

0.93736E-01 

0.13553E+00 


X,iim  SNR 


mean(r/) 


mean(r,^) 


la(0 


-0.18991E-01 

-0.12860E-01 

-0.16482E-01 

-0.12709E-01 

-0.39192E-02 

-0.70042E-02 

-0.89353E-02 

-0.12209E-01 

-0.73701E-02 


-0.19705E-01 
-0.10596E-01 
-0.14095E-01 
-0.17219E-01 
-0.611 35E-02 
-0.16745E-01 
-0.28100E-01 
-0.17927E-01 
-0.28482E-01 


-0.20526E-01 

-0.13266E-01 

-0.18459E-01 

-0.i3614E-01 

-0.59435E-02 

-0.73153E-02 

-0.11475E-01 

■0.16801E-01 

-0.39179E-01 


-0.20638E-01 

-0.14199E-01 

■0.15840E-01 

-0.25230E-01 

-0.63934E-02 

-0.17370E-01 

-0.41346E-01 

-0.21440E-01 

■0.30944E-01 


-0.18695E-01 
-0.13010E-01 
-0.16636E-01 
-0.12780EG1 
-0.571 18E-02 
-0.68899E-02 
-0.89293E-02 
-0.12306E-01 
-0.74936E-C2 


-0.19609E-01 
-0.10279E-01 
-0.14167E-01 
-0.17201E-01 
-0.56361  E-02 
-0.16635E-01 
-0.27846E-01 
-0.18253E-01 
-0.28327E-01 


-0.20209E-01 
-0.13414E-01 
-0.18604E-01 
-0.13702E-01 
-0.57368E-02 
-0.72023E-02 
-0.11474E-01 
-0.16918E-01 
-0.391 13E-01 


-0.20533E-01 

-0.13893E-01 

-0.15586E-01 

-0.25227E-01 

-0.59210E-02 

-0.17268E-01 

-0.41429E-01 

-0.21785E-01 

-0.30804E-01 


0.17825E+00 

0.l6817&f00 

0.16730&f00 

0.16387E+00 

0.15528E+00 

0.16061E+00 

0.15850E+00 

0.16806E+00 

0.15537E+00 


0.17958E+00 

0.16626Bf00 

0.16932E+00 

0,17920E+00 

0.14899E+00 

0.17679E+00 

0,19036E+00 

0.16917E+00 

0.18766E+00 


0.18213E+00 

0.17028E+00 

0.17187E+00 

0.16538E+00 

0.15700E+00 

0.16206E+00 

0.16306E+00 

0.17444E+00 

0.20868E+00 


0.18303BfO0 

0.17406E+00 

0.17425E+00 

0.19283E+00 

0.15069E+00 

0.17980EtO0 

0.21389E+00 

0.17589E+00 

0.19265E+00 


0.71339E-01 
0.59808E-01 
0.70041E-01 
0.58649E-01 
0.48078E-01 
0.54230E-01 
0.63415E-01 
0.91860E-01 
0.9075  lE-01 


0.78286E-01 

0.55509E-01 

0.69575E-01 

0.75983E-01 

0.51629E-01 

0.83682E-01 

0.11109E+00 

0.94658E-01 

0.13673E+00 


0.78807E-01 

0.64940E-01 

0.77995E-01 

0.62600E-01 

0.52439E-01 

0.58081E-01 

0.72251E-01 

0.10191E+00 

0.15935E+00 


0.861  llE-01 

0.70409E-01 

0.78007E-01 

0.99619E-01 

0.57014E-01 

0.89947E-01 

0.14834B+00 

0.10550E+00 

0.14317E400 


H-21 


A,,ym  SNR 


8.00  10 


p. 

mean(/,')  |  mean(//) 

lo(/;) 

lad/) 

0.0 

-0.20609E-01  -0,20290E-01 

0.18242E400 

0.79447E-01 

.01 

-0.13289E-01  -0.13437E-01 

0.17051E+00 

0.63542E-01 

.02 

-0.18575E-01  -0.18717E-01 

0.17215E+00 

0.78608E-01 

.03 

-0.16971E-01  -0.17063E-01 

0.17126E+00 

0.721 13E-01 

.04 

■0.39337E-02  .0.57304E-02 

0.15713E+00 

0.52894E-01 

.03 

-0.73417E-02  -0.72280E-02 

0.16223E+00 

0.38330E-01 

.10 

-0.11363E-01  -0.11563E-01 

0.16323E+00 

0.72722E-01 

.20 

-0.16894E-01  -0.17014E-01 

0.17470E+00 

0.10239E+00 

.30 

-0.39394E-01  ■0.39327E-01 

0.20921&t00 

0.16000E+00 

0.0 

-0.20529E-01  -0.20428E-01 

0.18255E+00 

0.84954E-01 

.01 

-0.14137E-01  -0.13829E-01 

0.17373E400 

0.69453E-01 

.02 

-0.15734E-01  -0.i5481E-01 

0.17385E+00 

0.76966E-01 

.03 

■0.24996E-01  -0.24991E-01 

0.19231E+00 

0.98542E-01 

.04 

-0.63647E-02  -0.58918E-02 

0.15042E+00 

0.561  llE-01 

.05 

-0.17319E-01  -0.17216E-01 

0.17934E+00 

0.88950E-01 

.10 

-0.37139E-01  -0.37220E-0] 

0.20794E+00 

0.13980Ef00 

.20 

-0.21254E-01  -0.21594E-01 

0.17546E+00 

0.10474E+00 

.30 

-0.30618E-01  -0.30474E-01 

0.19206E400 

0.14235E+00 

0.0 

-0.21056E-01  -0.20723E-01 

0.18438E+00 

0.84098E-01 

.01 

-0.13280E-01  -0.13421E-01 

0.17209E-tO0 

0.70102E-01 

-0.19363E-01  -0.19503E-01 

0.17405E+00 

0.83053E-01 

-0.18773E-01  -0.18877E-01 

0. 17461 E400 

0.79101E-01 

.04 

-0.5761 6E-02  -0.55662E-02 

0.15803E+00 

0.56410E-01 

.05 

-0.7473 lE-02  -C.73652E-02 

0,16342E+00 

0.621 67E-01 

.10 

-0.12261E-01  ■•0.12258E-01 

0.16453E+00 

0.76323E-01 

-0.20043E-01  -0.201 80E-01 

0.17917E400 

0.10968E+00 

mm 

-0.40754E-01  -0.40694E-01 

0.21266E+00 

0.16435E-I4X) 

0.0 

-0.23238E-01  -0.23126E-01 

0.18921E+00 

0.97763E-01 

.01 

-0.14704E-01  -0. 14401 E-01 

0.17533E+00 

0.75697E-01 

.02 

-0.16224E-01  -0.15960E-01 

0.17589E+00 

0.82792E-01 

.03 

-0.26240E-01  -0.26259E-01 

0.19491E+00 

0.10442E+00 

.04 

-0.21180E-01  -0.20373E-01 

0.17886E-K)0 

0.99493E-01 

,05 

-0.17373E-01  -0,17275E-01 

0.18172E+00 

0.94465E-01 

.10 

-0.33927E-01  -0.33695E-0i 

0.20385E400 

0.13256E+00 

.20 

-0.31354E-01  -0.31708E-01 

0.19289E+00 

0.12838E+00 

.30 

-0.32397E-01  ■0.32268E-01 

0.19302E+00 

0.14663E+00 

H-22 


A,,vim  SNR 


mean(f;) 

mean(;*) 

la(/,) 

-0.21071E-01 

-0.20738E-01 

0.18448E+00 

0.84377E-01 

-0.13267E-01 

-0.13409E-01 

0.17218EfO0 

0.70387E-01 

-0.19407E-^01 

-0.19348E-01 

0.17415EK)0 

0.83323E-01 

-0.18826E-01 

-0.18930E-01 

0.17470BtOO 

0.79366E-01 

-0.63974E-02 

-0.62002E-02 

0.13939E+00 

0.57878E-01 

-0.74758E-02 

-0.73681  E-02 

0.16349Ef00 

0.62397E-01 

-0.12303E-01 

-0.12303E-01 

0.16461E+00 

0.76330E-01 

-0.20081E-0t 

-0.202 17E-01 

0.17927E+00 

0.10990&+00 

-0.40824E-01 

-0.40763E-01 

0.21284E+00 

0.16439&f00 

-0.209 12E-01 

-0.20800E-01 

0.18452E+00 

0.90034E-01 

-0.14680E-01 

-0.14378E-01 
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